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£ 15 FEfEnH

BV A —ndE &= N

1L.MEnd (V) AV EX T Mk 692, L P GL (V) A 7% T AR a9 B ) — AL R
2.SL (V) AATHI KA1 L 2%

3.0(V) REX T #2%

4.50 (V) % — R ER T #ZH

ERHG, ZMRG LW AR S LKA Hom (G) oA 2 F#H LT 2 TAidg, 712G L A RMAIRA Aut (G) A #
ERHG,aecG,ZXGLEHEBEHT A Ad, : G > G g aga "MARaFEFHERBHRE R BaibFHR A RM

W Ad, € Aut (G) B BT #A1792 Inn (G) = {Ady| a € G} sbBF RAEIIEInn (G) # Aut (G) $9 EIF BHARZ A A A B # 2
F A FHAut (G) [Inn (G) A9 B BMEL A Out (G)

Proposition 1.1 (B &I EATHER)

B &A—NEMXE

Fa=b,c=d, Ma+c=b=+d(modn)

*%a=b,c=d, Mac = bd(modn)

%ac = bc(modn), (c,n) =1, WMa = b(modn)

%a = b(modn),m | n, Wa = b(modm)

%a = b(modn), W (a,n) = (b,n)

%a = b(modn),dHa,b,nt9—"NNHBF, a=da,b=dbi,n=dni, Wa, = by (modny)

N O Ot e W N =

Definition 1.2 GEEFI &R KR D
3t F AN R AR n, SR ERBERERR R R — R E N K, BN R SR R A £
A Fath R & Kt tka, ® & kathiE— AN E M Bar) —AMRE
HEHEANR G EPER—AREr;, BRXEREERGE S BERE ) — A
BB — DT R RRERSETAXAERZ S
1) HEAEHAST N FE R &

2) SPALEARAALLRR

Proposition 1.2

% (a,n) =1, W—KBE & F#ax = b(modn) A fEfm LA H — ML F AANEME & x1 = x2 (modn)

Proof WF (a,n) =1, FEEHu vERua+vn=1

i F’bBuba+vbn=b. Sub=c, Wca=b—-vbn=b(modn), Blx=cHH—F

HK, Acr,co AERFAANME, TRaci =b(modn) acs = b(modn)

AW AFa (c1 — c2) =0(modn), ET (a,n) =1, REERAEF4, Fcr = co(modn), Bleq,co X Bl —#



@ Note £ BT I —k Fl & iz

x = by (modny)
X = bo (modns)

x = b, (modn,)
e Rx =c € ZRANLFAZBEHFR £ XB AR 2, W8 F 2885 — /i

L HFAZBG AN R A AERAR S XLy = co modHni

i=1
Proposition 1.3

x = by (modny)
=b d
Tk R Az | ¥ = 02 (modn2)

x = b, (modn;)
T—RB R FTAABRT KT169 88N, no, -+, n, WAELE, by,bo, - b, RAEBL T EGESH, WA MM LRAH—MR

\ R N
Proof iIEN =ny X---xXn, 10N; = —

1
B (Niyny) =1 = FAEN Gn;FEHEN;N; +nin’ =1 = N;N; =1 (modn) = N;N}b; = b; (modn)
HEZRZIN;F&Hn; (j #1i) ®WN;N; =0 (modn)
r
ﬁﬁ /L\x = Z blN,N:“EpyJ "/]\ﬁzfz’
i=1

ﬂ%xl'%ij%/Eﬁﬁéﬂﬂﬁ/Anilxl — X9 — Hni|x1 —xQé’ﬁ'{xlfﬁxQﬁ ]'E]"ﬁlﬁ

i=1

—ﬁ:-‘:f:'nl,ng,'-- ,nr%J kﬂ:‘lé@%-’ff{, lﬁﬂﬁﬁ_%, bl,bz,-" ,bri%’fjt_%«a E%%—#K

Definition 1.3

EnA—EEH, £0,1,2,-- ,n— 1P SnEL & 69 EHGANHTAE0(n), ™ HRER 355 ¢
W il o(n) WAL AR LA nEG#]) S R OGNS, TEMARR G EnE £ 09 ER AR
M A KB AR R AR A R B B n BB R R KK &

— AR AR SR E RTET AX AR 7] &

1) AE—AEnEZ Y ¥EH L 5T —ANHAER &

2) THEH E5ni 4 & BAEn® R RE 4

&ri,ro, - 1N, N = @(n), A —ANRARI KR E R, (a,n) =1, Mary,arg, -, arn P RAER) — AR AR £ K E &
BLEWRRFREWR4, ar,are, - ,ary5nEL % LHE B LRFE 4 (modn), €A1 LAE R At B 4 F &R E R TE L
kK& RBEANANTE, Bivkary,are, - ,ary 2 En B AR 2R E F .

%

Theorem 1.1 (BRF7 2K 214 &)

1
Likph &4, W (p™M) = p™ (1 = 1_7) , HPm>1

2.9%n = nina, (n1,n2) = 1,n; > 1, We(n) = ¢ (n1) ¢ (n2)
N e . . 1 1 1
3~1§;n=p11p§2"'pir,pl’p%""prﬁx[ﬂ%#{, ei>17 DJ'](,o(n)=n(1——) (1__)(1__)
P1 P2 Pr

Proof LI AES ={0,1,2,- ,p"—1} B £pthfask, B THAEpE £, ﬁﬁSCPpW%%k/]%ﬁ%?ﬁ%%
FHWSH 5pE & H BN KA pm™ - pmt

2.0 (n;) BICAEN;, i = 1,2 Rry, -« ,tn, A1, -+, Sn, 20 A A g A ing BT BR 29 80 2 R R



REDTEE FEEHy; (i=1,-++ N1, j=1,--- ,No) #Ft;; =r; (modny) ;5 = s; (modny)
BATRAEHALj (i=1,--- ,N1,j =1, ,No) AninotI —MNERLAR £ R KR

B, BT (rion) =LA (t;j,n1) =1L, @ T (sj,n2) =1L, A (tij,n2) = LA (t;;,n1n2) = 1

HoRt  EAFl & BEL; =ty (modnyng) , —HEAL; =ty (modny) , €W A =r (modny) , MifTi =k
77— EHtij = tig (modna) , TN As; = s (modng), ATIj =1

ﬁﬁ%gﬁﬁ”ﬂ%(modmm)

WERa A E—SnERWEY, RErFs; 02X, FErfis;, £%Fa=r; (modny),a=s;(modny)
TERENITEEARa=1(modn), Al i=1,--- ,Ni,j=1,---,No) BEntI—PMRLAF| KKK R
ZIAEH T @(n) = ¢ (n1) ¢ (n2)



2 2 & E41£ I-Group Theory

2.1 BREARE S MR
2.1.1 HF3

Definition 2.1 ((X#zH)

XA,B,DR=ZANEA —/HAXBEDWBES o R HA x BREID&— /AR EGEH
BA=B=Di, NARAX ABAWREKEHE A AW REEH.

Definition 2.2 ((E & B4 %1)

S={Aa| Ay €24 A, # @, € 1,1 HXENEIRE)
W JAa=4;

ael

%A, # Aﬁﬂ:j',Aa NAg=a.
Lb B A A SH A (£)

Proposition 2.1 (FNLES5MRK)

K~ RESALEN X F

fa={x |x~a,xeA}y HatyFMm%.
laca

2.b,cea. = b~c
3beax~b=>x~a

da~bosa=b

LA —ANENKRETUARRAN =G£S R, FEAN— A9 £SET Ak A —AN5H X RE,.

Proof 1LIREAKEALM—%M AR, METEENSE ={a lacA)
B4\ Ja=aws RINEEWEa+b2Hanb=0

acA

BRI G HREaND £ M L FEEe;, sta~c,b~c=a~bALREKEFa=>
2. 75, %S = {A,) AW — M2, HSHLEAN — N K REg : aEsh © a,bETFE— 1 F&£A,.
(1)Va € A, A X U A=A Flab BEEFR—ANFEAF, T, aEqa;

ace!

(2)&EaEsh, Fla, b B TH—NTHEAL, Wb, at B BTN F&, BIEbEsa;
(3)#&aEsb,bEsc, Bla, bl B THE — N T HALb, cLE BT E N TRAs, HATANTRA SAF N ETE A NAg @
MBS KOEHF A=A, T aS5cBTE—NTHRA,, aE NTIEREZAN—NEM KR,

Proposition 2.2 (- X & & 1E)

é\xl’...’xn’yl,...’ymes’mljxl.xZ...xn.yl.y2...ym:(xl.X2...xn).(y1.y2...ym)




2.1 B A KA 5 MR

Proof XmB#F 4., Im=10, HE X HEHFZ,
B Tk, B xy - xo X y1 Y2 vk = (X1 X2 xg) - (y1s v ye) WRATE

X1 X2 Xp - Y1-Y2  Vi+l
=((x1-x2 - xp) - (V1 Y2 - Vi) - Virl
:(X1 '«’52"'«’(11)'((}"1 '}'2"’}"k)’yk+l)

=(x1-x2-x0) - (Y1 Y2 Yis1)

BSH—FTELH LR
1.R#EH o
2.0 HREZALELSEB (aob)oc=ao(boc)

Definition 2.4 (23 7T)

B (S, 0) ¥ B L e, TAEIFVa €S, Beja=allfre 9 £ %457
B 22T % LA 45 7T
EHMeTNEIFVa € S, Hea = ae = al|frey F45 T

Theorem 2.2 (B {: 7t AIME—14)

FAYBHLRANALELREAELEEAIA AR, LE4z E—

Proof H#EVa, eja=a. aex=a
A ey =eres = eq BE A A 24 M FRETF
ey BALTE, TIEME— M, ELH —e* N BT Le =e'e=e"FETHF

Example 2.1 8P A BT B MEEMNGF
WS = {( g (l)) ) la,be R},iEE)?S%?%EﬁiE‘J%%T’EEﬁ*ﬁ, HSHxZRATG, (HEALRALIG.

a

HHERES, = {(
b

g ) lab e R} A A R (R T A W T

% (S,0) A F#H LK {5 Te

ZE3tFaeS,3Ax € SERAxa = eIF AMxHaty £i% T, aR £ 7 %
Bl 27T € X A 1% A A Ay ¥

Z35tFaeS,Ax € SERAxa = ax = eFf AARxHa®i# T

Theorem 2.3 (1% jTME—14)

FXE(S,0) LALER e, B Taes, ANAERLLEAIEELINAKIME, LT HE—

Proof H#likxia=e axy=efl2x) =x1e=x1(axe) = (x1a)x2 = exs = x

Wxa =ax = eELHx*a = ax* = ef Lx = xe = x (ax*) = (xa) x* = ex* = x*




2.1 B A KA 5 MR

Definition 2.6 (4 3$8f)
% (S,0) AFHETH EA2A (4 T) MARY & F 7
1R#EH o
2.0 HRZTLELRE

3.HEEEAZT

Definition 2.7 (323 A+8f)
AAVH (S, ) R AR A FH, G AR AKX F B, g RS, FVx,y € S,x vy =y *x

Definition 2.8 (FAXE¥)
A (S, )VR—ALFE ET C 8, &AMV (T, )& (S, )W —AF L F2, FeeT, ATHEFET A, B
leeT 2Vx,yeT,xxyeT

I

Definition 2.9 (F A3 B E7S)
B (S, ), (T, ) RAMNLEH Af:S - TRA—Awst

B fR—NLXHRAS, S RET REEH, Bt ks T 42T,
LVx,y €S, f(x-y) = f(x) * f(¥)

2.f(e)=¢

H o, efee’ 5 AR (S, ) Ao (T, ) #9 #1427,

Definition 2.10 (£ BT A3 Bf)
1Bk (S, )R—NLFEH, MACSE—NTH, KMNTXHALERT 2 F 2, TIEA), RESTHA QLT AT 2 FEHG R
(Ay=N{T cS:T>AT &T 4-F#}

BIX (S, )R — N4 F2H MACSE—ANTHE., WAYELEZ AT LFEH, A, XZOETANRDGT L F 2,

I r

Definition 2.11 (F 4 &£ [E]44)
BAZ (S, ), (T, ) AL E7, Bf: S - TR ARG, RNARFRE DL FEHRAM, S AN, B2 PR S,
INEEE

2Vx,y €S, flx-y) = f(x)* f(y)

3.f(e)=¢'

H P, efre’ 5 AR (S, ) A= (T, +) 89 F 42 7o

Proposition 2.3

EF(S,) o (T, )R —ANKFHRAMMNFL T > SE-ANLFHRS. Bk, fFLERNLFHRM.

Proof 4x',y" € T, RATRF AL (0 «y) =1 () - [ (Y)

AT FAERN, RIE A, BATT UAx= 1), y=10")-

FAVRTIEF L (¢ 5 ) = x - yo TTETLELEBEA FOLLG e y) = £(6) 5 £(3) = 3" 557
Rk, fFLy)=x-y=f 1) - f10). BRIEFHAT XA,



2.1 #A K mE 5HR

Example 2.2 A B TENGFELETAFEAET FELFRSRa € S, aff T TT, (EAFEATE T,
JITA 3 x BHIF I RRAEFERI AT, £ 7o oA B RSB M i 7k 7 it



2.1 B A KA 5 MR

2.1.2 B

(G, ) ——ANLEFH, BMNHECA—ANEE, SGV A LEAATEL,

BTz, FRGEH—AZTEBHE, NEMNAR (G, ) R—AEE, KRG H) s 2t
LRINEHHRLELSE GAEE A, BENTFRAE T, Fit—F BRI RH, AFEFH
W AR (G, ) RAEE, %

(1) RG LW —N—Tiz K,

(2)Vx,y,z2€G,x-(y-2)=(x-y) -z

(3)JdeeG,VxeG,x-e=e-x=x

4HVxeG,IyeG,x-y=y-x=e¢

Theorem 2.4 (4212 B H9H01E)
A (S, )R 2F B ACGR LA TELZMRETE, N (G, )RANF,

Proof BX%& 6B T2 RAES, THFEILMA. M EMTETEH, Hite € G,

FTEEHAGHFE N TEMA (GFH M) # T, X JLFEBRW,

Bkxe G NMxETE TR, KMy e S, FEFx-y=y x=e(XEEETERMNE BT ARIEYELEST),
BETRBRNE LAy € GBIy f MXZELRN, HAxERZCHFE, Flye Go X, FIEAT (G, ) ZA5f.

Definition 2.13 (—A& £ £ 8+)

BAVE T AR Lo « n 7T i 5248 MR 09 TR 2F, AN (R L6 — R &M, itk (GL(n,R), )
BT —ANEETE Y HARE ATHXRAER, BIGL(n,R) = {A € M(n,R) : det (A) # 0}

Theorem 2.5 (E X check BfHI55 X iRAS)

(D) %R FHGA—NEEIE e, B TVae G, AELEFE La™! € G, 1E/Fa"ta = e, NGA—A#.
BEGE L, R BiEaty 2% Ta 1 R L E T, £ ¥15 Tet & A £ 45 TP,
(2) e R FBHGCGH N FA e, H A TVae G, GELETLa " €G, 1£iFaa™t = e, NGA—/EE.

Proof Ya € G, 144, B h# Ta ' e G, EFa la=e, I Ta ' SR UEGHFFELYE Ta', FEfFa'a™! =e, A

aa ' =e (aa’l) = (a’a’l) (a(fl)

1 1 — Cl/é’ail — a/a—l =e,

FT UL, at 23t Tta ' Rati A ¥ 70, llaEGHH ¥ jta~ . X Tae =a(ata) = (aa™t)a=ea=a, e ZEGHE{LTT.

I RGRF#H IRAGREM o Va,b e G, TH2ax = bAaya = bEG P H MR, :

Proof S EW . FHAGEH MNae GEGHH ¥ tat, Matb,ba' € G, B4 B RAF Bax :=bFya=b,H
a (a’lb) = (aa’l) b=eb=>b,

(ba™')a=b(a"ta) = be =b,

Bla='b,ba='% 5| % 77 #ax = bFiya = b .

(o a)




2.1 B A KA 5 MR

A FIEGH £ Te. HAGREZ RS, HEb e G, N Eyb =bEGCTH e, IFEGT W THFe, e = b.
Bitest G A S AL m, W FIE : " TVaeG, Fea=a”

YaeG,beG, Tbx =aEGHH e, Blbc =a, T Rea =e(bx) = (eb)c = bx =a, FeZGH — /£ L TT.

B THacG, Tlya=etGF A, la’'a=e, fFa' £atl— N AEiETT.

MNTRG G Tatb A A T FRE A0/, 7T HGE— .

Theorem 2.6
% (G, ) RARFFH, o RAEGT # Z0HE4, N (G, ) ERE.

Proof w4 #1410, R MiEBAVYa, b € G, 5 #2ax = b, ya = bTEG F & fEEI 7] .

WG ={ai,as,- ,an}, FTVa,be G, H%NEEEGH FEG ={aar,aas,-- ,aa,} C G, %i# ji, Haa; + aaj,
TG, HHE B Ra; =a;, SBRETE.

FI, G F AN ENTE ANTEG=GC . XHEULTRFW TR e G =G, Wt Z U, FEk, EHFD = aax.
Wayg & 77 #ax = bA . FIFF ¥ iEya = bEG T H .

Example 2.3 JEBIRFEHCIHEE RO MIREEGTF
B B F e BRIZAN 264, WIS A AL B anS = (T JER8HD
X0 T 8 e S SRR A — AN AR T 2SR A, (RSO0 TR e AN R

Example 2.4 $# P EFELATAB I TEAE LA —E=H

T Je /e AL T 8 A BRI ME— B — NS

TE FIHE L Zoois B dxty = y, AW esi &, Fraxiatle/f Bhio, M iEx, ARy mais.
ISABAMTFADIE {a, b} BAERP AT I {a, b} FEA — MR E B ERALT



22 BRIAERMET#

22 HREESSERWEFE

Definition 2.14 (B¥E7S)

4G, ), (G, x) RAAH, Lf : G > G'A—A vt
BMARfR—ABRLS, B AR T REBH, BV, y € G, f(x-y) = F(x) * f(3)

Proposition 2.4 (BfEIZS T S BALTTIREF)

Ff:(G,) = (G x) R—=AFHR &, N
1.f(e) =¢
2.f (x_l) =f(x) L

Proof (1)de’f(e) = f(e) = f(ee) = f(e)f(e), HHG R, Wl HEf(e)Ff(e) =e;
)EHf(a™t) fla)=f(ata)=fle)=¢ ALl [f(a)] ' =f(a?).

Remark BATRA ELHE HOIZXERBATZ AT 5E L) LFREFRSAK —#F, HSEWEAE RIS, BATA — D EEN BRI X
A LR IR R A&

Example 2.5 A #ESHRBREIF WA ={e,a} B={1x,y}

B HUEMA, BRT % A afeikia S o A o iR, H Ao 5l e .
Rf A= Be x,ar y, W R—ALRERFEBES, Hf(e) =x # 1.

Definition 2.15 (FEESENFEEN)

ETHRBEGH—ANETTE wREHXTHGCHRKEE LR N, N KNHHAGH —AF#,iLHH < G.
EGCREZE—NFHNCGLAEGCET, GO AL Te MMt T E T (A LT #.
AT AR BGHY-F LT3, 1R -F LT #9009 Ak T 2 AR 0 A7 2.

Proposition 2.5 (FEHRIFREMN TS ETT, TREINVHESEZH)

THRBFHGH—ANT 3, 0
LH® A Teyit G E 42 Teg
2.a € H,;alt HF 893% a3t A a eGP 89i% Ta L.

Proof I THHYHRBZHECTHRHEEZHE —BMN, M Henec = ey = egen, MALFE B K Fen, N ec = en;
B, Ha'a=ey=ec=ata, HARKEE FatFa =a .



22 BRIAERMET#

Theorem 2.7 (FE£RY ¥ E EIE)

RCR—ANEANAGHIEZ T EHERGH TR A L B5MHA
()Va,b € H,/ilabe H B Yae H,Ha™ ! e H. (R#HZH, RHFET)
(2)Va,b e H,Hab™' € H

Proof (1) BiEA 4. 51 (DHHATGHRKZERH AN, B TESRAEGT AL, AHF 4 B AL,

HTH+2 BaecH dHE+HiExa e H $a'a=ec € H BHTAEGH £ Teg, XA BN Teg B K RHIE Tepy;
HTHFHER ML FaEGCHHHE Ta " WEHT, llala=ec =en € H, FaEHF F A Ta™ .

BT UL, HoR T G oy RE0E 5 1k B

BB BWHE AR, (D EBARL; 2T B4, 7 b8 O Fis.

(2) T REEI A (2) 5 (1) 5 S0 BT
E (1)2\\%%%@ (2).RZ,Ya € H, HTaa l=ecH Heat=a"1eHHE (1) Ja B ar
Va,b € H, 51 2)#1b~! € H,#ab =a (17*1)71 €H,

Definition 2.16 (BR7SHZ 5%, 2iERT, BRA)

LAf:(G,") = (G, %) R—AFR A, M &AMV L o4 5L, i1E ker(f) 5 im(f), 251 4
Ker(f)={xeG:f(x)=¢}cCcG
Im(f)={yeG :3xeG,y=f(x)} ={f(x) :x € G}] c G’

2.4f:(G,)) = (G, ») R—AERL, BRI fRA—-NHRAE L fFRHBN, M ANERELFREN

3BGHIFA A R &M m— 4 ¥ 2 Hom (G)

Theorem 2.8 (14 51% A FREEE)
A fi(G,) = (G %) R—AHRLS, NAZA R IR T8, 2R 1SR 09 T 7, 8P
1.Ker(f) < G
2.Im (f) < G’

Proof ZLiEAZE —NTFAXR. RAFIF f(e) =’ Kt He € ker(f)

BE, Bix,y e ker(f), REIEHxy ! € ker(f)

FIF B ZHER, f (xy™Y) = fF)f() Lt =ee’ L =, LB Txy™! € ker(f)
BN TFHXREIE,

FIEAE - NTHXA. BHFETf(e) =€, KMlHe €im(f).
BE,BEy=fx),y =) eim(f), LFIEHAyy ! €im(f).

B AEFIR B A BIE TR, yy' =t = f(0) f ()7 = f (™) e im(f) fo

B NTFHXRRMFIE, XHERNMIET T EA 0=,

Kf:G > GAHERS,
1.%H < G; R4 f (H) <G’
2.%5H <G MMAfH(H)<G




22 BRIAERMET#

Theorem 2.9 (REESHRSHIFIHIE)

RfRBGEG R SA, e G E42T, N
() fRERA Y BXY Kerf = {e}
) fR#HRALSY HLRXE Imf =G.

Proof i [F] &8 #| % + 4+ 8 S R A T8 & i A

BRfRER,ALE N f(e) =, HIFE f(x) =, WA F LHWER RN —EFx = e, KFIUEA T ZZF L (XA T 0 £ LK)
A= NTEAAIM LRSS BAVBIEL ker(f) = {e’'} « B¥x,x" € G, EHf(x) = f (), RATAFEHx =«

X E KATE AT, () BELf (7Y = f (') =€

i A% 2 JLE, BT R xx' ™t = e BT REI AT, KNBHEZx =x'c XFIEH T X4,

Definition 2.17 (B£[E)44)

Af:(G,)) = (G, %) =, KNAR R —ABERM, L FRERA A, KR —NFHRS
# G 9P a R R —ANEITLH Aut(G)

Proposition 2.6

Ef:(G,) = (G, ) R—ANEREM, N fIERFERH

Proof [ 4 f~1 2 W&, FT AR ATRAGLERA f~1 R A A&
A,y € G BN = F(0,0 = F(3)e T 53 = fx D) BT W o)) = a0y = 0 700 HRE A T R

Definition 2.18 (XY E%R)

£(G,1), (G, -0) ZA/EE, KAV CAVA AAR, T 452 (G X G/, *)
HFF (x,y), (x,Y) € GX G, BAVE LB LAREGTAR, A (x,y) * (x,)) = (x - r1x’, y - 2y')

Proposition 2.7
%5 (G,1),(G’, o) RANEE, W TN AR (G X G, x) LA —AE

Proof # [t : B AGHE 4 THE,G & o THW, MG X G BT FE RAZEZLATE X, NG X G x = (-1, 2) THZH HH
LA B BANELEAE REBERLAEEAE, BT TEEZE, (e.¢)) ZAMW

BTG M TFERE (x,y) e GXG, HBMNE (x,y) #(e,e))=(x-1e,y2¢€)=(x,y), F—HWAERE, XRILEHAT (e,e) £ EMNEN T
Ht: AT EER HTHEE (r,y) eGxG, (x 1y ) & (xr,y) I T, EHELME, X B L,

Definition 2.19
4 (Gii Vies A— B, P LR — A8 E . AMNZLEMNBOARA ([[,, Gr+) . FALR TR &89 AR
T (%i)jer » (¥i)ier € Hiel Gi, BAVE X (x;)jep * Vidier = (Xi i Yidier

Remark AR R BRI R HET

Proposition 2.8
E(Gi," )ieg A— R, j € DRAEEFAR, WEH WA p; : [[,; G — G ANERS.
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Proposition 2.9 (FEE7E (AL BIEESZ D) RBE NEEFE)
EHFEGHATH H<GK<GHLHNK <G

# Exercise 2.1 WS/AMGHMTEIET FE, LW : Hg = {x € G | xs = sx, Vs € S}EGHT#E
Proof B T 2 TGe5GHFHAE R EH T L, Tl e € Hg, Hs 3 =
Ya,b € Hg, B3I TVs € SHas = sa, bs = sb, )\T (ab)s = a(bs) = a(sb) = (as)b = (sa)b = s(ab),
BFdas=saBals=sa !, ril,ab,a™! € Hg., IEHFHsEGH— AT #,

Example 2.6 FREFARL 2 FEERGITF

I8 LR HK A S

HHBGHA THH <G, K < GIERRVHHK <G

Proof BB G =853 A={(1),(12)} B={(1),(13)} AB={(1),(13)(12),(132)} =& T #

Theorem 2.10 GRFR A FEIFTESEH)

Gh#, H<G,K<G
MLHK <G & HK =KH#— 3 HHK <G — HK = KH & HK5KH# 2 G #

Proof — 7 E#HK = KHA AHK < G& B4R

7 —HE#EHK < GHV ANy, kv, ha, ko B8 h1k1hoks = hsks => k1hy = hy hoksk;' € HK
FR2KH C HK

BEMTVYhE  (hk)™ € HK = (hk)™" = i'k" = hk = (k") ™" (b)) € KH

FRHK CKH

BT HK = KH

E Y ILHK <G & HK =KH% 4 EHK <G & HK =KH < HK5KH#=ZGF

Example 2.7 FEHIH RV FEHIF

BEGHIANTHEH,, Ho 3 Hy U Hoo R W R G

Proof

ATE HFAN KA

BG = (Z,+),H, =2Z,Hy = 3Z, N\ H U Hy " 1 70 R S A 1B, 34 309 54k

B 42e€Hy CH UHy, 3€HyCH UHy 1B2+3=5¢ HyUHo, H 5T ZEEK, 01 2309 154k
HULE ULE HHy UHo X T in R B E A3 W, BT L E T 2G W F #

G=AE-MTHEHEFAH={(1),(12) (39} 5K ={(1),(13) 2} EEH UK = {(1), (12) (34), (13) (24)}
ERHUKF R FH# (TREEEHBHHEE TN HERURE | HUK| A ZNHYEARBEZL T TRHFTZMEH ERT
BHUKTET#

Theorem 2.11 (FRFHIFH A TEHINTESEM)

GR—N#, A<G,B<G
RAAUBRGHT#H < A<B&RB< A
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Proof — 7% : #A<BHB<A. T#HKA<BHN2LAUB=B<G

A—HE: HEAUBRETFTHETHICAHC, B THAEEANLARZCH T, BECH T#
AN FHNARE - TFHRAARB—EFTRETHURER YT LA — IR AC=AUB
L5 HA<BHB < A

14



2.3 HIRFH

2.3 BIREE

Definition 2.20 (M BYE X)

3t FHG P 8 — AN ka, i R G A EEHm AL Fa™ = emx L,
i Bm ZAE bR Kok 269 3 ) B, W ARm A Tabg W, T A |a| = m
Jn RIX MG EHm B A, MARTat i A LIk

R A 80 P AT L, 5 1) ) O BB 2 TR 2EG 9T 48 R ) B 80, 2.
St F R RE A I A B AT A |G

BEGT O Tat N Am, A La" =e. B BHAX Lm | n.

Proof Za"=e,An=mq+r,(q,r €Z,0<r<m)TEFe=a"=a"" =(a™%a" =a", A TatliHrmix/ Nk, Fr=0.80m | n.

Rz . %&m|n o %n=mk, TEa" =a" = (a* ==e.

B 3L TR FIBTm A& K at b — N F 0 KA, B it EEBmA L Fat I T 5 b B 502

(Da™ =
()4 Fa" =e, Wm | n.e®y 5 EEH.

IR 2 o 89 B — AL U AR A R

Proof %GEZ—NARAE, B|G|=nVYae G, NAEGF TEHFFa,a® a3, ,a™' € G,

HTGHFHTTE RAn/ N HSERNTTEMRE, Xa' =a’, Hi > j, ?Eﬁfﬁ Kk =i—j,Ea" =e, KatiHFIR.

H— B, L ERalI N AR LG

Example 2.8 TR & B RIBEEM JTLIRFIF

XA TE B 10 A A AL, RIAFAE XA C R BFG, e A — oo &= B #A TR

B, 7£ B HORCH FTA nt ATIRH MM ESGU = {a € C | a" = 1,n NIERIERL],

AU KT RO FREAE R — N, R TGIREE, (B0 —1a € U, #AFFE—"n € N fEf5a" = 1, Blal I IR,

Proposition 2.10

RS —NH FAL T F B, Gs AS T T A THETAREE A
Gs X TStyRKEZHMER—NF. HHNLESHHN,Gs=S

Proof [H ASH BN TTes ENF T, FTAGs T EZE &
VYa,b € Gg, H % (ab)( -1 71) (b a” )(ab) =eg,1Fab € Gg, FGs < TSR FKZHE ZH B,
EFRMEHWE SRR RN, b e — 1 7% T A 4



2.3 HIRFH

Fril, Ge X TSHIRKZHAE K — 3. USHBE, STHEFMTEHZ £ TH,VseS, HseG, Gy =S,

KGH—N#,

()aBa 'RAH
(2) ab5baR B
(3) fRHGEIG WAt a € G.EfRFHRM, iEHaIN ST f(a)WW. EfAHRLS, LERZBRAGRZ? BT AT

Proof (1) &ifaGa=tH— W% 8 TR

Flal =015 a7t =0 RZE |a7|=n

A2 (@) = ekl (a") ' = e La" = eHooF EH |a~t| = oo
FEFER —H#EZaba ' WHE LR HooZE LB N AR

BiLE |al=m;|a~t|=n mn <o TiEm=n

Bfam =eB (a)" = (@) = ¢! = e nlmE Em|n

BAE

(2) AETIERE LI (ab)™ = abab---ab=a (ba)" 'b=e= (ba)" 'b=a"'= (ba)" ' ba=e = (ba)™ = B 7]

(3) AR a, f(a) 27l Hk, 1, NTT 4 Gak = e, Ne = f (a*) = (f(a)*, \TL| k

Fl#Ek |1, k=1, ©8lakf(a)F EFEEH

FHfABEASNT—RE R, WwF RZy = {e,a,a®,a®} — Zy = {e,a}, £ ¥ f(a) = a® I\ Faty i K4, 12 f(a) B K1, AT & BT

Proposition 2.11 (BfE7S &S5RG HIM)

Ef:G—> GHBERERS, acG,f(a)dW Ak
FERR : a® A IR, AR f (a) 89 R 69 A PRI

Proof %R at K TGIR, M 46 IF #
wRatIN HAERD, Klal = n, Bld" = e, L, e’ = f(e) = f(d') = [f(a)]", FTLA, f(a) TP R at Pin.

Proposition 2.12 (7T Z R/ X KIM 5 /] 32 TTHIRY)

$IXFHGF W Ta¥i¥ Hd, keN

£ :akéﬁl‘ﬁ‘ygﬁ,iiﬁ (d, k) Rd, kT KA B = 3 ma B A d% LIRS (d,k) = 1
II:i%a, b3 A REBHGY L, ab=ba, |la|l=mHE|b|=n

(1)3E8: ord (ab) | lem (m,n)

(2) % (m,n) =1, iEAab®§¥% Hmn

(3) E(a) N (b) = {e}, EMA: ab®3W A [m,n]([m,n) & Tm,ntd 5 A MEH)

(4) ##Hlab # ba B ord (ab) = oo

HIAZ#EHGT AATg, h™T#, 0(g) = m,o(h) = n.3e (m, n), [m, n] 25 Zm, nég 3 Ko B FF= i) o425 40
(o (¢"H™) = (o

m,n)
(2)GF BAENA (m,n)8T;

(3)GF BN A [m,n] 89T,




2.3 HIRFH

Proof I :
F AT AR B A5 (aF) TP = e = | ﬁ
d
kK _  _ d
HE#a" =e=a" A2 FNHd kI = 7 k)lkl 7 k)ll
)
Proof II:

(1) EEE| (ab)'cmimm) = glem(m.n) plem(m.n) — o — ord (ab) | lem (m, n)

(2) % —: BT RA1%o0 (ab) =k

I B AR, (ab)'"" =a""p"" = eék%lzﬂ‘lﬁmmn

ﬁ//\a"é’]ﬁ/\ﬁ( o mﬂbm}?ﬁf"\ﬁ( ik

(ab)™ = b H (ab)" =a" = o ((ab)™) =nHo ((ab)") =

W LE A abB I HkBA AR = £ Sm = K = n|k§m|k)’( (m,n)=1=mn| k
(k,m) (k,n)

#k = mniab®1 W Fymn

= ab| = ko B H (ab)™ =a™b™" = (a™)" (b")" = "™ = e, 1k | mn;

B—7 T, 5 Tab = ba,e = (ab)™ = a"™p" = (a"™)* b = b Fn | mk, ZEH K (m,n) =1, n | k
Fl#, 5 Te = (ab)"™ = a"*b"™* = o™ (b™* = ™, Bm | nk, LH A (m,n) =1, Frh,m | k

FJa, 8 (m,n) = 1,nlk,mlk, % Emn | k

g TR, RATIESR : labl = k =mn

(3) Wab®i W Hd T2 B4 (ab)"™™ = ¢ = d| [m,n] B (a) = {e.a, a?---a™ 1} 5 (b) = {e,b, b2 b"‘l}
Hatalbd =e=b" = a% =b""4 e (a) N (b) = #a’ =e=b""" = m|dEnld = [m,n] |d = d = [m,n]

0 1 0 -1
B =
-1 —1) (1 0)

ord(A)=3 ord(B)=4 HAB-= ( 11 (1)) 185Z ord (AB) = 0

(4) £GLy (R) #HA =

Proof III :

" _L my — n nypm _ pm_n m n 3
(D)Ho (g") = (m,n)’ o(h™) = (m,n)’ g"h™ = h"g ((m,n) ,—(m’n)) =
Wd B AW Ao (g"h™) = n _ [m,n]

(m n)(m n)  (m,n)’

(2)¥m =p™* - p n=pitpl, EEpy, - p BT AR R B, mg,n A B
FFEm; >n, 1 <i<lLimy <mi,l+1<i<t.

La=pytpM b=pltepy

g é’?l”i]p,’*“ pil, RPEIM ApT - p

KHAGEARLEH, Bg G0 T e, B utgahhmrwy (myn) = Pl pI

Q) EMUTIE. R F4a = pt et b=pht ...p;‘l
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2.4 RMESERENGITF SR

Proposition 2.13

A (G, )VR—AH AR e Go Nf:(Z,+) = (G,), RXLAf(n) =x", R—AEHR L.
EFEX LR B BER A, B R S A AR L R e ) F 0 M A TR BP ST

Definition 2.21 (B 7T &4 A E)

(G, ) R—R—NB, Hx € G, W (x), AN EAx £ 092, 2 LA (x) = {x" : n € Z}

Definition 2.22 (B F&E 4 KE)

BSAHGY —ANEETE A4S 1={a"|ac S},iﬂ(S) = {xl---xm |meN,xq, - ,xu €SUS}.
B 5 AR (S) A G —ANT B AR N S A A BT 2.

32 R(S) = G, WARS A G — N AR I RFEGH —NA R ERE, WARGHA IRAEREH
HAMAEFNRES)=N{HCG:H>S,H<GYALFHSERNTEH(S), ROATSHRNT#

L

Proof EEEHS CH <G, MSUS™ C H T s M %(S) CHEES ¢ (| H
SCH<G
T%—7a, BHR(ES)<G, ATl () Hc(S), ATiF#E%, 8L

SCH<G

Definition 2.23 (fE¥f &%)

(G, )VR—ANF . HhHAEx € G 1EFG = (x), WGAEARA —/NEIRE, Mx AR A G —/A AL ’

Proposition 2.14 ({EFFEfHIIE £ —)
JE nBEREFRH L LIRS GY FEAN G TE ’

Proof %G H1 7T Fak Kk nh 180 2%, W 4 K TaWi I 5 HGHIM A%, BIGH T & a, B An
RZ, 0 R HGH EFE—An W TEa, N HakE KGH T () F 2 AN TE, ATEG = (a), FGE—MEFF .,

Proposition 2.15

4 (G, )R A, N (x) = ({x}) ’

Proof RiE & X AT, ({x}) £ & & T {x}ny &/ oy T 7

] ot B B X AN /N B TR LR (), BATRJUEBA H &

—, {x)=A TR

Z R —ANFEHES T ), v —EEAEE N (x)

B E, R A RMNEEAN R E WM IER T (x) &4 F#

XHMUEATEF— R F_RB/LTFOEEANRNBEHEANT#H, Hxe H

WoMEFROE ST, HAEREMSE THH K, K1 Fe e H, FAFAH, ¥ TneN,x"=x---xe Hx"=x"t...xleH
XHIUEEA T H O (x)

EEX A A EY AL T XA Bx kR, LR R BT R xR TR

AEEMNOLSBEREZ ENNGH, RN —FEER T EH LR XMERT

Planx B (xyy @ XA &, EFF E AW AL 3t 2 1 T R {x} £ R T8, T RATR FE A & AREAW, X ET 2 FAWE L
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Theorem 2.15 (TEIFEERIAT HRIE )

Tl TR AR R R e BE ’

Proof %G = (a); MEMAANTTFx, y# T LLE Ax = a™;y = a" BT R i

Definition 2.24 (5 RS FTPR1EIFEE)

BE—AG = (a) B |G| < cofRG A # AT, B ANE o] = |G| < oo B Z A K FIRIEI ’

Theorem 2.16 (FToIRMEIFEE)

LT IR 98 2R 2% ) A4
2RI AT BN A AN LR Aa, at

Proof 1.##¢:Z — (@) nw—a" HFG=(a) 7 LRN1EF#

5 B k@ — /W4T BT R LR B 18 31 % 5] Al

20" H— M AERTHE = G = (a"), Na™ 5 ka"#HF: a=(a"r=a"

= nk=1, Filln=+1

R kn =100 EHE A NEIH A K TEZG = (a")

Proof & 4LiEFAx"(n € Z)Z ¥ H 7 8y

BIEAEFANERE, TRk—EEEEm >ne Z x™ =x", Wx"" =e, Bx2HFRNH

BRTET . BE, WEX"(neZ) T AERXANE Hoxe ), TEFEAEmM e ZHEZRx = ()™, FTEX™ 1 =0

B Tx R TR, BT lhnm = 1, MAX W RER £ 1. F4N, AT LA RXAF, XRIEHATHFEXIFANERT

Theorem 2.17 (BRI 1EIFEE)

0.57 A A IR rr 48 37 22 B M) T Z,

1.4G = () R —MnM 522 AB XL < m < n, Mx™8H A |x™| = m (iX 2 A9m =T AT ANY)
258G =)V BIABNLEZ A —NAEyE |y =n o yELAGH—NERT

345G = ()R —AnBFE N1 <m < n)RAAAERT, I BRXE ged(m, n) =1

Bk eGrN BRI BER o (r) MEFRERAT, dma" L n e Z,

Proposition 2.16

LAEFREHG = (a) 91— F BA M dm (al), 1 € N, I w2 TEFEH
2B AY B SRR TE IR A, B A AU E A R T

3.XG = (a) RmMEFRE, i&m = dgW (a?) HdWNF 7,
HHEH < GE|H||dWH C {a)y, W (a9) R E—09dYF#

Proof XGRAMRMNEF A — KHRGHIETLT#

A1 =min{m e N* | a™ € H}, Wa' € H, \T0 (a') C H.

Rz, %a™ e HWER 2thiEm=qgl+r, £F0<r <. TRa" =am " =g™. (al)_q eH

I Bk A = 0, Bim = 1q. B WH C (a'y. % H = (") W BEF B E BB = 0OF VST X T F L7 8, I ET TR 0 (al),1 e
N
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& G AT IR W18 5188 W A7 & ZZTW A1 50 8 2 T 8 A mZ ) KB

QWEHGREEGHAAL BEERLSHIS G o G .Vbe G, WEkxeG, ERF(x)=b.
TG H BB G = (a), B Lbx=an e 7t f A4, Bb = £(x) = f (a") = [f(@)]"
FOLBG = (f(a) BT B, 2k K TTH f(a).

Proposition 2.17
BN BAFG T, W EANE LB Fm, T AmETEITFH @ (m) A, ¥ oA BRI [, FER Y, o (m) =n

Proof G = (a) AnMEFE, RGHFEmMNEITEANE Ay (m), RGy = (a"/™) N E—EmF 7
FAVE X n G (m) =n

FEBxAGFE—mH T EATE (x) = G1 = FTHBImW 7T EEG, F

MA g (m) = @ (m) IE£E

Proposition 2.18

PERR X G AR IERRE k| n, W BEGHE—Lk) T #
Bl AR 3 3% 4 AR ¢ X G AnN 2, B3tntEN B FmAR G LG E—mN-F 2, iE G A V3R 7
Bl 69 F ik ~T VAR : ATRBEGW IR -THA TR WA 4G A 15353

n

Proof SRIEAE —A:G=(a)={e,a---a" '} B KA EH = (a') £ B0 (a') = D" k M H A kT %
HAE (n,0) = ~REI= BT

3 F B EE TR o (0 e — MR

BIEAE A RHEGFHTEN 2K Hd, - d,

TG A T —Wrd. & Fa, bW #8 H d N T @ dB F 2 B9 E — P 403 (a) = ()

— FAEL< k< diERD = a R RINTFLGAHEF 0 (b) =0 (a*) = ﬁ —d = (k,d) =1

BB b RATH o (d) 3 b A B
R B BT R A, D A d B T A B e () A B o () =n = @ (m)

i=1 mln

Hd; ¥ AntHF, NTidy ---di e Ant B F 2K, #HT T HFEd =n = GHAnH 7T

#: Exercise 2.2 $H (Z15, +) BFI—VIE T Z 15 I FTE T3
H TGN BE ) T A 2GR BE, BT UL Z 1500 F 38t 2 15 20 3%
BRZ s TR TR, RERBZ s AT T E & R T B
H=D=2=@=M=08)=11) = (13) = (14) = Z;5,
Hs = (5) = (10) = {0, (5), (10)}
Hy = (0).

# Exercise 2.3 WHA (Z,+) [ THE, WH = {0}8H = (m) (W m Y H ) f /N IE 340,
Proof 4 H = {0}, M4 & L.
wREH+ {0}, WHF & EZHk, B THRZH T, WA —ke HERTUFEE RN bkRIER A, HF S FEEEEH
RATBm AHF & /NEZEH. THEIEH : H=(m)={mk | k € Z}.

20
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B A (m) & & & me wm/ fu? TWFEHTA2%Fm, Ll (m) C H.
RZ,Vhe H AL HERNH AR EF h=gn+r, EFq,reZ2,0<r<m
HHAr=h-qgmeH, simim/MERr =0, Btbh = gm € (m), N\TT&H C (m) . FTLH = (m) .

VERBIIAERER 1) % ST FRA VB LG B T LANRR R B 122 2], DR B SCRR B AT (T A BRAE A TG PRAE [RIAG, FRATTH H R DA
IR
Example 2.9 7, &
z,=1{0,1,2,3}
1.Z4 R EIARE
2 Zu A Wt

Example 2.10 KleinlUTEt

KleinUJCHE {e,a, b, c} i /2 |a| = |b| = |c| = 2;ab = ¢;be = a;ac = b
L.KleinVU CRE A A4 AE

2.KleinDUTCREASZAEIARE, (H 2T LU {a, b} PIANTCERAE R

Example 2.11 D &

D3 : {e, o, 0'2, T,T0, 7'0'2}
L.D3 A2 AmARE

2.D3 AR ATHRE

3.07 =102

4.0rder (o) = Order (0'2) =3 Order () = Order (to) = Order (70'2) =2

@ Note Z 5 EMFFIEH—AWAEZHEARM T Klein OAHZARMT Zyo —ANSAEHEARMT D3 ZARMT Zg

21



2.4 PAIRE L £ RF WP T 5 R

Lemmal : %& (m,n) = 1; R4 (Z},,, %) = (Z3,, %) @ (Z}, X)

Proof

Proof : MBS B : (Z},,, %) — (Z5,,X) ® (Z},X)  x mod mn +— (x mod m,x mod n)

L KerB = {x : xmod m=1Hx mod n= 1} {x: x mod mn= 1} [T

Rk |2 (2, = |z |_ (mn) = (m)(p(n) = |z x |Z:| = (25, (Z, x)| # i 4t

(ER—A47 ﬂ%ﬂ%z%ﬁﬁx;@ﬁ%x—mtlﬂl y =mt3+1p)
(@ﬁ?f‘/ﬁi%ﬁ%hﬁ@@ﬁ’ﬂlﬂi'ﬂ # yﬁﬁuﬁz EF’?%(X/VFEHWTM%WJ:J: X ARBAE A EK)

Lemma?2 : Zp AR, S FTEpEXL TR EZRK S AKXS(x), AR FTHESf(x) = 0(modp) £ % AnANEHKE

Lemmas3 : iﬂ'?%’ﬁﬁﬁp;%&%%%ﬁﬁ-‘f’k% ] ?&é‘%’(.ﬂ.ZZk = Z(p_1)pk-1

Proof

1°: %k =18, it

Vdlp -1 (Rlp -1 EEF),4S(d) ={a: ord,(a)=d} X EaR AL, W AdATH

BAANZ, = {1;-- - p-1} LM THERE TFa e Z), HHEHHR B mEaly I —ZEkp - 11 la— BT EANS (d)
ETS (d) X272,

%S (d) =04 |S(d)| =

£S(d) # oltBt3a € S(d) s.t. a? =1(mod p) latZ;, + W Hd

WE B Lemma24niEx? = 1 (modp) T EpBEX TR £d N Hla;---a VBl h F R AN BT FEp T B &
ALEAVES (d) € {La---a?™1}

(52 Fr £ F #a? = 3 (mod p) #1a® = 3 (mod p) Bk%Eab =1 (mod p) X 5ati W K d B F/INEF JE)

Whtord (a*) = G T A& ek d &= (d, k) = 1

FiT LAk 9 B 3t Bl (d) A~ (BR 3L B R R

B |S (d)| = 05 # ¢ (d)

KEBS (d) KI5 Y4, 1 1S(D)] = |Zp| = p = 1T 4,1 1S ()] < Xy poy ¢ (d) = p — 1 (2 vy BT B 3k 8 IR S0 8 1)
A LHENTHE—dlp - 1HA1ZA IS (d)] =¢(d) + 04 GEIE|FZ

AN Td=p -1 2|1S(p-1|=¢(p-1) 0 MR EHph&FEHATHREH

BUZ: o 7 W 4 p — 180 TC & 8K 2, H T8 3 2%

20 THRANEHZ, & — 2 FE4E KTy, #EgP ™" # 1 (modp?)

g RZy W MEE— AR, IR T #H R LR, Hgr~! = 1 (modp?)

LW Eg+p— RHER, A (g+p)P~t =gl +p(p-1)gP2=1-pgP* (modp?)

X R4 Fp (oL Ngr™ =1 (modp?) Bt T LU R Z;, My 15 8 — Mk L E th) g+ pi LA 4

3 A g AHR LR FMHWZ, 0 ERTT,  THERERB e N, KN & F kg, (k. p) = 16 5g#(P") = 14 kgpP (mod pP+2)
Fx b, Up =1, FrEA A Feo(P) = 1+ kgpP (mod pP*?) & gP~! = 1+ kyp (mod p?)

HgAZy, £ R T A E gl = 1 (mod p) HgP™! # 1 (modp?)

MEf st A gl = pr+ LHtF TplH F A4 EgP~1 # 1 (modp?) T /&

[ #0B = 16t £ A &L
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24 ERFHLS A BT 5HR

FUR g%, Bk FamL, Meg?(P’) =14 kgph (mod pPHY) ks 5pE %
‘P(”lm) = (g‘P(”B))p =(1+ kﬁpB)P =1+ kgpP* (modpP*2) & T (kp, p) = 1E & ALM B + LA AT
b, #HMVBe NRIL.

4°: &G, &Tl‘]%ﬁ%iﬁﬂ’ﬂg?ﬂt%q’ké@iﬁiﬁ.

ir = ordgz:, (), WA | (p~ Dp*t (X2 A 2lp (p*) = (p - 1) p* BRI B 2H9 1 )

X ordz, (g) = p— 187, B2 T B ST R = (p- DpP (B < k)

(EI?WEZ* F £ pk, ZZ/\f%E’J%kHﬁpk I T g & ARG Bl p — LR BB IR pk 5 4 p 38 A+ 4 A X Bl dr ¥ DA R B J’F/K)
BT g =g~ VPF Tt = ge(PF) = L+kgpP £ 1 (modpP*l), & 4g" =1 (modp*) BB >k, ATUB=k

(B E—ATHE g" —pkt+1 WEER < kBIB+1 < kIbBTg" = pke + 1= pP*L (tp*k=P~1) + 17 /&)

#r=(p-1)pP L ordz;k @=¢l(p ),EngZ;kE’Jéﬁkm,Z;k%ﬁ%ﬁ

fﬁ?&iﬁiﬁ,ﬁ?ﬁ}ﬁ%{p,z; X = (p*) = (p-1pr, fﬁﬁ(Z;k BT Z 1) pr-1

Lemmad : Ya > 35MVA, M FHE&EH#a =2k +1, HHa2"" = 1 (mod2?).

Proof (2k+1)2°" & —BUACL, , (2k)' A 2A 2 B L TiBUE O, 1--- 27 LA /NEIF 80,10 - 1
_‘E‘:J//‘{./g——lﬁjjza 2 (2“ 2 1)_“4(211 2-(i- 1)) Lol Ll = 20724 (2“ 2 1)""(2a 2-(i- 1)) K
Fridba —2+i> a&?)ﬁ%fi?%ﬂ SRR AR A B AT — &
202k + 12" 2142072 (2%) + 2 2(22! 1) L (2K)? = 14201k — 20-1§2 4 92032
=1-29"1k (k—=1) +22973%k2 = 1+ 22973k2 = 1 (mod 2%)
=

X Bk(k-1)—ZEHANEF2 HA2a-3>a

Lemma5 : ordge (5) = 2972 (Va > 3)

Proof Proof : B Lemmad#niE 3R 5| B AN FTHEZEFTHKa, F ordge(a) | 29723 H ordae (a)— & A2V K
THEIEHA ordye(5) = 2072, B4, X R EEIEH Yo > 35, 52" 2 1 (mod2®) . HATH V3 41 EE

LYo =30 & iF : ordg (5) = 2L K IF#

Yo =k>3RHEHCERTRINBAE 21 (mod2%) WTS: 527 % 1 (mod2k+1)

LB VA4 R 4527 = 1 (mod2k1) = 527 =2k 1 (2L + 1) + 1

(2 2L+ 1R FHHR A3 552 2 1 (mod2¥) 778

052 =1+ (2L +1)222%%2 4 (2L + 12K U Tk > 3, 82k -2 > k + 1,

HE52 T =142k (mod2*+1) 45 b, Yo > 35T, 52°7% % 1 (mod29) .

Lemma6 : Z, FI ) TZy & Zga-2 (@ > 3)

Proof [ # ordge(5) = 2072, BT ML Zy, o, 5Y,5%, -+, 52" "W T B, —51, =52, - , 52" L H A [
B #5K = 1 (mod2?), -5 = -1 (mod2?) .85 # —5k2 (mod2?) .1 |Z5.| =
BT LA, 51, £52, -, +52" R4 R 2y, 89 4 T &, EIZS, R FZo @ Zga—se

2&—1
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24 ERFHLS A BT 5HR

Theorem 2.18 (I E£HV B F]’]"]ﬁ#’f'])

AN zt\%mh)ﬁﬁ%’%é’mut (G) ¥4

L =20 Hp (eg = 2) B, Aut(Z,) AMT

i= 1

@Z(p -1 ieil) @ZQeofz @Zz

én—2e°Hp (eo = 1) B, Aut(Z, )ﬂ#’ﬁ-@z

i=1

Proof FATRFITIEIFH B Aut (G) L

HTERBENEZ5Z, T L BRATRE T Aut (Z) 5 Aut (Z,)

HAMTHRABHWERY, E— R ERTHRELEKT, B NERMHcRFEHEELERTHERE—RE
(D) X TAut (Z), ZERTAAL -1 = Aut (Z) = Zy

(1) :

T Aut (Z,) ; A1 EZ, A E R THREARZ, ={a: (a,n) =1} Bm—NEEMcRFHHEALE K TIIERE— R E
FATCo (1) = aRFE N RICEo T LVo,, o € Aut (Z,) BATE oup, (1) =ab =0, (1) 03 (1)

WMoiERT = o (Z,,x) — Aut (Z,) a+— o MBS ENEME—NEEHo R FEHEAEE K TINERE—RE
B Ll Aut (Zy) = (Z5. %)

FmeN, (a,m)=1, FEHFa" = 1(modm) B 3L 8 F /N IE L A aEm B B, 1IL1E ord,, (a), B (a).
# ord,,(a) = o(m), W Ha X Eme JEAR. T WL, atm i W 5t 2 a e AmTe % 2 F 9B, BY ord,, (a) = |a|
HEm i RERBTEm I LB P A R T,

FAVE A (25, %) F HIn#AT F FE0-#n = p{tps? - pit

H Lemma2.1 ¥ Z;, =~ 7+ b ®Z" pee ® e L.,
i Lemmaz2. 3%@?%%}%4&;9,2* Méﬂﬂ?iﬁ#ﬂkﬁ BRBEZ, =Ty 1) pet
= Ly = Loey O Ly, gy o2t oo OZ, _1)pen-1 = Aut (Zp) @Z(m o2t & DL, _1)pon1

Loy = 10 . Aut (Zg) = Z5, = {e}  Yey =20 Aur (Zy) = Z3, = Zo (RAB £ KA R 5| & RTT 5 40)
H Lemma2.6 501 45 & ﬁfﬁ%ﬁl

gL, RNAELTER:

L =200 [T5, p% (eo 2 2) B, Aut(Z,) Hir’ﬁ(@, A 1)@22% > P Zs

Y =200 [T5, p¥ (eo = 1) B, Aut(Z,) FHF P~

i=1 (p -1)p{t
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2.4 1A EE A RBEGB T 5ER

Theorem 2.19

EAEZWHEQLEXRAKXE, a~be=a-beZ
LQ/ZiZ W P & X R A9 ENF 2, —ARRMAbelian?t
245 ph—FH, HZ(p>) = {% €Q/Z |a,beZBb=p' (i > 0)} H—Q/Z8) FuThF 2

satE—EHp, Z(p™) A Y {pi ez & M

A5 HAZ (p™) 69T BN A = T Bf
L: H—AZ(p®) A FEHH ARG Hpt XA

I:ZEHYEVH—ALEZAGp*, BHF REMLEQGUtpE R, NHE—ERFHH = <ik>H = Zok
P

III: FHP ZEHR AL LR, NH=Z(p™)

IV :Z(p®)"—0 AT 2, IXRARGPERLRFHC, = <$> (n=1,2---) (0)=Co<Cy<---<

VA x,x0- A—AbelBHF W THE, 115 |x1| = pEpxo=x1,pxz3=xg------ W (x1, %0, X -+ ) = Z(p™)
VI: HRZ (p®) FE#HA2RH # Z (p™) MHIZ (p®) /H = Z (p*)

Proof 1.Q/ZZ — T IRMabel#, & AFWRMEA {1, T2 T} BLRFEFM K AR, KAV L
Xy e [0,1] WA HEEL[0,1] L89B LIS A B 2K, ﬁf/%’ﬂfﬂ A, B

az  ai1p? T +as

2E%XTT’—'~’7—(11<12)€Z(pw)D“Jp p_i?:p—lzez( oo)ﬂ,g:_‘ ar ﬁﬁlﬁmj—e%(p“’)
HZ(p™) h— T8, ERSREBTERLR, — = o
p p
33X & B AW
4.1 Z(p®) F— E%ﬁ/ﬁ * ﬁmi?)‘§+n-+%=6zord(g)|pk Xpiﬂ%%&ékord(;:k)%%ﬁﬂp”%ﬁé@
————————

Pk

AIL @Eﬂ%%ﬂ?ﬁﬁuﬁm%ﬁH#ﬂéﬁZt £ (a,p) = 1, £ A ph

k
— pL —0= pllapk = k>1 ETHMAL < k%ﬂfVA ;fww: <t<k50HFE

e =k
RZTTR KRB —RH— ﬂa‘?pi’i%)wbﬁf&ﬂuﬁiﬁ< > <]%>

a1 1 as+p“n as as a
i%ﬁ € <17 EIE]—:,FE%TTXCIS+p n=1— <pk> <T>_<1)k>ﬁﬁﬁ € <p_k>

BR N0l T HE /\zﬁé_ﬁﬂéﬁt<z>:<;k>c11, EEAHS TRER P I EANT

HERIESFABELET, 42 8Mp AR KL Rk hp* £

WH C <]%>:ékH:<l%>:’HEZpk

{2

410: BRABRMAHCZ(p®)HEHZ(p®)CH
ETHE vfi%ﬁﬁ%— ¢ H (R4 ia s p T %) 4ol i b tr 1 H%}%9<p >

&ﬁmHﬁanﬁWﬁuT%ﬁt—(s >k+1,beZ), EHE—N ﬁﬁé@%/fi—

WALt 458 T’FFfﬁTuuﬁTE— (b %SE%)#(T?E— — 1sm
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SH T F AT DU p A LT R

41V: AHAHZ(p™) A T#, NHFHTE—ZHLF, 7Fﬁ]‘ii§tHﬁPéJ\%k%*ﬁﬁ%%&i&ﬁﬁéﬁ%(a%pﬁ%)

i> C HILHRIETIR 64 47 72 2 8 B A T p*

1
D‘I\IJ—kEHz %
p

p

—

LV %ﬂaﬂm%mﬁﬁuwww:xw}% 3t BT

. 1
4.VI: &H #Z(p™) W A% %H = <—n>
p

‘ 1

1

i+n
p

BT (p™) [H — GH B g - pl FH > —— ¢ HET 4 R b
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2.5 MARFL H i #E

2.5 XfFREES EHREE

Definition 2.25 (X FREE, BIREEE N)
KGR —#
NG _EFTA 69 A R — AN SG AR A G R 3T AR B (£ T H#0#H), S — N AEARAGH —ANE #,
SGHI—NFEHMAG LG —ANT 2
HFAH L GHn A FREE, BB RAVHARSG A S, An TSt AR BE, S, 89 — N A EZ MR A —AnT E %
St —ANT BEAR N B e 2E

Theorem 2.20 (318 Cayley EIE)

AT — A28 5 — AT 2R

Proof %G H — /M.

HE#LEFaeG HEo,:G—-G ,x—ax,YxeG

HEG ={o,: acG}

KAV HAG % y — N E BBt
EH—NGCHTE Ao, BN ERL—EHGEH—P——L

HHVb € G, Fiab ! e GERo, (a tb) = b# Ky ik 5T

HRFax) = axa = x1 = xo 8 K H 4T

BEGATHMARTAHANEAN ——RHENAEEGMARNH EE Z HEo0p = Tap
KEG* A THEHWBE Z 0,01 = 0410, =1d

BAEEAGEG R

MiEfF.G—->G arm o,YaeG

1.o,0p = 0 iF B B 2%

2.%a # bEFx € GH Lax # bxT Loy (x) # op (x) B #Roy # op LS (a) # £ (b) = fH ¥4
3. G I 1 77 ik AR f A i A

% L2

Definition 2.26

ARELSALG—N——T ™ A — /B bt
ARy AR E AF ) — — R IFFE (A) M Mk AR 2%, 184 S,.S, F 89 L& ™ Bk Bk, KRS, 69 3 A n!
i ) ~ 1 2 ... =n
HEMA 2 THIAREAT—ANE#Ho = ( )
ki ko - ky

Corollary 2.4

F—ANH R E =B BRBFR M. R, AE— TG ES, 8 EATHRM.

Definition 2.27 (fE¥f B #2)

&Ki,ig, - i (r <n)REASA={1,2,--- ,n} P TRRAYHLTE
(oa o

'ﬁ"%@ﬁ#ﬁ'%\%’fif\?‘il i) io i) s> 0 —
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2.5 MARFL H i #E

BAVEHA r AR E B, A0 = (g -+ ir) , 2- AIRFEB BB A BRETHiTHe= (1) =(2) =-- = (n). ’

Theorem 2.21 (n X E 5 HIEIFE R EIR)
HEFE—ANRBBRHRT AR HBEALRAR (B /AT E) 69783 B 36 AR LM XIRHEP R P Z 98 R E—0Y ’

Proof HATAHKF VA EFKILH. Yo H1EE T EE, Blo A% FET T & B, £ E R H.
BRATHEZAr - N TENER R, AERNKEFL SN TENE RO,

BATER — Mo X 8T F iy, Ain B &R AR E|—F| T % -

i1 Dy Dis Lo Din Doiy = i

HTnARRE AREFEN G EEENBHAIN TR, AR ZAF N EEWNETEMN.

A Dirr FFEEZI,(2 <t < k), B Hiy,io, -+ ,ix A A

ARG BR E i1 = 2 LRB I Gik o TR Hikeo = ioTliy #ix 5 —— BRBETFTER R Hire =i1.
F, BNTEE e R Fr A TE, Blr 2k Er =k, NAFEE—MEHAEHET LRI

Er>k, A0

L R S L LS R
o =
o A P .
I S S R A o e 1
I LS T TR O PSR P /RS T T L S R o o L
I R T 7 R TS T ST T 7 ) PR TR MR 7S L
= ( l'11.2 ik) o1.

Hoboy REHr —k < rATLE, Boy # RN TE Gk — BIRBH# (iin--- 1) FENNTE L TAIR,
BB, o TS REF AL TRRNERERM TR =numa - -ny, EXLETES Vs g, i d T B,
B AT DU R A AR 2 B B SR B 42 o = (inda -+ i) i < s

o —
BEoAHE —NETKAFAFHRBERANANT co=n112-- - 15.
FREc TE N TEa, WHEo, 09, 0, P HEEE— oy, EHF0y(a) # a.

ERE Ao FEARH U AR —— A

B, 11,10, s P HEE— W1k, i (a) # a.i}iﬂ]ﬁa}”(a) =o"(a)=1"(a), m=0,1,2,-- .07 =1.
WEE TR, TR =5, FEEELHS 1,10, WRFE, Foy =10 = 1,2, -+ 0. AT "E— P R IL

Proof Ba e {1,2,---,n}, EF % a =0a),o(a),c?(a), - EF, 02 E% E H#id

MR —RAEEENXFE, Lo RE—NEHNEHEENXT, HFREC S @) (0<k<mEE

k>0, Wokl(a) =0 Ya), X Em £ #EFE. Bk =0, c"(a)=a

ko = (a,0(a), -+ ,0™ 1 (a)) Mo S0 EX Fa,o(a), -, o™ a) LHI1E A

BEEReERT (a,0(a), -+ 0™ (a)) LHERRESSES, ERINFAFEZCER (a,0(a), -, 0™ Ya)) LHER T

Fm=n, WEEKN A EoETFITEH (a,0(a), -+, 0" Ha)) BT LT ELAARBI AL~ nfi A

o F B o = o b o BEAFHEIF T CRE (a,0(a), - 0" Ha)) XHE— A%

Em < B BD ¢ (a,0(a), -, 0" Na)) R EAER— Aoy = {bo (b)), 0" (b)}

Mo Eoy# {b,o (b), - ,o!"  (b)} L#1E A E. T HEo&E4, o Sop F A2

RS T X, HEL2, - nlTEALE, HEFRMTHEZG RS0, 00, ,05fEo = 0102+ 0

EEE, BT e, bFHAETULE, BEWEEOTULE, AAULREREC, 00, -, o KT UTE
BE—XFchEHBHREE—1, Bl (c,0(c), o?(c), ), BRHR ERLE T 1
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2.5 3ARE L E A

B, E—nTERXHTHIBBEERN, wRTHRTF, REZE—H.

Proposition 2.19
Sp P B9 E— AN B ARAR T AR T ARE A AR,

Proof EBAA| A 3, RFEHEF — Mk — B3 B A0 7 LUK s T3 e 2 ARBETH]

FEE, Yk > 18, (iig - ig) = (k) (inin,) -+ - (i1d3) (ivi2)

Ek=1,% (i1) = (i1i2) (i1iz) .

BATEEER: F—NEHRXTRE T AR T ET LR S M H, Bl o8 H E R % T AE s

Proposition 2.20 (fEIf EMREZEMER)
(1) AT A8 G 1B 2R B 09 AT A

(2) Gz -+ i) ™ = Gk - dii) 5

(3)kHE3RH % (iqio -~ - ix) WIN Rk

(4) S, TUAHEL{(12), (13),---, (In)} £, BPEE— MK EHocH#TRHEF A LERE LS PR ET
(5) (a1b1) (ar -+ am, b1+ -by) = (ar---am) (b1---by)

(6) (a1b1) (ar---am) (b1---by) =(a1---am,by---by)

(N Fa=(>1--ix), B= (1 js) Fa, BN ord (af) = lcm (k, 5)

Proof (VEAMNHLZHBAER Ao = (iviz---ix), 7= iz Jjr)

HPERMEA= (i1, i0, - ik} GB={j1.jo. - . jr} BAERNFHTE

FRExe{l,2,---,n}, AFMEE : ()xecAx¢B;(2xcBx¢A;(3)x¢AHx¢B

I B R A B 4

(2) 3) MBI & (3) EWHAM Z & & /N IE LK

(4) 7S, P —NE AT LR RS T A3 M,

F bk, RATRFIEAERE — x4 A& 2{(12), (13),- -, (1n)} F 89 F 23T 4 5k RO BT F]

FEREHA® @), R, jFPAE—ANELN HHEFEEEFT LR, ERER

Wi, JEAEL WA () = (W)(1)) (1), Bk, R nkE#o# T AR E{(12),(13), -, (In)} F#E T H K KT
(5) (6) H #4020 BT

(N Ea=(>G1--i) 5= (1 js) AKX, %r=ord(ap), % ord () = H ord (B) = s

B (ap)icms) = glem(Ls) glem(Ls) = o4 ord (@B) = r | lem (1, s)

Wr=l|r=ord(ap) Bs|r=ord(ef) MNiirZlSsH A EHEHATERDNAEHNEHHETFE: lem (l,s) | r = ord (ap)
THEIEAXANWE: Flfrlle” #idb S FEx € (i1---1) FFa (x) #x

B AT xSa” (x) € (iy--- i) AT BET (j1---js) B

(@f) (x)=a" (B () =a" (x) £xEHapINBEAr T EEH (af) =id

Definition 2.28 ((BER5F E )

T AGERF—ANE e, ZRT R RE 697 kR T e T AR A2EH A& T OO A F18 4 2 KT 6.
—NNE #eodm R T AE T RABRA T B Z AR, W Ao 1% B e R 2+ E %

B S, ¥ FAAG a9 A28 #AB B e, BT UAS,, P BT A A% B M) mx 09 B S AE RS, 09— AT 3
BAVRIATF BE Ak B, LR A, Bl - Az = {(1), (123), (132)}.
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2.5 3ARE L E A

D Note BV RMBEP LB BT T, 51,60, onh E—t A
HEZo €Sy, RXVEERME Ben, #hRny (8) = o) BT BRI EF RN ZIHF O, RALE—H
EHEBAVFE =AM S, - GL(V), o n, KB RiEXRA—NERS
BMFARMERS det : GL(V) = P, o — det (&) BREXR—AHRL, R A5 H Kerdet = SL (V)
st o AT R R S deton: S, » PP —RAMBEEN{L, -1}(En > 18)
R A BB A TR A AV Ay <1 S, (B W B 160 % 42) AN A, T2 K n S B

|
LI FAVE L B det orr : S, — PP it Aeili 18 B 2 AR R H 4B B 3, do ) AR R B S A, = %

Definition 2.29 (Z#:AVEY)

Ko €S, WokTREANELENRBZIR, BRRArGRBEALAN A <r<n), WHAEHeHAALIM2E.. gl

Lemma 2.7 (S, FHIERIERARNR)

i e k)o_lz(a(o o(j) - o k)
mono-p o(m) o - o(p)
ff#%ki{’ia(rl,rz---rk)a_l=(0'(r1),---,O'(rk))

‘
/|

/ﬁ_sn‘:f’,o'esmﬂ]g/AO'(

Proof E LR

1.5, PAEATARA I — BRI KE —H
2.8, FPANEBLN — AMREA

Proof 1LY THEREr#E (iy---i,) LTV € S, M A (i1---ir) o™t = (¢ (1) -~ ¢ (ir))
Xj‘ﬂ:ﬁﬁ/l\%%ﬁ% (il lr) ’%— (]1 Jr) R%mﬁﬁo : il - jl "’ir - jr else/tg-%

2 TEHee S, HETRET AN B BT e = (ab) (xyz) - -+ (aByn)

W Lopo=! = o (ab) (xyz) -+ (apyn) o' =0 (ab)o~lo (xyz) o~ -0 (aByn) o' = (0 (a) 0 (b)) (0 (x), 0 (y),0(2) -+ (0 ()
F KB —

EoS5cAEEAKENA, c=(ab---¢)---(aB---y) Ho* = (a*b*---c*)--- ("B y")

a b DR C .. a
Aot = p Y BN H oo™t =o*
a* b* DY C* ... a* ﬂ* RS ’y*

Proposition 2.21

n!

Sy P A AU e g B A — HHIES Y —

[T A

i=1 i=1
HPARBITA R, BPARB AT G (A1, A9, ,An) , LA RIEABE BLHRA +200+- - +nld, =n

=1

Proof AP (A1, da, - ,dp) S, FE A1U20 . g N BRI E L, P, A NF 1,2,  ntI T HFHE S
EXBE T P, > P (1,9, ,A,) 8 Vp=(p1,p2,--,pn) €EPny Ar(p) RIXAEHE .

EHTpF, NEEETONFEHHEARNINREE T, B TRIKRKEA LN EE T, 5%

Ep”(!’) =(p1)--- (P/ll)(l?/11+1p/11+2) s (P/11+2/12—1P/11+2/12) < B R R A

A1 A2

HE—a eP (-, dn), 7 o) P& &A [[ 24! A7

i=1
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2.5 3ARE L E A

EEHEX-—m REARIRAERL: £—, —MKABRE (1
HZ, LAFR AR K AR = AR #eny

EIEJJHS"’Tﬂiﬂ_l(a)
BV P (A1, -+, An)| =

n!

n

[T
i=1

RGath A%, %A Byl = 1 (@) [P (A, -
YA A, S P (4,
A

cet) R E ke (titg- - 1), (tg - fit1) -+, (Gt - - 1i—1)

,/ln)|a V(XGP(/ll,--- ,/ln)
JA)| = [Snl, BB R BT EEM F .

Proposition 2.22
PERAS, = ( (12),(13),---(1n) Y =( (12),(12---n) Y BA, = ( (123),(124),---,(12n) )

Proof 1.((12),(13),---(1n) Y € S, EVp € S, BB A T H X W H IR, L PFEE— N0 (i1iy---i))
M KATE . (iyin---ip) = (i1iy) (i1ip_1) - -~ (i1io) BB AT EF LA (ivix) ¥ LLE ( (12),(13),--- (1n) ) &~

K HFEEER (i) = (i) (Lig) (1i1)

2B % EH, = ({(12),(12---n)}) € S, T#t#AS, = ( (12),(13), -
EEZE (12)(12---n) = (23---n)

“(In) ) €((12),(12---n) ) = H,

AT (An) = (n---21)(23---n) = (12---n)""1(23---n) = (12---n)""1(12)(12---n) € H,

#ifl (12---n-1) = (1n)(12---n) € H, FILAETHEFE] (12),
ﬁﬁHﬂ = Sn

3 TA,, B fnkn > 30, A, ST T AR B AR ZENGT Vi, j, k, IERE (if) (ik) (jik) B () (kI) = (if) (jk) (jk) (kI)
HAMANMNRSSGFR -2 = REFRPNTA, FEATCEHT UG L =T
MATER] #k, (1jk) = (12k)(125)(125), AT E E X E A B @i, j, k, H (k) = (ki) = (j1i)(j1k)(j1k) = (1if)(1kj)(1kj)

M AE—3%#% & (123),
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Theorem 2.23 (BREEE 57385 — KB

Yn > 50, A, L E#H,

Proof —NNEGEEHINENEEEE
FURCHAERTHAERATEAA N TEAGT R, wWRGEMEFLEATFHENBELEAT - TH
W) %85 AR TR T &, BB ARG A & T W B ATR % Rk BB R o T R

(DE %, RAVEH Ln > 30, A, B A3 - Bt £ R T AR WG, .k, LA (1) (k) = (jik), (i) (kD) = (i) (k) (jk) (kD) =
(ijk)(jkD),

U G A B B 2 e B AR — € B 3 - AR,

T An 5 ET TR AT LG RABBA AT e B RAR, F LA, B3 — 54 K.

(B AT B T A 10 4 R T A3 - b d)

(I E ok, AT LUn > 56, A, F AT A3 — 0 Hk 2 — /N33,

X TFHES - ik (ijk), EHE0 € AyERo() =1,0) =2,0(k) =3, Hlo(ijk)o! = (123).
R ¢ A A, T BB, N (45)0 € A, B (45)0(ijk)o~1(45) = (123).

F b, BT A3 — ik #l 5 (123) 45,

(BRRATIREN T A, BO BT A R TT AL 41 2 2R 40 H)

(D)5 /5, BATRIEA A T LEA T3 REEREN <A N # {e}, UNGH— 13- Hhtk,
EHo € N,o # (1), o s R TAK B ety TR RA 9 R

(DECH M EAr— ¥, r >4, T &o=12---r)7, TESr1... (ETES A LRZBE (1,2---r) AFHARKET).
HTNE TN T, # (123)0(123)" e N, F I (123)0(123) Lot € N.

B — W, (123)0(123) Lo~ = (123)(c (1) (3)0(2)) = (123)(324) = (124).

F& (124) e N, BINF @4 — 43 - k.

)FEcHIN BT ERKERTINRE, E0 BTN - REZDFERA
T o = (123)(456) 7, M (124)0(124) (o)~ = (124)(253) = (12534).

AR )TN &3 - %%,

B Eot e RA—A3 - ik, Tgiko = (123)r, £ r5 (123) 7 2 # Hr? = (1), Mo? = (132) € N.

HARE o> HTE (123) T4 R, Br L #
DFEoHIDBEF I EKERT2098 %, Blo = 48 20 7 # 1y e AR
THFE Ao = (12)(34)7, M (123)0(123) Lot = (123)(241) = (13)(24) € N.
#H—, F (135)(13)(24)(153)(13)(24) = (135)(351) = (153) e N.FH I, NF LA H3 - i %N = A,.
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g% Note [Sy 5 S3 P %]
Sy
(1)— 1%
(12), (13), (14), (23), (24), (34)— 2%
(123), (132), (124), (142), (134), (143), (234), (243)—> 3
(1234), (1243), (1324), (1342), (1423), (1432)—> 4%
(12)(34), (13)(24), (14)(23).—> 28 () A FA8 57T % 4%)

S3:

(1) — 1M

(12), (13), (23) — 2H"
(123), (132) — 3%

2 Note[As 5 Ag P AE]

Ay

HEEZE—NEPEFRE R (i1ia - - i) BT AR TRk — IS 389, BP (ivia - - -ix) = (i1ix) (ivig_1) - - - (i1i3) (i1i2),
PrvA, Sy eyt 54 — PER B B AR 2 4 B0/

(1)
Ay =1(123), (132), (124), (142), (134), (143), (234), (243)
(12)(34), (13)(24), (14)(23)

Az ={(1).(123), (132)}

#  Exercise 2.4 Kleing = {e,a, b, ab}, HIiEFE

ab |ab b a e

(DR B FTA T8

(2 S, 5 B4 [FIRG 71

Proof (1)B4#FTH TR 4 : Hy ={e},Hs = By, Hs = {e,a}, Hy = {e,b},Hs = {e,ab}. B43*H LT 7

(2) & T 7/ Bl A B 85 BT & 0 & /N 40— B, 72 [B] A9 BR At T AE 4 R B9 O & Y I AR 45

Brod, 5B, EIA e At &R 4N L &, ElR B LGN H R340 & A 22 7T

H A S 20 TTA (12), (13), (14), (23), (24), (34), (12)(34), (13)(24), (14)(23), BREZ L By A RN T ES,F 5B, AME FE#H
Hy={(1), (12), (34), (12)(34)},
Hy ={(1), (13), (24), (13)(29)},
Hz ={(1), (14), (23), (14)(23)},

Hy={(1), (12)(34), (13)(24), (14)(23)}
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2.6 FFESHEEAHEHE

WGRE—M, HEGH— T8, M THHAEGT I NR Z A E — N ZICKREL : aELb & a™'bh € H.
A : (1)Va € G,ala=e € H, iTllaELa;

(2)#5aELb, Mla™'b € H, I FHREGII T8 B (a7'b) ™ = b~'a € H,/3bEra

(3)#iaELb,bEc, T/a™'b € Hb™'c € H, \Ifii (a™'b) (b~ c) =a~'c € H, ilhaEc.
EFERMBAIN IO R RELE —MEM KRR,

RIS R REL, BATTLRE—AGHKS ={a|ae G}, Hha={x|xe G, aELx}.

TN Ka, BATH W TG = {x |x € G,aEx} = {x |x€G,a™'x e H} = {x | x € G,3h € H,x = ah} .

Definition 2.30 (ZZf3£E)

LCR AN H<GR—NT#H,ae G, MaHRHM—/£T2% (Hajlh)

X Ha=aH={ax :x € HYLHZH, Ha3| BWHO £EE, K- Has KT HF OE—/NTEPITIFE 0

HAH, eH = HEU R —NESGE

AR BAV A 4ol e HA EATF B IHE, KT AR LI E Tk, ML it X MR G EeH =
HL R AL R 45 TE94E R

© Note R T A LA [ # B A

Proposition 2.23 (L[EEHNSEENXR)

LCGR—ANAREH<GR—"NFT#,aeGbeG,a+b
M 2AHE5aHZ 8 & &5t AR At —F A |H| = |aH| 5aH5bHZ 1A &7 4+

Proof HATHE N AFaRkEXf:H—aH f(x)=axWfREE—NFA 47, |H| = |aH|
BRANANEERE D ReEaH 5bHZ 58 W 5t

Proposition 2.24 (2N ERES RS ALEEHREZEXR)

EHRGHT 7, 24
()G = | | a (&th 1 R AR T 2R 8994)

aceG
(2) ¥ FVaH,bH, HaH N bH = @3aH = bH,

(3)aH =bH < a'b € H,;
(4)aH =(¢e)H © a € H.

Proof (1) (2) RIFEBEM A RRE G mE S H 0 T it A

R Fte, HATRAEHaH c bHEIF . EHaH ¥ T Hah(h € H), Nlah = (bhoh{') h=b (hoh{'h) € bH. %3t 5% & T iEA.
(3)aH =bH & aHNbH #+ @ & ahy =bhy & a™'b=hh;' € H

(HWREB)atecH=>aeH

Proposition 2.25 (EREESHRBEFEE——ITRN)

THRBGHT#,10S, ={aH |a € G}, Sgr={Ha|aecG)}
W A EE LS BSREY— N —— LAt

Proof 1EW4Tf:S; — Sg, aHw— Ha™!
FIAER E XX TaiH = asHERIEf (a1 H) = f (azH) B EHa;" = Hay!
E‘pVhlaIlgﬁﬁh* € Hif%/i/fagl = hlailﬁﬁ 2B M B = hl(lIlCIQﬁﬁaIlaQ € HX 2 #Ha H = asHFT VA% ST
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WASRERG LR S BRIER, BT a0 f R 25 HH DR

Example 2.127T R A MEEMAREER LI ZIESE

WG =83 ={(1),(12),(13),(23), (123), (132)}, H = {(1), (12)}, WHRG I — T4, B4, GRTHIIFA LEREEN
()H = (12)H = H

(13)H = {(13), (123)} = (123)H

(23)H = {(23), (132)} = (132)H

AT, GRTHW B850 NG = HU (13)H U (23)H

HFSEWT

H(1) = H(12) = {(1), (12)}

H(13) = H(132) = {(13), (132)}

H(23) = H(123) = {(23), (123)}

R, GR T FRHMARE SR NG = S5 = HU H(13) U H(23).

LR Y G N HEEN aH = Ha
2. UBEG A RIS, X T Gt Rk, TREH AR EadH R NS T HE%EHa
Wz TS S H A H(13) = {(13), (132)} # (13)H = {(13), (123)}.

AN AT R

WG = GL(2,C), T NG H X A FEA B T3, TIXTA = ( ; ,AT # TA.

BEIRIZHE, A FA T T LASEG 73R H (1 — F 51 e 4
FATIRIZA h ZEBE A ISR ONRISEG /H,  G/H = {a1H,azH - - - axH}
BATCRK LRGN DNECN (G : H], FONHAEGH I HL

Definition 2.31 (B R 5 FEEHIIER)

LbGCRE—NAWRE H< GA—/T#
N#HEG/HZ X AG/H = {aH : a € G}
HARIANTEYG KPR AHEGF W4, 125 [G: H], ¥ [G : H] = |G/H|

Theorem 2.24 (F1&E8 HEIE)

LSGR—ANHWREH H < GR—AT# N|G| =[G : H||HIMNA 454, |H|||G|

Proof HGEFRZ HEGHW AR EAN LA R
BEGATHHEBESBAHG=a1HUaHU---UayH, £%k =[G : H].
HE X & |a;H|=|H|, i=1,2,- kK, XEAEREELMFNENZREETRH R, BH|G| =k -|H| =[G : H]-|H|.

HRGRANRH, K<G,H<K, WH[G:H]|=[G:K] [K:H] .

Proof — % & : |G| =|G/K|-|K|=|G/K|-|K/H|-|H|.%— % :|G|=|G/H|-|H|
= |G/K|-|K/H|-|H|=|G/H|-|H| = [G : H] =[G : K] - [K : H]
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Corollary 2.6

LATREGTHE AT EWGUHAGY 4009 B 4
2EBNNH—RAEAEALRMT (Z), +)

Proof 1.Ya € G, fEF#H = (a), & £ REX (a) WA IR, WA |H| = |a|
RIELagrange €3, H |G| =[G : H] - |H| = [G : H] - |a].

2B |Gl =pAFE B LGCFHFTRNNE LAHIE L Ap
W R AL1BIF LT 8 {e}; w0 R A p AR 2% TC & B A B £ KT

Proposition 2.26 (4 (i B EIHEIE)
REGH N A4, NGAR M E LT RAWEFEHLy, XA Kleinvd L.

Proof BTG A4M#, A2 miEbhmGH TENN A B4 E#, B 1,2, 4.

EGF A4 Tua, N (a) RGHIAN T 7, MG FRALNTER, MG = (a) 4N BB B A RIEFAE AR50, G = Zy.

EGCHF A AEANNTE, NGB EATTesh, BH =ML Ea,b,c, CNIHH# A2,

WA RBE—T PWNETEGCH R ILG = {e,a,b,c}

HTGHHEEMRL, Hab T Za(Fab =a, W Eb =e),abt. T 8EZb(Fab=Db, N Ha=e),abtt gt Ze(Fab =e =aa, N Ha=Db)
oA £ab =cFl¥ba=cf®Hac=ca=b; bc=ch=a

e a b c

Q

e da

S 8
a
Q
S

S
a
S
Q
Q

Proposition 2.27 (6 M E¥[EHIEIR)
BEGHN A6, N AHGCELARMT (Z,+) ZARM T D3

Proof #G+HITHERMHKAAEAL2,3,6

HEHGCHA AN TEAGHEM T (Zs, +)

EHGEFRAANTT, WHBHGHFR T eZ TR KRG A2, 3, REW XRABHCGHN B A BEA 28 £FE W Tr
TEHNEHGT —E2H =0, RZEFFE=ZN To, BLEGT A AL 20 T

A2 I A T {e,a, by — {e,a,b,ab}, XEF42HHbai, EHWN A28 Eabab = e = a’bab =a = bab =a = ab = ba
B Eabath 2 HA M Z K {e,a,b,ab} ERANHT LEFY A THT . TFE

BAEHGT L EFL2, 3N THFE

ALFRMRT #G ={e,1,0} > {e,1,0,0%}

Lol 2 ocBH HAcMEBER, Ho?2 21802 =1=0* =12 =030 =¢e=>0=eFEHoT THHE

HK - {e,1,0,0% 10} KHE A0 # 1,70 # 0,10 # 02 fillro ¥ KA E
—_——,
FTREF BT ke &
Kb - {e,1,0,0% 10,0t} BHor 2120 # R EATRE, Hor 2 ro B T RRBARB— K43, milico I TEN X6

HSEBGFRA AW T BIETE
FEro2xf {e,‘r, o, 0'2,7'0'} ¥ ARMAEMBEGH N B HN6H 4 R Rto? = ot T LLZ# A {e,T, o, 02 1o, ‘1'0'2} #ADs
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Corollary 2.7 (R R 325 EHY 7T E N HBR )
FCHIERBRE NGFEVAAANLE, A LS A TEMKR VR T 0H

Proof

LGRIM AR, DGR X HAE; LGR2M, W, SI- AR AT, B T U112 KRB A, a0 R AN BE 00 BB T BF, MBI BF — R R 4 #F
FTUL, 4G R 20, 3B, 5H 2 B, 42 58 % 7

YGRAN BB, BG R T LAA N B R 4 KB Zy B Klein T8 TC#F By, T X H D BEAD 2 X 8%, BT LG4 & 5 0 7f

B LBt HERBFEE DA TR, MS32 — M AN TEWERSEEE,

Proposition 2.28 (A, BIFTA TR SRR H E BRI il A a3 1)

REBALOIPTH T2, L4 N -T2AE—0 BT, G iE¥ Lagrange & 3 69 1% & TS A%, 2
Lagrange ® A58 & : A RFHGHEE AT HHIE N L AFGH I 4 — /B £
25T LAt A RBEGH N M EANBRRKAT— A ETH, EFTHONIF LI B 4o |Ay] = 1269 B K6,

Proof RHZ AL FA, F Ay 4 1200, BT DA, HES W 00 B2 1200 — A B 3, B H| = 1,2, 3,4,6,12
(1) 4 |H| = 18, % Hy = {(1)}

(2) 4 |H| = 128}, FHy = Ay

(3)4|H| = 28¢, B T2& —ME K, WHL & & FEA200 70 & s 181 %

AL F 20 T3 1 (12)(34), (13)(24), (14)(23)

BAL2M F A Hs = {(1), (12)(34)}, Hy={(1),(13)(24)}, Hs={(1),(14)(23)}

(4) %4 |H| = 38, @ T3 2 —AF K, WHLE & 5 3H T & 18 18
Ay F 30 TTAESA : (123), (132), (124), (142), (134), (143), (234), (243)
BALBIBH FEA Hg = {(1),(123), (132)}, Hr ={(1),(124), (142)}, Hg = {(1),(134), (143)}, Hg = {(1), (234), (243)},

(5)|H| = 48F, &1 T AL F &AM TT, BT, HR A 5By B, i AR Bt 5 B — A S
T 158, ¥ 5By R A9 09 T A A A
Ni={(1), (12), (34), (12)(3d)},
No={(1), (13), (24), (13)(2d)},
No={(1), (14), (23), (14)(23)},
Ny={(1), (12)(34), (13)(24), (14)(23)}
i B W ANS, B F 8F o A Ny R ALK T 2%, B A (12), (13), (14), (23), (24), (34) 1~ 18 & #
BALHIAN T B R A Hio = {(1), (12)(34), (13)(24), (14)(23)} .

(6)5|H| = 68F, T A4 W HOW 7T, HT 7 6 £ 1B, MH R F M F D3 = {e, 7,0, 0%, 70, 7072}

HFr, 1o, a2 .o G A 3Hr

fAsF RA (12) (34)  (13)(24)  (14) (23) =M AW 7, LXK AT, 10, 702

HA (12) (34) x (13) (24) = (14) (23) E £ 71,70, T TR W Z MM RA A 2% T8 =4, Frl % g < 78

()Y |H| =128, H = Ay
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Proposition 2.29 (S; BT B FEf)

Ssey AT #E (D} {(D.(12)} {1V, 13} {1,233} {(1),(123),(132)} S3

#: Exercise 2.5 5 AR TH = {(1), (12)(34), (13)(24), (14) (23) } I LB 03 iR DL B A5 % 459 it
Proof A x THH AZIE&E 0 AL =HU (123)H U (132)H,
Ho
H ={(1), (12)(34), (13)(24), (14)(23)}
(123)H = {(123), (134), (243), (142)},
(132)H = {(132), (234), (124), (143)};

Ay A THWAERE M AAy=HUH(123) U H(132),
H

H = {(1), (12)(34), (13)(24), (14)(23)}

H(123) = {(123), (243), (142), (134)}

H(132) = {(132), (143), (234), (124)}»

D Note F @R k4o lT KM —ABE G £ T LT B0 RS W I &
Proof HREG, £ F&#H
LEARERXH |aH| = |H| FEF MO X 0T L HEEENK—E N [G: H] =
QHNEHM X FaH=H o acH
SEMBMALEEHENE N HEFHTE
475G - HP ®HFE—NTTExERExH (XHFE WxH + H)
5.6G - H-xHF & FE— A THyxREyH (X HFEyH # H # xH)

161
|H]

6.2 F E RN G — KGRI HE N |zH| = |H| R LZ A R P BAERL UK FE 2 G

Theorem 2.25 ((§ I SREE S BAR L)

1.4GH—#,K<G,H<GHRKCH= [G:K|=[G:H|[H:K]
2.4GH—#%,K <G,H<G = [HK : K| = [H: HNK]
3.XGH—#, K<G,H<G = |HK|-|HNK|=|H|-|K]|

58GH—# H<G,K<G=|[G:HNK|<[G:H|[G: K| LBR%¥%ALG =HK
(% [G : H] ’6[G~K]25_?‘=>G:HK)
(%G :H] = k15 [G : K] = kg < 0ot Iem (k1,k2) | [G : HNK])

TRGH—# K <G,H<G,— |HgK|=|H||K : Kng 'Hg| = |K| [H : HNngKg™']
HHgKTUEXFMKEARREENETG

4.8.%H <G, K<GW[H:-HNK]|<[G:K|BE[G: K| WMAHKAM%, IRA[H-HNK]=[G:K] = G=KH

6.XGH—# A<G,B<G=g(ANB)=g(A)Ng(B) L& [G:A][G: Bl AMA A [G: An B] LA %

Proof 1L.RANEELINMERFEZHARERETRENTAXRZE, iﬁﬁﬁi&l’iii/\‘-@é‘%ﬂﬁ?b?ﬁiﬁ
B%G/H = {a;H};c; ,H/K = {ij}jEJ HBA— A, RAOVEG/K = {a;b; K}

icl ]eJ

REWEXERFEFHNELEEBERNATEN. EERFEN. RAAREILHT JZ/MM*, R AUk B EEAERT .
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BN ELAFHE.
&, X Lab KRFRTIAKEGHMZIEE;
%, X b KA AT .

#—:%4aKecG/K(ae€G). BaecaH, EFa=aih(heH).

#—H B %hebK,%aK =a;hK C a;bjK, FAEIEEE 2E% B LLK, HaK = a;b;K, XFIEAT F— %

¥ :BRabjK=arbpK. FHAERLHEEERE SR L FMAR EHWA A TH), B Tb;,bj € HEb;K =b; K
K& RKANb,; = by, TRIEAT £ &

GLpd, RETHNBECEWRNTBMOAFRE, XHF, EHEL, RIGEAT EaA.

Proof 2.2 HKZhK X RSN H.HZh(HNK) X RS HHF
ALK = hoK & hihy' € K & hhy' € KNH & hy (HNK) =hy (HNK)
A2 = B RO TR

E BAER BN E R bk = ke, WTh L hy = kk(', WWHR Y hy =kki'=qe HNK, ATWhi =hg ki =q 'k
N | HI|K| P FTa m & s, AIREBEZGCHEXNETEME, EENENEFHH|IHNKINTE, BWAHK|=|H||K|/|HN
K|.

Proof 3.3 — : 2.8 [H: HNK] =[HK : K] < [G : K] ¥ & BHH
e [G: K] g%k AR, A A[H:HNK]=[G:K] = G=KH

ET BEBEMN[H-HNK|EEE [G: K| BEEWBE: o: (HNK)h— Kh
WKhy =Khy & hohi' € K & hoh{' e KNH & (HNK)h1 = (HNK) hy
WiZBE A h B4, % [H:HNK] <[G:K]

(G K| WIEEARLH [H: HNK] =[G : K] = o Wit &< G =KH

Proof 4.

HAREWLBIELHET[G:HNK] =[G :H][H: HNK]
Bl FiE[H: HNK] < [G: K] BI#]

XA WA, REFTLHRYG =KH

Z[G:HI5[G:K|EEMAL[G:H]| 5 [G: K| #MARML2EEERAKNNREALTH[G: HNK]|WAFRT
#—F[G:HNK]=[G:H]|[H:HNK]

= [G:H]|[G:HNK|F® [G:K]|[G: HNK]
X[G:H|5[G:K|E% = [G:H|[G:K]|[G:HNK)]

X[G:HNK]<[G:H][G:K]

= [G:HNK]=[G:H][G:K]

4% 7 #G = HK

&AL FWEI TR EGH Y $0F R LA R348 G = HK

fiA[G:HNK]=[G:H][G: K] 4
IGI |G| |G|

\HNK| ~ [H| K|
WA —F |G| BRI AR IE2.%KATF |HK| =
— HGHIR#G = AB

|H|- K| _

=G
|HNK| 1G]
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HEm#EE (G:H|=k15[G:K]=ky <o
MWI[G:H]|[G:HNK] E[G:K]|[G: HNK] = lem (ki,k2)|[G : HNK]

Proof 5.8 —FI T HFEEZERRAEZNKARNBEETUEN THENR
FoFgE— A H EATERENREGE
FoEEZ A H3WAR LD FE

Proof 6.# &% 0 #HgK = UHgki (EHk € K) = A 2%KAVE |HgK| =r - |Hg| =r - |H|
i=1

HFHgk; = Hgk; = gkikj_-lg_1 €EH k,-k;1 €g 'Hg = k,-k;1 € (g_ng N K) = (g_ng N K) ki = (g_ng OK) kj
KAVBETRBELNHA K Kng 'Heg| =rst EEWHAK N g ' Hg e K ¥ EHAEHgK ¥ 2 £ | [Fl — 4547
M HRANTEZ WA T Hgk; = Hgk; — (g_ng N K) ki = (g_ng N K) kj
BRI T (s He nK) ki (1< i < r) RKF — AR ATRMIEE
AN THEKE TR F T XLFENFAR
I Bt (g*ng) K= (gleg) TR
— KN (g—ng) K= [K n (g_ng) kl] TR
— K =|Kn (g He) [k (XEREEZARKEF)
BHEK IR A T K 0 (g7 Hg) | i3t

[K:Kﬂg 1Hg] =r
# |HgK|=|H|- [K: Kng 'Hg|
B35 LLEBR B — i

RAVKAES IS KA BRI T GHF (Gl =n
B ARAINREG = UHglma%wemﬁ%M% S T 7 A 1 T

KA TE I FHAHg K N HgQK + @ e Hg K = HgK

—HHE

#Hgi1K N HgoK # @FF L h1g1ky = hogoks = g1 = hy  hagokoki"

W EVhg k € Hg KB A1H hgik = hhi hagokoki 'k € HgoK = #Hg K C Hgo K B B F il 5 — i1
= Hg1K = Hg2K

F—HEEDKN

HEHT U BAREENELHAEFEN XA~y = x € HyK

Theorem 2.26 (B[ 7 IR R ITEIE)

RHRBGH R A TR, B g, g, € CREG = | JaH = JHa:.
i=1

i=1

Proof BH <G, N7 %, FEGHITEENME, #HG=| |AcA

% 5 ERATE— 5 T G4 AgAT (4 T T B 058, BV oy, by € AR AgA =| ] Agai = | biga
T BB 4 T R (A AN gAg T | A T RATT DA% EAgA = | | Abiga; = | | bigaia

HFFIFHTAb; =a;A=A

NI RATE RN EE BTN E g, FFUARE 5gH XWb;,aE/HG = UAgA UUAbgal UUbgaA
MWE kg -, g BB AT A biga; Bl .
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2.7 EMFRESHH

Definition 2.32 (EM FEf S5 FLIEA TE)

KHAGW —AT#, 4w %Va € G,aH = Ha, IF A, A RHRAGH —/~ EHTF 2 (IAREHAT#H), it4EH «G.

N FEATHHRN, BARLERHaH A 2 EHa# 405, BMNARL R )L, Blek, BFAAHYEE.
BEE—ANHG, 2 AT H{) ECREHAGH ENTF#H . AHAVacG,H

aG =G =Ga,a{e} = {ae} = {a} = {ea} = {e}a.

FHAVAR X AN EAT 2 FHGH-F FLEAT #.

Proposition 2.30 GZ#EFHYEAT] FREEB R ER T8

RIRBCHIEETHHARAGHENT 2. B HAVa e G, HaH ={ah | he HY = {ha | h € H} = Ha.

Theorem 2.27 (IEl FEHIFIE EIB)
KHAGH T2, N T @ WA F 4540
()HAG# EMF 2
(2)Va € G, AaHa ' = H
(3)Va € G, HaHa ' C H
(4)Va € G,Yh € H, Haha™" € H.

Proof iFPAFK (T B4 T®RAZIEH : (1) = (2) = 3) = (4) = (1).

(1) = QFEHEAGH IEAN F#, %X TVae GHaH =Ha, TEZ£aHa ! = (aH)a™! = (Ha)a™' = H (aa™!) = He = H.

(2) = (3) 4.

(3) = ()& FaHa ' CH,#Va e G,Yh € H, Haha ' € H.

(4) = ()VEEB FaeG, EilaH = Ha. 3 TVah € aH, & Taha™' € H, W& #h, € H, faha " = hy = ah = hia € Ha = aH C Ha;
5 — 4 W,Yha € Ha, # Ta ‘ha=a'h (a’l)fl € H, % GEEhy e HHa Yha = hy = ha = ahy € aH = Ha C aH.

BrLA, Xt TVa € G, HaH = Ha. )\ T iE /5 HZ G IEHLF #

Example 2.13 [EMFEATEGHREMGF

. ros
*%G = lr,seQ,r#0%.
0 1

r P B
mqu«fﬁmm&@ﬁﬁemz—/rﬁa( . i ) =( 1 s)

ol

B AEHREG K — A T1E. )

ey G,(l t)eH,ﬁ(r s)(l t)(r s)_ :(r rt+s)(r‘1 —r‘ls):(l rt)eH.
0 1 0 1 0 1 0 1 0 1 0 1 0 1

FHHAEG I IR GRFERIE IR L7422 PO A LA 2% A 05 i 2%, 15 15258 B AT LRAD).
TATHHZGH IER T H#E.

1 ,
LK = { . 71’ ) |ne Z}?:‘FEJ%‘EEK%HE‘J*/I\?ﬁ.

r s
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I S 0 Gl [ B e B RO [

JItLAH 2 — A AZ 0, TS H AR 7 32 IR AT, P BAK 02 H R IR0 TR

B, KRG HITE BT B, |
05 1\(1 1\f{o5 1) (1 05
0 1)(0 1)(0 1) _(01

i, efvm | 1)ez<,(°'5 c Gl
0 1 0
1.#HG=S3 H<G H={(1),12)} (13)H # (H) (13)

¢K.

Example 2.14 TR IEM FRERGIF

Proposition 2.31 (FEMFA-FESEM FRHH)
ZX(HUK)=HVK
1.H<GHK <G— HK <GHKH <G
2.H<1GHK «G—=— HK <GHKH G
3HJ1GHK <G = (HNK)<G
4H<GHEN<G=HNN<H
5H<GHN<1G= N<HN
6.H<GHK 1G= (HUK)=HVK=HK=KHAKAKHKHV K ERT 2
TH<GHRLK <GHHNK ={e¢} = H5KW T HERMT I
G AR H AN T HOBRRLEATHERAEA - ANTHEAENTHRT, Lt— S RELTAHENTH

Proof Za s AN THUMARLETHERER M THRAEATHE, Ed—FRb 2% HENTH#
RIOAERFAEEETFHAN —FTRINBKEEHE T AN FHORKRLEGH T

WA F RN —E NG TR

4.

EHRHNNCHEKRHNN < HXZFENH, Na A& FRRTUHET

HKFEHME :Vhe HMae HNN WTS:hah ™' e HNN

(—FH@aec HE AHE TR AT hah™ e HA — FE BN ENFHATLL € N)

5.
BHANCHNE%N <HNEANNE FEHFTUT FIEENY :Vine HN Vni € N WTS : hnny (hn) "t € N

hnny (hn)™Y = hnnyn ™'~ BI N IE #L1E BI o]
———
eN

6. ZARMWHK (KH) CHV K

B TVxe HV KNx = hiky--- hgks

(FEERKRMZE Ax=11- -2 F1; € HRKWH XA R RATE A F & 07 U2 ¥ DUBR A o — 204 B 47 77)
fhytkihy € KiChikihit = k) = hiky = ki hy

Wx = hiky---hekg=ky---kihy---hg € KH

MKH=(HK)=HVK
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Proposition 2.32

RHAGH —/NEAT#, G/ HEATHW T A 215 FAEm %S, BPG/H = {aH | a € G}
WG/H%Fi&aH :VaH,bH € G/H, (aH)(bH) = (ab)HA iv—A 2.

Proof &L RANTKAFHIZEN E X EABEWN. WRaH=axH, b1H = byHAL /Aﬁala;] € Hﬂblb; cH
Tifai1b1H = asboHEEiFa1by (asbs) ™! € HJ}KHUL(llbll);lcz;] = alHa;] = Hala{;] cH

—— N—— ———

eH EATH

1.2 A 24
2.9 4 A [(a1H) (azH)] (a3H) = [arazH] (a3H) = ([a1az] a3) H = (a1) asazH = (a1H) [(azH) (a3H)] X ZaTE EG R %A
3.BENTEA NeH=H
4.aHW ¥ TR A Ha ' H

Definition 2.33 (FJEEEN)

HEGH EATHHO TR EEEROAEELSG/HERWE, MMGA T EATHHG T #
ERHKEH A (aH)(bH) = (ab)H,VaH,bH € G/H H#AVEA B iz HHA N ENTFH AT H R

Property
BATEHHAGT W83 (G : HIFERHWEENK, PG /HF e LEANGLAHAGT 69158, 3K A B|G/H| = [G : H].
LGHAMWEN, WA Lagrange T A |G| = |G/H| - |H|.

Example 2.15 —f§ FR— A Al IS S H &SR GF

Sar

(DH=(12)H={(1),(12)}

(13) H = (123) H = {(13), (123)}

(23) H = (132) H = {(23), (132)}

{HS2 [(1) H] [(13) H] = (13) Hifi [(12) H] [(123) H] = (23) H

Example 2.16 %G = (Z,+), H = (m) = {km | k € Z}, WHEZK)—AIERTH#E, HEZH FIFEES A mAS

BIP#EG /HEm N GE - H 1+H, 2+H, - -+, (m=1)+H, e h+H = {h+km | k € Z}, 151552 h T AE 1 Lm R 3] 4225 h, Blh+H =
h.

FrUMENES, BATEZ,, = Z/H = 7./ (m).10 H Uhm AR F 2K s E 5 R RIS 52— 80, Bt b, N InB A 2, = Z/H =
Z/(m).

Proposition 2.33 (3158 STEM B R B VI BY)

1.XGAR#E N AGH BN X2
2B IR B0 T B R FE

Proof %GB # AG/N, EFNEGH — N E#M T . YaN,bN € G/N, MlaNbN = abN = baN = bNaN FrbL, G /N = 35 ¥ 7%

WG EH#EAG/N, EFNEGH —MNEM FE, VxN e G/N,x € G, H AGREIE, N HG = (a)
A 2x 7] R Ra, ATTEXN =a"N = (aN)". B MWIEEGHBE#G/NAE H G EaN & KN 1EIE, BIG/N = (aN)
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Example 2.17 §— N FEEZEN TEE

ﬁG’a‘\ﬁS/l\fE%:i(l 0),J_r ‘ 0),i(0 1),1(0 { ),(EEF'Z'Q:—l)
0 1 0 - " \-1 0 i 0
G R TP TRVEAE e — AN, I LG — T REE 2 IE 7B

Proof

4k 4 HE A a%fg( (1J ’
UL, B B G 5% T 48 [ e v 1 B — A BF, % 42 2 10935 B 1y 3 A0 X B IR B F]

THEIEAGHER F#AZ EM T4

HGHBALTTAET H — EZ2M 70, R/ 6N TLE + A, +B, +CA & M I 7T

WHAZSN G oY T 7%, M H R 7 86 R 1H 7 8%, 20 T %%, 4B 7 8 LA R8I 7 7%

LHA B RIN FEFSHE,H={E},H=GAF LT, ZENT#,

YHR2M T AR, B Y KB AR E A, NHE & — 20 T R, TIGF B2 TR A — E, BrbA, GH2I Iy T A H R EE R {E, -E)
NES — E5 17 58 M40 ¥] 22 4%, BT A, HR G R IEH T #%;

YHZAWY FEE, WHEGF (G : H) =2, W7 HZGH IEH T 7

G LR, GHE A FHHMEZ EAN T,

T te, HEA A2 T 5 45 T 2 B A

AT LA — AW R E 5 IERL T RE 42 G T REH, BATE LG LTS RMFN K RaRb © a~'b € HNIMFFFIG/H.
EHEGHIRIE B RS 3 /G /H _ERISRVERUT 2 AL © aRb, cRd, & 75— € H acRbd?
ARSI, BE AR I T LA G B RIS SRR T ROV ERA TSI AN HAE G R R EHE— D —n Rk R ——FRKA.

Definition 2.34 (BI& X&)

BEGAT A ZAEH, I RAW—ANFM X ZREZEH T HARK, BIERa,b,c,d € A,aRb,cRd = (a*c)R(b*d)
MARAARFEH « 9— AR A% A K, aTEGFN £a, L et R & %
BEARRREREA-NFMNXRTARRS

Theorem 2.28

HGAE H <G, N TrE/5H:

()H <G;

2%+ &g € G,gH = Hg;

(3)344£%a, b € G,aH - bH = abH.iX ZaH - bH = {ah1bhs | h1, ho € H} .

Proof (1) = (2).HH <G, xt*EgeG,he H, fHgh=ghg 'ge Hg; hg=gg 'hgecgH #gH=Hg.
(2) = (3).8 (2)HHb = bH, ¥ aH - bH = a(Hb)H = a(bH)H = (ab)HH = abH.
(3)= (1).BE&#H <G, T EBgeG,heH, 1 (3)7[Fghg ™! =ghg lecgH -g'H=gg 'H=eH=H.HItH<G.

1 R e A, 4 HACEH RGN IE LT #E
FEPEAN ZERE B 3R AR — 5 2 — AN L2 AR, IF HARRAR AT Tt /2 SRR A e B SRARER TT 3R .
TRBATA LIAE R 525 0G| H b 5E X 3féikaH - bH = abH.

Theorem 2.29
KGR E, H<G, NG /H L ia F 4 —ANBE, AR A G 3+ H 69 & #F.

Proof H WHEGHIFH F&# REWEHNITE, EEWEZEESEN.
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Xt &EaH,bH,cH € G/H* (aH - bH) - cH = abH - cH = (abc)H = aH - (bc)H = aH - (bH - cH).
TR GA4EKT. EK eH=HZX—ZHEWNE LT, lﬁxﬂ% aH € G/H,# eH - aH = (ea)H = aH.
R, G/HFE—TTaHE £ TTa *H, [H Hja™'H-aH = (a 'a) H = eH, FT A, ZE &= 81 G/HM ik — 3.

Theorem 2.30 (BRI T IEM FEERIIER)

Rf:G— GR—ABRSYS, LH<G,H <G, F 4
(D)fH(H) <G
2)fAiHR &SR, f(H) <G’

Proof BRI #0: f~1(H') < G, f(H) < G', H It A FiE A EA M

(VxeGaef- 1<H) B f(a) € ', BOLF (xax~) = FOOF@)f (1) = F @] 2% F(x) € G
EHAH ZGHIEHNFE NTA LX) f(a)|f(x)] ' e H, Bxax e f7L(H) . iEHEf L (H)<G

(2QVx' € G',a’ € f(H), N FFEa € H,x € G, f(x) =x’,f(a) =a’, BT () a )= FO)f(@f)] 7 = f (xax71)
FAHEGH EN T, N Fxaxt € H Bl (x')a’ (x')! = = f (xax™1) € f(H).IEE N f(H)ZG # EAL T 7,

Corollary 2.8

#G, H<G H <G f:G—> G
AR ALKerf<H

Example 2.18 E7SA 2 RIS IE M T A& G F

Wf: G — G REREHFD, N2EGIRIAZ T

20000 B, A0 IR AN B, f(N) A8 &G AR TR

B, B G = S3, H = A3, G’ =S4, f(x) =x € Sy (x € S3), WAz RSN FHE, (HIE £ (A3) = AgEIAES AL THE.
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2.8 HAERE, FOUTHF

Definition 2.35 (F£4E 2K 54T 8f)

EHAFGH—AT 2

(O FH—4"aeG , EbhaHa ' R—ANGW-T# (e HHY LT #), 3+ LH = aHa ™!
(2)XA, BREGY W AANT&, kg e GifFgAg ! = BNARAFBELE
TrEAFEEERKXZZFN KR, HFNFN LA A L

Proof (1)%ifaHa ' Z—AGHI F#. Yahia ', ahsa ! € aHa™!

1 (ahlcfl) (ahgcfl) =a(hihy)a ! € aHa™! (ahlcfl)_l = ah{lcf
FrLl, aHa ' & —/MGH T3

BilH = aHa™!

fEBEst f:H—->Ha™l, he aha™t, GHofR—A——B4
fRFEEE, B AVhi, he € H, 8 f (hih2) = a (hihe) a™! = (ahia™') (ahga™) = f (hy) f (h2)

L' e aHa™ 1,

Definition 2.36 (E#{tF, F:0MbLF, i)

BEMAFHGH T E.0

1LANG(M) ={g € G | gMg™' = M} RGHT 2, "M AT

24Cc(M)={geG|glag=aVae M} ={g € G |ag=gaVaec M}; ZTLREGHTH, MMt ST,

W Fg lag =atn % Fag = ga, ACq(M)BFZG ¥ 5M P HA T4 ¥ T 69 TE 24K

SARCG(G)F LERRLEGCTHENAEZH TR NELTE, LHEGH P SALERTEHC(G) = Co(G)MMGH F .

Corollary 2.9

LGAF N R#H — G =C(G). P VA, C(G)8 R DB IR T G0 I AL B
2.88KCs <G
3.XWMRE X FCq (M) < Ng(M).H B3t 2N % %a € G,Cs(a) = Ng(a).

Theorem 2.31 (FIES5 LML SIEMLIRR)

LIEAMAEGH TR, N EMEHG T ENEFT [G: Ng(M)]. (EM < GIF ZM LT BB H [G : Ng(M)])
2457k i%a € G, M Ha kI L ENKHF T [G: NG (a)] = [G : Cs(a)]

3.%H < G 2 MX A NG (H) < GEH <« Ng(H);

4.H<G & Ng(H) =G.

Proof iEHSMEHN FEAEH g 1 Mg(geG).ER
g Mg=g"'Mg' & g'g'Mgg'" ' =M

o gg'" !t e Ng(M)

& Ng(M)g =Ng(M)g'.
MTTME 2T E 8 E TGH NG (M) H I E A4 AL H.
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Definition 2.37 (B AEZ)

HRGHIENTHH, PP (H<G) N AARRSn:G—->G/H g gH
LR iR &

2.Kermr = H

Proof 1.7#HFRARREANG/HT R ZRE BRI T EAG
2.Ker7r:{g: gEGEgH:eH:H}:{g: g€G,geHy=H

Proposition 2.34
EGRARFH, HRGHn T #, o RHRGIXA 89— AnW-F 2, N HAGH) EAT #

Proof I EM THWAREEBE N THEEATHIENR YA HZILET
BEREHRNEXEZHET A TFTHAETHSLE HEN
EWRA = nh FHAULRETFHZETHUNEA T

#: Exercise 2.6 TES, ", SR FTA 70 H = {(1), (123), (132) }ILHE T8

Definition 2.38 (A B [E#48%, 4h B EH9EE)

EGHH, aecG, ZXBH Ad, : G —» GH Ad,(g) =aga™', VgeG,N

1.Ad, € Aut(G), #r A Hak 26N A BIHRF LB a 5709 L ILmst.

2.2 Inn(G) = {Ad, | a € G}, M Inn(G) H Aut(G) 89 EHL-F 2, AR A G R A R A2,
3.7 # Aut(G)/Inn(G)#k % G99 & R M #E, it R OutG.

4.7 8 RHZEInn(G)¥— /MM  Inn(G) = G(EKery = C(G)WInn(G) = G/C(G))

AP AA e TR Ady, = AdyAd,  (Ady) ' =Adyr Inn(G) F 4 A Ad, = id
HEGHRIBEN LInnG = {Ad, | a € G} = {id}

Proof 1°8 %, £ &a,b,c € G, H Ad,Adp(c) =a (bch™t)a™t = (ab)c(ab)™! = Adup(c). H It Ad,Adp = Adgp. (3 1)
2°F & Ad, 1Ad, = Ad,Ad, 1 = Ad, = id.[H 1 Ad, 2R 4T, Eif 2 Ad, 1.

3°H K, Mt Eg, he G, A Ad,(gh) =agha™ =aga 'aha™' = Ad,(g)Ad,(h)

B I Ad, € Aut(G). (2°3°)

4o8t — %, Ad, (Adp) ™! = AdyAdy-1 = Ad,,-1 € Inn(G).

H i Inn(G) < Aut(G).

A ERp € Aut(G),a,g € G, FHoAdap™ (g) = ¢ (ap~ ! (g)a™") = p(a)gp(a)™! = Ady(a) ().

FTlloAdgp~t = Ady () € Inn(G).# Inn(G) < Aut(G).

By : G — Inn(G),a — T, EERIF &y 2 W4, Fv(a) =T,, Wy(ab) =Ty =TTy =y (a)y(b), FrPAG = Inn(G),Inn(G) =
G
BEGsm#EKery =C(G) ={a e G| a5GHE—THT R #)

Corollary 2.10 (EFM FEHIZEMN EX)

1.HGHFHHREINTHL AR SHAGE LN —NE K.
243 FLEAMNmiE  —ANFHEINFHLSARS L LG TFHERILA S
3H<GIRLHAGH ENT 2 — HAGT —i i £ 64 5F
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2.8 HHk, FOTF

AH <G — HWEANLTFNG (H) =G
5.H#&EInn (G) R FTAE

Example 2.19 @8 R TEE L ERM T HRIEGF
28450 356 B T T ) A RS IR - G, G REE,N <G, N’ <G, HHEG ~G',N =~ N’, L HG/N ~ G’ /N’.

Proof ﬁ[*;g ® Zy]Zo " i TZ4 w gE & T2Zy

Example 2.20Inn (G) # Aut (G) f5IF
G N (Z,+) BHUNEEFR RANZ NS HEEFT LA Inn (G) = {id} (B2 Aut (G) T EDH +id
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29 [EIFSERER

Theorem 2.32 (B¥[E)7SE A EIE)

RfRBHGEG W —AF &S kst
&N =Kerf, WHEG/NEIG 89— ERE f* ALFf = oy, AFYRGEG/NW ARE L.

Proof 4 f*: G/Kerf — G’ aKerf  f(a)

(D) : well — definied : & B a1 Kerf = asKerf WTS: f(ay) = f (as)

Hajlag € Kerf = f(aylaz) = ¢’ = f(a1)™ f(a2) = ¢’ = [ (a2) = f (a1)
(IT) : £+ %5 Blwell — de finied #9342

(II) : f* A E A WTS : f* (a1Kerf - asKerf) = f* (a1Ker f) f* (asKer f)

LHS = f (ara2) = f (a1) f (a2) = f* (a1Kerf) [* (azKer f) = RHS

(IV) : Bk f = f* oy B f* oy (a) = f* (aKerf) = f (a)

(V):"—M . R&GFHEeg g: G/Kerf -G aKerfw f(a)tiHEf=goy
A2 f (a) =goy(a) =g (aKerf) 5 f#it ik N — 2

Lf:G— G R-AFEHRE

Lker(f) <G, BG# ker(f) L& B 2R 4 F im(f), BIG [ker(f) =~ im(f)
2.4 R M, & fRFHF S, MG [ker(f) ~ G’

3.EfRERE, NG /{e} ~ G =~ im(f)

4.5 GAH TREE, N Ter (/)] lim(f)|

Proof

e RAERAEARIE . I T fAA TR f oy = f, TS Ak = f# 4 L E b 578 £ 2 RS, UG/ Kerf 1> G,
w

B hKerf < GH XA T

BTk, RN EHE — DM NFEG [ker(f) B4 & im(f) By F B 5¢

BAVHRZABEE M f : G /ker(f) —>1m(f) %t FaeG, 2N f(aker(f)) = f(a)

AT HERNL, EFABIRENHERLT, RAAN =ker(f), ®.E1 f(aN) = f(a)

%%@JF%%T&%ES@W@ T, ?‘kﬂlgﬂﬁﬂ B E XM, B¥%aN =a'N,Ba'a’ € N, REH f(a) = f (a)

MXZHNf(a') = f(aa"ta’) = fla)f (a™'a’) = f(a)e’ = f(a)XFIUEA T B & X,

BTk, RINEILAS AR L, AT A (5 + H 5D

FIZ : 4a,b e G N f(aN) = f(a), f(bN) = f(b), T f((aN)(bN)) = f(abN) = f(ab) = f(a) f(b) = f(aN)f(bN)

RFIEHT FE—ARA

B A, HAUEH ker(f) = {N}. B f(aN) =e¢ , MREZ XL, f(a) = ¢, #a € ker(f) =N, frblaN = N, Z3IiEH T f&— /24
A Aa eim(f), Bla e GEBa’ = f(a). B, f(aN) = f(a) =a’, ZHALHT fE— A5

G LR, fR A NBEG [ker(f) B & im(f) B R . 1 H 48, G/ker(f) =~ im(f)
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- im( /)

TN

G /ker(

2.1: BRI SR —E BR A

AR EPFEAMN : —ADAHEGHR S E Imf 5GH B #HG/Ker f £ B M & LT AR —AN2f.

W B B 5 B AT R T AR LA 2 8, b3t T — NG R, R B GO PT A EALT 2, T AE RGP A T 2%
M THRHERMELTGHITARS%.

B AN FE B, AABEZ A G- NBRERTAEE—NHIE-AAHLGARRS,;
ZRE—ANFHCHIT ARSI, S TREGHIT AR Z, Lt TREGH AT A 65 EA-F 7.

RfRBGEHG #HR &S, N = Kerf, N

() fEZTGPOAEN =Ker f69-F 2 5GP F 2 ] 69 34

(2) fIEE AT 23T 5 B EALT 7%,

(3) *4E &8 Kerf c Hi,Hy ¢ G, WH, < Hy & ¢ (Hy) < ¢ (H3)
(4) %X Kerf cH<GWN [G:H] =[G :¢(H)]

(5) %H<G,N C H,MG/H ~G'/f(H).

Proof

() E L, HEFAGCEAENN TEK, f(K)RG W T, N fESTTGCRFAENN THNELIG ¥ FTHNELAN —MBEK — f(K).T
TERATEH X 2R 4.

NEFMGHTHE, FRANE2EGEf Y (H)={¢geG| f(g) e H'}

WA GWIEfL (H) RGHHAANH TE, TAEf (Y (H))=H".

R o - T B R O AT

WA, RHy, Ho 2GH A AN EA&NKFE, Hf (Hy) = f (Hs)

W EMThy € Hy, f (h) € f (Ha), HLFEhe € HoERFf (hy) = f (h2)

TEf(h)  f(h)=e = f(h3 h1) =e¢ = hy'hy € N C Ho X H K hyt € HolH Wehy € Ho, 8 Hy C Ho FI¥ Hy C Hy B WWH, = Ho.
P B IRk AR A, R AT
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29 ALK

(2) By & — 7 Bl ¥ %03

(3) & (2)%0 f(H) ZG' ¥ IE#L T #%.

B’ AG' 2G| f(H)MERRES, FRGEG /f(H)MI B4 o f

EHn o fREBL. (FRSEEL—NFHRAL)

X Ker (n' o f) = 1 (a1 (' f(H))) = [~ (f(H)), B LFKANTA f~1 (f (H)) > HE B4 B AE
BN CH, (XRENf(H)RGERFHERCE T AL (f(H) B4EET Kerf)
AR 2d (1) 8 £03, @ (1) L8N 5T 4 Ker (1 o f) = H.
BHESEREERFG/H~G'|f(H).

Corollary 2.12 (BfE#E —E A EIEN B E B A#ES L)

KGR NG, nRGEG/NW A RFHR L, N
la# 5 TGY ASNWT 2 5G /N T 218 6 5
2. BLAe B AT 23t 2 B E AT E

3.X%H<G,N C H,MG/H =~ (G/N)/(H/N).

Theorem 2.35 (B EI#5E = E1E)
¢: G > GWEHRS, N=Kerp <G, H<G
L.HNRHEQT t91%o (H) 92 2B H o (H) = ¢ (HN)
2.H/HNON = ¢ (H) = ¢ (HN)

Proof 1.% (1B 24N < HN < GH.Bte (HN) = {@ (hn) : he Hyne N} =% (o, (h): heH) = (H)

HEAME R AT BRI 0BT TCGFAENN THEG FH TN ——3t i

A AHNFR S o (H) B 7 X180 E £

2. % Eolg: H— G WHKer(olg)={heH: ¢|lg(h)=e'}=HNN

KAV E T |y : H—> o(HN) WHER B St HEME —EAEEFH/HNN = ¢ (HN) = ¢ (H)

Corollary 2.13 (BRWE=EENHAEBARFERSL)

KGR, N<G,nRGEG/NYARFRL, H<G

()N <« HN < GEHN = n~'(n(H))BPHN A HE B n F 6912 % Sn(H) 8 7 4 Rtgn 1 (n(H)).
(2)Ker (n|g) =HNN,Adm (HNN)<H.

(3)HN/N ~ H/(H N N).

Proof (1)N < HN < GH t—FH i X B4

W4k, BREN C HN, Xn(HN) = {hnaN | h € Hon € N} = {hN | h € H} = n(H)

BIG+ A& F AENNTHHANErBH THEHERG/NFH TH#Hr(H). TREHEME 22 (1) FibmE
nI ST AT B IEHN X R Bl n (H), NTTHN = o= (x(H)).

()% EA#FEA n|y : H— G/N,H Ker (n|y) ={h € H| n|lg(h)=n(N)}=HNN.

(3)& ()& n(H) =n(HN) = HN/N, Frin 2 HE|HN /N 3% [F] 25 B 4T
HEMNE —EAEEAFH/(Ker (x|y)) ~ HN/NT & (2),Ker (n|y) = HNN,#HN/N ~ H/(HNN).

51



Proposition 2.35

HTH,KRGHANTE FENHK, HNKARGHTRE T2, L
HK/K = H/(HNK).
HK/H = K/(HNK).

Proof FH FTHESHANGELE F—FREKmE
YEf:H — HK/K, hw hK,Vhe H.
W fREHE|HK K ik 5.

Y(hk)K € HK/K. 5 Tk € K, WA (hk)K = hK, % f T8 BEZ h, #4% f(h) = hK = (hk)K, A8 4 f A4t 5 W fRFZH.

B A 3 7] 75
AREFME —EARTHE, RNTRFILH Kerf = HN KA.
Kerf ={h|heH,f(h) =K}
={h| he H,hK =K}
=h|heH heK}=HNK.

o e KK =H/HNK).
HK/H = K/(HNK).

EEER RS, R R E Sk — MR R R L, T A AL
Bltn, KRG AL F# HEGH T#, WHHK/K = H/(HNK).

#  Exercise 2.7 N <G, K <G, WHNNK ={e},(NUK) =G, IIG/N =K

Proof #{1#%1:G = NK,W|G/N = NK/N, K/NNK=K/{e}=K
WBAE E N B AENK/N = K/NNKBG/N =K,

Proposition 2.36
If Ny < G and
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2.10 Category A little Comment

Definition 2.39 (Category)

A category consists of
o acollection of objects X, Y, Z, . ..
o acollection of morphisms f, g, A, ...
so that:
o Each morphism has specified domain and codomain objects; the notation f : X — Y signifies that f is a morphism with
domain X and codomain Y.
o Each object has a designated identity morphism 1x : X — X.
o For any pair of morphisms f, g with the codomain of f equal to the domain of g, there exists a specified composite morphism*

g f whose domain is equal to the domain of f and whose codomain is equal to the codomain of g, i.e.,:

f:X->Y, g Y—>Z ~ gf:X—>Z
This data is subject to the following two axioms:
o Forany f : X — Y, the composites 1y f and f1x are both equal to f.
o For any composable triple of morphisms f, g, /, the composites 2(g f) and (hg) f are equal and henceforth denoted by hg f.

f:X->Y, g:Y—>Z h:Z->W ~ hgf:X—->W.

That is, the composition law is associative and unital with the identity morphisms serving as two-sided identities.

Definition 2.40 (Small Category with Locally Small)

A category is small if it has only a set’s worth of arrows.

Actually, a small category has only a set’s worth of objects. If C is a small category, then there are functions

dom

e .

mor C ob C

\/

cod

that send a morphism to its domain and its codomain and an object to its identity.
A category is locally small if between any pair of objects there is only a set’s worth of morphisms.

It is traditional to write

C(X,Y) or Hom(X,Y) 2.1)

for the set of morphisms from X to Y in a locally small category C.'# The set of arrows between a pair of fixed objects in a locally
small category is typically called a hom-set, whether or not it is a set of “homomorphisms” of any particular kind. Because the

notation (1.1.8) is so convenient, it is also adopted for the collection of morphisms between a fixed pair of objects in a category

that is not necessarily locally small.
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Definition 2.41 (Monomorphism,Epimorphism,Isomorphism)

An isomorphism in a category is a morphism f: X — Y for which there exists a morphism g: ¥ — X so that gf = 1x and
fg = 1y. The objects X and Y are isomorphic whenever there exists an isomorphism between X and Y, in which case one writes
X=Y.
An endomorphism, i.e., a morphism whose domain equals its codomain, that is an isomorphism is called an automorphism.
A morphism f : x — y in a category is

(i) a monomorphism if for any parallel morphisms 4,k : w = x, fh = fk implies that & = k; or

(ii) an epimorphism if for any parallel morphisms A, k : y = z, hf = kf implies that h = k.

Definition 2.42

Let C be a category and {A;};er a family of objects of C. A product for the family {A; | i € I} is an object P of C together with
a family of morphisms {7; : P — A; | i € I} such that for any object B and family of morphisms {g; : B — A; | i € I}, there is a

unique morphism ¢ : B — P such that r; 0o ¢ = g; foralli € I.

Theorem 2.36

If (P, {n;}) and (Q, {¢;}) are both products of the family {A; | i € I} of objects of a category C, then P and Q are equivalent.

Proof
Since P and Q are both products, there exist morphisms f : P — Q and g : Q — P such that the following diagrams are commutative

foreachi € I:

PR
\\[\
s
Q

>

©Q

N

Yi

>

Composing these gives for each i € I a commutative diagram:

gof

~

N

T

>

Thus go f : P — P is a morphism such that r; o (g o f) = 7; for all i € 1. But by the definition of product there is a unique morphism
with this property. Since the map 1p : P — P is also such thatm;01p = 7; for alli € I, we must have g o f = 1p by uniqueness. Similarly,

using the fact that Q is a product, one shows that f o g = 1p. Hence f : P — Q is an equivalence.

Definition 2.43 (Coproduct)

A coproduct (or sum) for the family {A; | i € I} of objects in a category C is an object S of C, together with a family of morphisms
{t; : A; —> S | i € I} such that for any object B and family of morphisms {y; : A; — B | i € I}, there is a unique morphism
Y :S — Bsuchthaty ot; =y, foralli € I.




2.10 Category A little Comment

If (S, {#;}) and (S’, {4;}) are both coproducts for the family {A; | i € I} of objects of a category C, then S and S’ are equivalent.

Definition 2.44

A concrete category is a category C together with a function o~ that assigns to each object A of C a set o (A) (called the underlying

set of A) in such a way that:
1. every morphism A — B of C is a function on the underlying sets o-(A) — o (B);

2. the identity morphism of each object A of C is the identity function on the underlying set o-(A);

3. composition of morphisms in C agrees with composition of functions on the underlying sets.

Concrete categories are frequently useful since one has available not only the properties of a category, but also certain properties of
sets, subsets, etc. Since in virtually every concrete category we are interested in, the function o~ assigns to an object its underlying set in
the usual sense (as in the examples above), we shall denote both the object and its underlying set by the same symbol and omit any explicit
reference to 0. There is little chance of confusion since we shall be careful in a concrete category C to distinguish morphisms of C (which

are by definition also functions on the underlying sets) and maps (functions on the underlying sets, which may not be morphisms of C).

Definition 2.45

Let F be an object in a concrete category C, X a nonempty set, and i : X — F a map (of sets). F is free on the set X provided
that for any object A of C and map (of sets) f : X — A, there exists a unique morphism of C, f : F — A, such that f oi = f (as
a map of sets X — A).

Theorem 2.38

If C is a concrete category, F and F’ are objects of C such that F is free on the set X and F” is free on the set X’ and | X| = | X’|,

then F is equivalent to F”.

Since F, F’ are free and |X| = |X’|, there is a bijection f : X — X’ and mapsi : X — F and j : X’ — F’. Consider the map
Jjf : X — F’. Since F is free, there is a morphism ¢ : F — F”’ such that the diagram:

is commutative. Similarly, since the bijection f has an inverse f~! : X’ — X and F” is free, there is a morphism ¢ : F’ — F such

| ]

F—Y s F

that:

is commutative. Combining these gives a commutative diagram:
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Hence (yy o ) oi =i olyx =i. But 1p oi =i. Thus by the uniqueness property of free objects we must have ¢ o ¢ = 1. A similar

argument shows that ¢ o = 1. Therefore F is equivalent to F’.

Definition 2.46 CEX R 5 REIR)
An object / in a category C is said to be universal (or initial) if for each object C of C there exists one and only one morphism
I — C. Anobject T of C is said to be couniversal (or terminal) if for each object C of C there exists one and only one morphism
C—T.

Proposition 2.37

Any two universal [resp. couniversal] objects in a category C are equivalent.

Let I and J be universal objects in C. Since [ is universal, there is a unique morphism f : I — J. Similarly, since J is universal,
there is a unique morphism g : J — I. The composition g o f : I — [ is a morphism of C. But 1; : I — I is also a morphism of C. The
universality of I implies that there is a unique morphism / — I, whence g o f = 1;. Similarly the universality of J implies that fog = 1;.

Therefore f : I — J is an equivalence. The proof for couniversal objects is analogous.

Example 2.21

Let F be a free object on the set X (withi : X — F) in a concrete category C. Define a new category D as follows. The objects of
D are all maps of sets f : X — A, where A is (the underlying set of) an object of C. A morphismin ® from f : X - Atog: X — Bis
defined to be a morphism /2 : A — B of C such that the diagram:

X
/ \
h \
7

is commutative (that is, 2 f = g). Verify that 14 : A — A is the identity morphism from f to f in D and that % is an equivalence in

A B

D if and only if / is an equivalence in C. Since F is free on the set X, there is for each map f : X — A a unique morphism f : F — A

such that f i = f. This is precisely the statement that i : X — F is a universal object in the category D.

Example 2.22 Let {A; | i € I} be a family of objects in a category C. Define a category S whose objects are all pairs (B, {f; | i € I}),
where B is an object of C and for each i, f; : B — A; is a morphism of C. A morphism in S from (B, {f; | i € I}) to (D,{g; | i € I}) is
defined to be a morphism 4 : B — D of C such that g; o h = f; for every i € I. Verify that 1p is the identity morphism from (B, { f;}) to
(B,{f;}) in S and that A is an equivalence in S if and only if % is an equivalence in C.

If a product exists in C for the family {A; | i € I} (with maps 7y : [[ A; — Ay for each k € I), then for every (B, {f;}) in S there
exists a unique morphism f : B — [] A; such that r; o f = f; forevery i € I. But this says that (][ A;, {n; | i € I}) is a couniversal object
in the category S.

Similarly the coproduct of a family of objects in C may be considered as a universal object in an appropriately constructed category.
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Theorem 2.39

If {G; | i € I} is a family of groups, then

(i) the direct product [[;.; G; is a group;

(ii) for each k € I, the map nx : [[;.; Gi — Gy givenby f +— f(k) [or {a;} — aj] is an epimorphism of groups.

Theorem 2.40

Let {G; | i € I} be a family of groups and {¢; : H — G; | i € I} a family of group homomorphisms. Then there is a

unique homomorphism ¢ : H — []..; G; such that m;¢ = ¢; for all i € I and this property determines [[;.; G; uniquely up to

isomorphism. In other words, [[;.; G is a product in the category of groups.

iel

Proof
By Introduction, the map of sets ¢ : H — [];; G; given by ¢(a) = {¢;(a)}ier € [];c; G is the unique function such that 7;¢ = ¢;

foralli € I. Itis easy to verify that ¢ is a homomorphism. Hence [ [;.; G; is a product (in the categorical sense) and therefore determined

iel

up to isomorphism (equivalence) by definition

Definition 2.47

The (external) weak direct product of a family of groups {G; | i € I}, denoted []’c; G, is the set of all f € []
f (i) = ei, the identity in G;, for all but a finite number of i € 1. If all the groups G; are (additive) abelian, []}¢; G; is usually

;e1 Gi such that

called the (external) direct sum and is denoted y ;_; G;.

Note If I is finite, the weak direct product coincides with the direct product. In any case, we have

Theorem 2.41

If {G; | i € I} is a family of groups, then

G;;

(ii) foreachk € I, the map ¢ : G — []¢; G givenby tx(a) = {a;}icr, where a; = e fori # k and ay = a, is a monomorphism

() [1}2; G is a normal subgroup of []

iel

of groups;

(iii) foreachi € I, (;(G;) is a normal subgroup of []'%; G;.

Theorem 2.42

Let {A; | i € I} be a family of abelian groups (written additively). If B is an abelian group and {y; : A; — B | i € I} a family

of homomorphisms, then there is a unique homomorphism ¢ : > .., A; — B such that ¢ o ¢; = y; for all i € I and this property

iel

determines ) _,.; A; uniquely up to isomorphism. In other words, >, ; A; is a coproduct in the category of abelian groups.

Proof Throughout this proof all groups will be written additively. If 0 # {a;} € > A;, then only finitely many of the a; are nonzero, say

iy, Ay, - - ai,. Defineyy : Y7 A; — Bby {0} = 0and ¢ ({a;}) = ¢, (aiy) + iy (aiy) + -+ + i, (ai,) = >, Wilai), where I is the
set {i1,i2,...,ir} ={i € I | a; # 0}. Since B is abelian, it is readily verified that ¢ is a homomorphism and that ¢ o ¢; = ¢; for all i € I.
For each {a;} € " A;, {a;} = Zielo ti(a;), Iy finite as above. If £ : >~ A; — B is a homomorphism such that & o ¢; = ; for all i then

{ai) =€ u@) =Y €oula) =Y wi(a) =Y wi(a) =v()_uan)) =v({ar})
1o Ip Io Iy Iy

hence ¢ =  and y is unique. Therefore > A; is a coproduct in the category of abelian groups and hence is determined up to isomorphism
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(equivalence) .

The theorem is false if the word abelian is omitted. The external weak direct product is not a coproduct in the category of all groups

Give an example to show that the weak direct product is not a coproduct in the category of all groups. (Hint: it suffices to consider

the case of two factors G X H).

In the category of groups, the coproduct is the free product, not the direct product. We show this by constructing a counterexample where
the direct product G X H fails to satisfy the universal property of coproducts.

Let G = Z/2Z and H = Z/2Z, generated by a and b respectively, with a® = e and b2 = ey. Their direct product G x H is the Klein
four-group, with elements (eg, eq), (a,eqn), (eg,b), and (a, b).

Now, let X = S3 (the symmetric group on 3 letters), and define homomorphisms f; : G — S3 and fi : H — S3 as follows:
fela)=(12),
fu(b) = (13).
If G x H were a coproduct, there would exist a unique homomorphism f : G X H — S3 such that f oig = fg and f oig = fu,
where ic : G —» G X H andig : H — G X H are the inclusion homomorphisms defined by:
ic(g) = (g, en),
in(h) = (eg. h).
Specifically, this requires:
flic(a) = f(a,en) = fc(a) = (12),
f(iu(b)) = f(eg.b) = fu(b) = (13).
In the direct product G X H, the elements (a, ey) and (eg, b) commute, i.e.,
(a.en) - (eG,b) = (a,b) = (eG. D) - (a, en).
Therefore, in S3, f(a, ey) and f(eg, b) must commute. However, we have:
fla,en) = (12),
fleg.b) = (13).
But (1 2) and (1 3) do not commute in S3, since:
(12)(13)=(132),
(13)(12) = (123),
and (132) # (123).

Thus, no such homomorphism f exists, and therefore G X H does not satisfy the universal property of coproducts. This shows that

the weak direct product (direct product) is not a coproduct in the category of all groups.
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Theorem 2.43

Let {N; | i € I} be a family of normal subgroups of a group G such that
@) G = (Uier Ni);
(ii) foreach k € I, N N (U1 Ni) = (e).

Then G =[]/, N:.

If {a;} € [[i¢; Ni, then a; = e for all but a finite number of i € I. Let I be the finite set {i € I | a; # e}. Then []
well-defined element of G, since fora € N; and b € Ny, (i # j), ab = ba by Theorem 5.3(iv). Consequently the map ¢ : [[/L; N; — G,

iel

jel, diis a
given by {a;} — HiGIO a; € G (and {e} — e), is a homomorphism such that ¢ o ¢;(a;) = a; for a; € N;.
Since G is generated by the subgroups N;, every element a of G is a finite product of elements from various »;. Since elements of

N; and N; commute (for i # j), a can be written as a product 11 a;, where a; € N; and I is some finite subset of /. Hence

iely
w
[Tt e~
icly iel
and
@ (H Li(ai)) =[[eouta)=]]ai=a
ielp ielp iely
Therefore, ¢ is an epimorphism.
Suppose ¢({a;}) = Hie[o a; = e € G. Clearly we may assume for convenience of notation that Iy = {1,2,...,n}. Then
Hai =ajdag---dy = e,
iely

with a; € N;. Hence

aIl =dasg--dp €N1H<UNZ>:<6>
i#1

and therefore a; = e. Repetition of this argument shows that a; = e for all i € /. Hence ¢ is a monomorphism.

Before proving the theorem we note a special case that is frequently used: Observe that for normal subgroups N1, Na, ..., N, of a
group G, (N UNg U---UN,)=NiNy---N, ={nins---n, | n; € N;} by an easily proved . In additive notation N1 N5 - - - N, is
written N1 + N2 + - - - + N,.. It may be helpful for the reader to keep the following corollary in mind since the proof of the general

case is essentially the same.

If Ni,Ns,...,N, are normal subgroups of a group G such that G = NiN3:---N, and for each 1 < k < r, Ny N
(N1 Ng—1Ngs1---Ny) ={e),then G = Ny X Ngy X -+ X N,

Definition 2.48

Let {N; | i € I} be a family of normal subgroups of a group G such that G = (| J;c; N;) and for each k € I, N N (U;x Ni) = (e).
Then G is said to be the internal weak direct product of the family {N; | i € I} (or the internal direct sum if G is (additive)

abelian).

Proposition 2.38

Let {N; | i € I} be a family of normal subgroups of a group G. G is the internal weak direct product of the family {N; | i € I} if

and only if every nonidentity element of G is a unique product a;, a;, - - - a;, withiy, ..., i, distinctelements of / and e # a;, € N;,

foreachk =1,2,...,n.
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There is a distinction between internal and external weak direct products. If a group G is the internal weak direct product of groups

N;, then by definition each N; is actually a subgroup of G and G is isomorphic to the external weak direct product []'¢; N;. However, the

w

external weak direct product [[;; N; does not actually contain the groups N;, but only isomorphic copies of them (namely the ¢; (N;) —

see Theorem 8.4 and Exercise 10). Practically speaking, this distinction is not very important and the adjectives “internal” and “external”
will be omitted whenever no confusion is possible. In fact we shall use the following notation.

We write G = [],; N; to indicate that the group G is the internal weak direct product of the family of its subgroups {N; | i € I}.

iel

Theorem 2.44 (B IR = [8)i% S HYFFRBRGT 1 FR)
Let {fi : G; — H; | i € I} be a family of homomorphisms of groups and let f = [],., f; be the map [[,.; Gi — [I;c; Hi.
given by {a;} — {fi(a;)}. Then f is a homomorphism of groups such that f([[;Z, G;) c [[i¢; Hi, Kerf = [[}%, Kerf; and

Imf =[], Imf;. Consequently f is a monomorphism [resp. epimorphism] if and only if each f; is.

Let {G; | i € I} and {N; | i € I} be families of groups such that N; is a normal subgroup of G; for each i € I.
w w w w w

@) H N; is a normal subgroup of H G; and H G,»/H N; = H G;/N;.

iel iel iel iel iel
(i) H N; is a normal subgroup of H G, and H G"/H N; = H G;/N;.
iel iel iel iel iel

Theorem 2.45
If {G; | i € I} is a family of groups, then [’ G; is the internal weak direct product of its subgroups {¢;(G;) | i € I}.

Let [T’ G; denote the weak direct product (restricted direct product) of the groups G, i.e., the set of functions f : I — |J;c; G; such
that f(i) € G, foralli € I and f(i) = e, for all but finitely many i. The group operation is defined componentwise.
For each i € I, define the embedding ¢; : G; — H' G; by:

) g if j =14,
(L(8)()) =
eG; if j #£1.
Then ¢;(G;) is a subgroup of [[" G; isomorphic to G;.
We now verify that [[* G; is the internal weak direct product of the subgroups ¢;(G;) by checking the following conditions:
1.Each ;(G;) is normal in []’ G;.
Let f € []' G, and ¢;(g) € 1;(G;). Then for any j € I,
(fu(@ D) = FG) - (@@ ) - F() ™
If j # i, then 1:(8) (/) = ec,. 50 (fui(8)f 1) () = eq,. If j =i then (fu:(8)f 1) (1) = f(D)gf ()" € Gi. Hence,
fu@f T =u(f(DgfO)™) € u(Gy).
Thus, ¢;(G;) is normal in [[" G;.
2.]T' G, is generated by the subgroups ¢;(G;).
Let f € []' G;. Since f(i) = eg, for all but finitely many i, let {1, ..., i,} be the finite set of indices where f (i) # eg,. Then
f=u (f(1) - 6, (f(2) - - 1q,, (f (i)

Moreover, for i # j, elements of ¢;(G;) and ¢;(G ;) commute because for any g € G;, h € G, and k € I,

(ti(8)ej(h) (k) = (¢j(h)ei(g)) (k).
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Therefore, every element of [[" G; can be written as a finite product of elements from the subgroups ¢;(G;), and these elements commute
pairwise.

3. Foreachi € I, ;;(G;) N (Uj4i ;(G))) = {e}.

Suppose x € 1;(G;) N {Ujxi ;(G;)). Then x =;(g) for some g € G, and also x can be written as a finite product of elements from

tj(G ) with j # i. Since elements from different ¢; (G ;) commute, we can write

x =tj,(h1) -ty (h2) -+ -1, (M)
with ji # i for all k. Now, for the index i, we have

x(i)=g butalso x(i) = eg,

because each ¢, (/) has the identity at index i. Hence, g = eg,, s0 x = t;(eg,) = e, the identity element of []" G;.
Since all conditions for an internal weak direct product are satisfied, we conclude that []* G; is the internal weak direct product of its

subgroups ¢; (G;).

Definition 2.49 (BfHIEFRSHEFR)

15’&H,K7,71ﬁ/l\%&ﬂ]5€i tHXK= {(/’l,k) . heH, ke K} ﬁ‘ﬂ/’{XHXKJ’_é/JjE\/f (hl,kl) o (/’lQ,kQ) = (hth,kle)
T faill o H X KA —A#HEMARAHE K6 BAR

RGEHA RN, BMNMEHR Se: G — Aut (H) £ P ¢ (g) = ¢ € Aut (H) Fpiegih 5t —/ANH L&) A R4
HEES{(g,h): geG,he H L& XRE (g1,h1) (g2, h2) = (glgz, Pgs1 (M) h2)

Ffpfail  ZEEABEMNARACEHNGF ARG x H

#—%G1={(g,eq): g€ G} AG K HWF#H H = {(eg,h): he H HG x HIY EHF#

BN EFHGE,N <G
EHEAETHHERHNN ={e}, HN = GNARGAHHENHF A A
EThFHMGLEM FHEZE R ENTFHAMARGCHHENY AR

EH, K RFGHT#H, BMNKRIREEFEHRRMLEMHTAAHXK =G.
BHMBIHXx KBGO —AN4toT A THE .
c:HxK -G

(h, k) — hk.
ocAHH = G HENM A gt kT mg=hk,he H k€ K & G = HK.

oA G

& Mo (h1, k1) =0 (ha, ko) TS (h, k1) = (ha, ko)

& Mhiky = hoko T4 Hhy = ho Bk = ko

& Mhy hy = kok ' THad by = ho Bk = ko

< HNK ={e}.

LR FARORE— T = Bl T BIHNK # {e}, WAEFEL{ETa € HNK.FTAMRG hy = kok! = adfdihy =
hoa # ho

XHC s T A BILHNK = {e}.

o [(hy, k1) (ho,k2)] =0 (h1, k1) o (ha, ko), Y (hi,k1), (ho,ks) € HXK

& (hihg) (k1ka) = (h1ky) (hoko) ,Yhy,ho € H, k1, ko € K
— HYHFANATLE S5KPEHENTE T k.
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Theorem 2.46 (N EFIEIR)
RH KRHGHANTZH MHXK = GY HXE FolF4m
(1)G = HK;
(QHNK = {e} (ETA (1) 9ATR T % (2) BT A FHR&EIe : 2 L) MBE—REEE L) BRE—RIRLZ =F5H)
BHFYHEAMAFEK T HEAMAF TR, (ETEAH2 AR T IANFM4T AR B A HE KA ARG EHLT )

Proof &2 # 14 # IE AL M

Vh € H,Yg = hiky € HKAS Ahikihki hi' = h € HFT DA & TEALF 2 7 32 7T iEK
—_—
\ 2 BN
I AL A e
kihkYh=' AR 2kihk'h™t € H
Vh e HVky € KEZFkihki{' € H= kKT A Ak bk e K= kihk7'h™ € HNK = kihk{'h™' = e 2 %

N——
€K

@ Note XH,KRBGHANT#H, 1w RFH XK =G, LRAMBIHA (h, k) — hk, W AMRGRC T HHEKH N AR
IR E#AUG = Hx K
KR (h k) 5hk% R ., GP BN Tk greE—d ik T kg = hk, £ ¥ he H k e K.
YHGHBH Ak, e RHOK =G, ARIMEH A (h k) — h+k, IR AMRGRCHTHHEKG N Afe
I L#ITMG = HO K, X R (h, k) Bh+ k5 R ILE, GPHEN LA gt E— ki Tmg=h+k, EFhe H keK.

Corollary 2.16

EGi(i=1,2,- ,n)RGHnNFEH NG =G, xGyx - XG, — FTHREATFTELH
(1)G =G1G2---Gy;
(2)G; N H Gj={e}; (ELWAMRTEAENRLEN  HEAL)BE—, ZALFME—KFLEX=F5MH)

i#j
(3) ajaj = da;a;, (ai (S Gl-,aj S Gj;i,j = 1,2, DO ,n;i * _]) 0 (EQﬁ/Jﬁ*i%—Fva:;ﬁ%‘ﬂl\éiliGl%B%G%JE%}Q%%)

Proposition 2.39
If a group G is the internal direct product of its subgroups H, K, then H = G/K and G/H = K

Proposition 2.40 (4P EFRRI—LEEED)

1.2 A2 A B R & £ BEZy = (0,1}, MZy B5Zy ¥ A AR Zy @ Zo = {(0,0), (0,1), (1,0), (1, 1)}
BB HidZy @ Zy = {(0,0), (0,1), (1,0), (1,1)} = Kelind

2.4 Cr B TR BIARBEINAE (m,n) = 1IRACy X Cyy = Cpy

Proposition 2.41 (4P EFRAI—LE M R)

£G1 X GoF EMENXG] ={(x,e2): x€G1} Gh={(e1,x): x€Gy}
1.G;5G,R-G1 X Go W R KT #

2.0G, = G 5G, = G} (THEBRHIG, - G x — (x,¢2))

3.G1 NGy ={(e1,e2)}

4.G1 X G FE AT AG, X Gyt kT ikof—
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Example 2.23

EHVEH, KiIG) T, fEfSHL x Hy = Ky X Ko (HIAAEMTH; R TAEMTK;
AHy =Zo X Zo( 3 E W LA, W A4, Hy=2Z3xZs(HH9D)

AKy = Z(TEIRBE, M H6), Ko =Zg(TEI B, N6

WHy x Hy = Zg X Zo X Z3 X Z3, %36

WREHNK, XKy = Zg X Zg = Zo X Zg X Zo X Zg = Zo X Zo X Z3 X Z3, W36

FHIMH x Hy = K1 X K>

BH| = Zo X Zo N B TKy = Zg(CH WA B H—AMEF — AN G

El B Hy = Z3 x Z3 N F T Kg = Zg(H- A Do @ﬁb&ﬁfﬁfﬁ[’]i@%%@fﬂl(j

Example 2.24
Fori = 1,2, let H; be a subgroup of G;. Give examples to show that each of the following statements may be false:
(a) Gy =2Goand H = H, = G1/H1 = G3/H,
(b) Gy = Goand G1/Hy = Gy/Hs = Hy = Hy
(¢c) HH = Hyand G1/H, = G2/Hs = G1 = G4

(a) Counterexample:

Let G1 = Go =724 X Zo,50 G1 = Go.

Let H; = ((2,0)) = Zs and Hy = ((0,1)) = Zo, so Hy = Hs.
But G1/H = Zo X Zo and Go/Hy = Z4, hence G1/H, % Go/H>.
(b) Counterexample:

Let G; = G2 = D4 (dihedral group of order 8), so G1 = Go.
Let Hy = (r) = Z4,then G1/H1 = Z>.

Let Hy = (s,r2) = Zy X Zo, then Go/Ho = Zs.

So G1/Hy = Go/H>, but Hy 2 H.

(¢) Counterexample:

Let Gy =Zy4, G2 =Za X Za,50 G1 2 Go.

Let Hy = 2Z4 = Zo, then G1/Hy = Zo.

Let Hy = {((0,1)) = Zo, then Go/Ho = Zo.

So Hy = Hy and G1/H1 = Go/Hs3, but G1 2% Gs.
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2.12 Free Group

We shall show that free objects (free groups) exist in the (concrete) category of groups, and we shall use these to develop a method
of describing groups in terms of “generators and relations.” In addition, we indicate how to construct coproducts (free products) in the
category of groups.

Given a set X we shall construct a group F that is free on the set X in the sense of Definition 7.7. If X = 0, F is the trivial group
(e). If X # 0, let X~! be a set disjoint from X such that |X| = |X~!|. Choose a bijection X — X! and denote the image of x € X by
x~1. Finally choose a set that is disjoint from X U X! and has exactly one element; denote this element by 1. A word on X is a sequence
(ai,as,...) witha; € XUX 1 U{1} such that for some n € N*, a; = 1 forall k > n. The constant sequence (1, 1,...) is called the empty
word and is denoted 1. (This ambiguous notation will cause no confusion.) A word (a1, as, ...) on X is said to be reduced provided that

(i) forall x € X, x and x~! are not adjacent (thatis, a; =x = a;41 # xlanda; =x7! = a;41 # x foralli € N*, x € X) and
(ii) ax =1 implies a; = 1 for alli > k.

In particular, the empty word 1 is reduced.

Every nonempty reduced word is of the form (x x’;z, e, xﬁ", 1,1,...), where n € N*, x; € X and A; = +1 (and by convention
x! denotes x for all x € X). Hereafter we shall denote this word by xll ;2 . ~xﬁ”. This new notation is both more tractable and more
suggestive. Observe that the definition of equality of sequences shows that two reduced words x xﬁ’" and yf ! --~y3” (xi,y; €

X;4;,0j = £1) are equal if and only if both are 1 orm = n and x; = y;,4; = 6; foreachi = 1,2,...,n. Consequently the map from X
into the set F(X) of all reduced words on X given by x > x!
subset of F(X).

Next we define a binary operation on the set F = F'(X) of all reduced words on X. The empty word 1 is to act as an identity element

= x is injective. We shall identify X with its image and consider X to be a

(wl =1w =w forall w € F). Informally, we would like to have the product of nonempty reduced words to be given by juxtaposition, that

is,

1 P 9 o 4 A 1, O 9,
(xll .. .xm’")(yll ...yn") :xll . ..le’"yll .. .yn".

Unfortunately the word on the right side of the equation may not be reduced (for example, if x}" = yI‘Sl). Therefore, we de-

1

fine the product to be given by juxtaposition and (if necessary) cancellation of adjacent terms of the form xx~! or x~1x; for example

(xixytxd) (x5 txdx)) = xjx}. More prec:1sely, if xt - xhr and 2 - - yS" are nonempty reduced words on X with m < n, let k be the

j+l

largest integer (0 < k < m) such that xm j =y, i+ for j=0,1,...,k — 1. Then define

11 Am-k |, 0k+1 : .
X X Ve e ik <mg
/11 A 61 S — (5"«, n 1
('xl ...xmm)(yl ...yn")_ ym_ﬁl"'yn 1fk:m<n;
1 ifk=m=n.

If m > n, the product is defined analogously. The definition insures that the product of reduced words is a reduced word.

Theorem 2.47

If X is a nonempty set and F = F(X) is the set of all reduced words on X, then F is a group under the binary operation defined
above and F = (X).

The group F = F(X) is called the free group on the set X. (The terminology “free” is explained by Theorem below.)

Since 1 is an identity element and xf L. -x,‘f" has inverse x,, On .. -xIél, we need only verify associativity. This may be done by

induction and a tedious examination of cases or by the following more elegant device. For each x € X and 6 = +1 let |x®| be the map
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2.12 Free Group

F — F givenby 1  x% and
s s xfl---x,?" ifx5¢xI61;
xll...xn"|_)

xgl...xg" ifxézxiél(zlifn=1).

Since |x||x~!| = 1 = |x7!||x|, every |x¢| is a permutation (bijection) of F (with inverse |x~¢|) by (13) of Introduction, Section 3. Let

A(F) be the group of all permutations of F (see page 26) and Fj the subgroup generated by {|x| | x € X}. The map ¢ : F — F given by

1+ 1 and xfl . -x,‘f" — |xf1| e |x,‘f”| is clearly a surjection such that ¢(wiwso) = @(w1)p(we) for all w; € F. Since 1 — xfl ceexOn
under the map |xf e |x,f" |, it follows that ¢ is injective. The fact that Fy is a group implies that associativity holds in F and that ¢ is an

isomorphism of groups. Obviously F' = (X).

Certain properties of free groups are easily derived. For instance if |X| > 2, then the free group on X is nonabelian (x,y € X and
x #y = x 'y lxyisreduced = x 'y lxy # 1 = xy # yx). Similarly every element (except 1) in a free group has infinite order
(Exercise 1). If X = {a}, then the free group on X is the infinite cyclic group (a) (Exercise 2). A decidedly nontrivial fact is that every

subgroup of a free group is itself a free group on some set (see J. Rotman [19]).

Theorem 2.48

Let F be the free grouponaset X and 7 : X — F the inclusion map. If G is a group and f : X — G a map of sets, then there exists
a unique homomorphism of groups f : F — G such that f t = f. In other words, F is a free object on the set X in the category of

groups.

Define f(1) = e and if)cf1 .- -x,[f" is a nonempty reduced word on X, define f(xfl o ~x,‘,5") = f(x1)% f(x2)% -+ f(x,)%". Since
G is a group and &; = +1, the product f(x1)°! --- f(x,)% is a well-defined element of G. Verify that f is a homomorphism such that
ft=f.Ifg: F — G is any homomorphism such that gt = f, then

gy - xn) = gxf) - g(epm) = g () - g (k) ™ = f(x1) %t - fx) ™ = F Gyt - xm).

Therefore f is unique. u

If F’ is another free object on the set X in the category of groups (with A : X — F’), then Theorems 7.8 and 9.2 imply that there is
an isomorphism ¢ : F' = F’ such that ¢t = A. In particular A(X) is a set of generators of F’; this fact may also be proved directly from the

definition of a free object.

Every group G is the homomorphic image of a free group.

Let X be a set of generators of G and let F be the free group on the set X. By Theorem 9.2 the inclusion map X — G induces a

homomorphism f : F — G such that x + x € G. Since G = (X), the proof of Theorem 9.2 shows that f is an epimorphism.

An immediate consequence of Corollary and the First Isomorphism Theorem is that any group G is isomorphic to a quotient group
F/N, where G = (X), F is the free group on X and N is the kernel of the epimorphism F — G of Corollary . Therefore, in order to

describe G up to isomorphism we need only specify X, F, and N. But F is determined up to isomorphism by X (Theorem 7.8) and N is
51 s

determined by any subset that generates it as a subgroup of F. Now if w = x;* ---x," € F is a generator of N, then under the epimorphism
F—-Gww xf L. 'x,‘f" = e € G. The equation xf b ~x,‘f" = e in G is called a relation on the generators x;. Clearly a given group G

may be completely described by specifying a set X of generators of G and a suitable set R of relations on these generators. This description
is not unique since there are many possible choices of both X and R for a given group G (see Exercises 6 and 9).

Conversely, suppose we are given a set X and a set ¥ of (reduced) words on the elements of X. Question: does there exist a group
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G such that G is generated by X and all the relations w = e (w € Y) are valid (where w = xf L., -x,f" now denotes a product in G)? We

shall see that the answer is yes, providing one allows for the possibility that in the group G the elements of X may not all be distinct. For
instance, if a,b € X and a' b~ is a (reduced) word in Y, then any group containing a, b and satisfying a'»~1 = ¢ must have a = b.
Given a set of “generators” X and a set Y of (reduced) words on the elements of X, we construct such a group as follows. Let F be
the free group on X and N the normal subgroup of F generated by Y. Let G be the quotient group F/N and identify X with its image
in F/N under the map X C F — F/N; as noted above, this may involve identifying some elements of X with one another. Then G is a
group generated by X (subject to identifications) and by construction all the relations w = e (w € Y) are satisfied (w = xf L. -xg" ey =

xCxdm e N = x%'N - xf"N = N); thatis, x0' -+ x0" = ein G = F/N.

Definition 2.50

Let X be a set and Y a set of (reduced) words on X. A group G is said to be the group defined by the generators x € X and
relations w = ¢ (w € Y) provided G = F/N, where F is the free group on X and N the normal subgroup of F generated by Y.
One says that (X | Y) is a presentation of G.

The preceding discussion shows that the group defined by given generators and relations always exists. Furthermore it is the largest

possible such group in the following sense.

Theorem 2.49 ((Van Dyck))

Let X be a set, Y a set of (reduced) words on X and G the group defined by the generators x € X and relations w = e (w € ). If
H is any group such that H = (X) and H satisfies all the relations w = e (w € Y), then there is an epimorphism G — H.

If F is the free group on X then the inclusion map X — H induces an epimorphism ¢ : F — H by Corollary 9.3. Since H satisfies
the relations w = e (w € Y), Y C Kerg. Consequently, the normal subgroup N generated by Y in F is contained in Kery. By Corollary
5.8 ¢ induces an epimorphism F/N — H/{e}. Therefore the composition G = F/N — H/{e} = H is an epimorphism.

The elements of Y are being interpreted as words on X, products in G, and products in H as the context indicates.

The following examples of groups defined by generators and relations illustrate the sort of ad hoc arguments that are often the only
way of investigating a given presentation. When convenient, we shall use exponential notation for words (for example, x2y~2 in place of

Xlxly_ly_ly_l).

Example 2.25

Let G be the group defined by generators a, b and relations a* = e, a?h~2

= ¢ and abab~! = e. Since QOsg, the quaternion group of
order 8, is generated by elements a, b satisfying these relations (Exercise 4.14), there is an epimorphism ¢ : G — Qg by Theorem 9.5.
Hence |G| > |Qg| = 8. Let F be the free group on {a, b} and N the normal subgroup generated by {a*, a®b~2, abab~1}. Tt is not difficult
to show that every element of F'/N is of the form a’b/ N with 0 < i < 3 and j = 0, 1, whence |G| = |F/N| < 8. Therefore |G| = 8 and ¢
is an isomorphism. Thus the group defined by the given generators and relations is (isomorphic to) QOs.
Example 2.26

The group defined by the generators a, b and the relations a” = e (3 < n € N*), b? = e and abab = e (or ba = a~'b) is the dihedral
group D,
Example 2.27

The group defined by one generator b and the single relation b™ = e (m € N*) is Z,,,
Example 2.28

The free group F on a set X is the group defined by the generators x € X and no relations (recall that (@) = {e) by Definition 2.7).

The terminology “free” arises from the fact that F is relation-free.
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We close this section with a brief discussion of coproducts (free products) in the category of groups. Most of the details are left to
the reader since the process is quite similar to the construction of free groups.

Given a family of groups {G; | i € I} we may assume (by relabeling if necessary) that the G; are mutually disjoint sets. Let
X = UJ;e7 Gi and let {1} be a one-element set disjoint from X. A word on X is any sequence (a1, as, ...) such that a; € X U {1} and for
some n € N*, q; = 1 forall i > n. A word (ay,as,...) is reduced provided:

(i) no a; € X is the identity element in its group G ;
(ii) foralli, j > 1, a; and a;41 are not in the same group G ;;
(iii) ar =1 implies a; =1 foralli > k.

In particular 1 = (1, 1,...) is reduced. Every reduced word (# 1) may be written uniquely as ayas - - - a, = (a1, as,...,an,1,1,...),
where a; € X.

Let Hiel G; (or G1 * Go * - -+ % G, if I is finite) be the set of all reduced words on X.

[L;c; Gi forms a group, called the free product of the family {G; | i € I}, under the binary operation defined as follows. 1 is the
identity element and the product of two reduced words (# 1) essentially is to be given by juxtaposition. Since the juxtaposed product
of two reduced words may not be reduced, one must make the necessary cancellations and contractions. For example, if a;, b; € G; for
i=1,2,3, then (a1a2a3)(a§1b2b1b3) =ajcebibs = (a1,c2,b1,b3,1,1,...), where co = asbs € Go. Finally, for each k € I the map
te : Gk > [[;c; Gi givenby e — land a — a = (a, 1,1, ...) is a monomorphism of groups. Consequently, we sometimes identify G

with its isomorphic image in [[;.; G;

Theorem 2.50
Let {G; | i € I} be a family of groups and []

G; their free product. If {¢; : G; — H | i € I} is a family of group

iel

homomorphisms, then there exists a unique homomorphism v : [[;.; G; — H such that yt; = ¢, for all i € I and this property

iel

determines [ [;., G; uniquely up to isomorphism. In other words, [],., G; is a coproduct in the category of groups.

If ayas - - - ay is areduced word in [[;.; G; with ax € G;,, define Y (ay - - - a,) to be Y, (a1, (az) - - - ¥, (an) € H.

Exercise 2.8
1ZXZ = F(x,y)/(x,y | xyx_ly_1>
2.83 = F(x, y)/<x,y | xyx’ly’l,xQ,y?’}
3.0 = F(x,y)/{x,y | x%y? xyx~ty™h)

2.AssumeF is the free group on the set{x, y}. AndN is the normal group which is generated by{xyx~'y~!,x2, y3}. Then we can
define the epimorphism,
0:G—>S3 x> (12), ym (123)

And we know that S3 is generated by (12) and (123), so ¢ is surjective.And Ker¢ contains N, so we can define the epimorphism,
¢:F/N — 83 xNw (12), yN - (123)

.So it is enough to check the ¢ is injective. We can see that every element in F /N has the form x’1 y/1 - .. xs y/s N, And by the relation in
N,we can write the form as x'y/ N, where i = 0,1 and j = 0, 1,2.S0 |F/N| < 6.But |S3| = 6 and the @ is also a epimorphism,So |F/N| > 6
so ¢ is bijetjion.Hence we get the isomorphic F/N = S3.(Of course,we can check the all elements x'y/N, (i = 0,1), (j = 0,1, 2) whose

range under the ¢ are not the identity in S3.)
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Definition 2.51

A basis of an abelian group F is a subset X of F' such that
(i) F=(X);and

(ii) for distinct x1,x2,...,xx € X and n; € Z,

mxiy+nexg+-+npxp =0 = n; =0 foreveryi.

Theorem 2.51

The following conditions on an abelian group F' are equivalent.
(i) F has a nonempty basis.
(ii) F is the (internal) direct sum of a family of infinite cyclic subgroups.
(iii) F is (isomorphic to) a direct sum of copies of the additive group Z of integers.
(iv) There exists a nonempty set X and a function ¢ : X — F with the following property: given an abelian group G and function

f : X — G, there exists a unique homomorphism of groups f : F — G such that f ot = f. In other words, F is a free

object in the category of abelian groups.

An abelian group F' that satisfies the conditions of Theorem is called a free abelian group (on the set X). By definition the trivial

group 0 is the free abelian group on the null set &.

(i) = (ii) If X is a basis of F, then for each x € X, nx = 0 if and only if n = 0. Hence each subgroup (x) (x € X) is infinite cyclic (and
normal since F' is abelian). Since F = (X), we also have F' = (U cx(x)). If for some z € X, (z) N (U ex x2:(x)) # 0, then for some
nonzero n € Z, nz = nix1 + - - - + ngxg with z,x1, ..., x distinct elements of X, which contradicts the fact that X is a basis. Therefore
(2) N (Uyex(x)) = 0 and hence F = @B 5 (x) by Definition 1.8.8.

(i) = (i) Theorems B A2 2 & 18 71 2% 19 [5] 1 €

(iii) = (i) Suppose F = (P Z and the copies of Z are indexed by a set X. For each x € X, let 6, be the element {u;} of P Z, where u; = 0
for i # x, and uy = 1. Verify that {6 | x € X} is a basis of @5 Z and use the isomorphism F = P Z to obtain a basis of F.

(i) = (iv) Let X be a basis of F and ¢ : X — F the inclusion map. Suppose we are given amap f : X — G. If u € F, then
u=nixy+---+mxg (n; € Z;x; € X) since X generates F. If u = myxy + -+ + mpxg (my € Z), then Zf;l(n,- —m;)x; = 0, whence

n; = m; for every i since X is a basis. Consequently the map f : F — G, given by

fw=f

k
me;) =nyf(xn) + -+ f (),

i=1
is a well-defined function such that fI = f. Since G is abelian, f is easily seen to be a homomorphism. Since X generates F, any
homomorphism F — G is completely determined by its action on X. Thus if g : F — G is a homomorphism such that gl = f, then for
any x € X, g(x) = g(¢(x)) = f(x) = f(x), whence g = f and f is unique. Therefore, by Definition 1.7.7 F is a free object on the set X in
the category of abelian groups.

(iv) = (iii). Given: : X — F, construct the direct sum . Z with the copies of Z indexed by X. Let Y = {6, | x € X} be a basis
of Y Z as in the proof of (iii) = (i). The proof of (iii) = (i) = (iv) shows that }  Z is a free object on the set Y. Since we clearly have
|X| =1|Y|, F = >_Z by Theorem (Category section).

Given any set X, the proof of Theorem indicates how to construct a free abelian group F with basis X. Simply let F be the direct

sum Y Z, with the copies of Z indexed by X. As in the proof of (iii) = (i), {6x | x € X} is a basis of F = > Z, and F is free on the set

{6« | x € X}. Since the map ¢ : X — F given by x — 0, is injective, it follows easily that F is free on X in the sense of condition (iv) of
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2.13 Free Abelian Group

Theorem . In this situation we shall identify X with its image under ¢ so that X C F and the cyclic subgroup (0,) = {nfy | n € Z} = 20,
is written (x) = Zx. In this notation F = ) () is written F = ) _ Zx, and a typical element of F has the form nix; + - - - + ngxy

(n € Z, x; € X). In particular, X = ¢(X) is a basis of F.

1.%a, BREANELSY, B < aladEA, NMa+B=a

2.%5a, BRAANESY, HO#B<aladEAE, Naf=a, HMNaRg=a
ERA M, MRS =N

3AEAA—FL, T AE¥EHn>1, FA"=AXAxX---xXA

FANHIE, N A" = |A"|, ZALIE, I |A"| = |A| A UA" = No |A]

n=1

Theorem 2.52

Any two bases of a free abelian group F have the same cardinality.

Proof

First suppose F has a basis X of finite cardinality n so that ' = Z & - - - @ Z (n summands). For any subgroup G of F verify that
2G = {2u | u € G} is a subgroup of G. Verify that the restriction of the isomorphism F = Z & --- @ Z to 2F is an isomorphism
2F =22 &---®2Z,whence F/2F = Z/22 & --- ®Z/2Z = Zo ® - - - ® Zs (n summands) by Corollary 1.8.11. Therefore |F/2F| = 2". If
Y is another basis of F' and r any integer such that |Y| > r, then a similar argument shows that |F/2F| > 2", whence 2" < 2" and r < n.
It follows that |Y| = m < nand |F/2F| = 2". Therefore 2™ = 2" and |X| =n=m = |Y|.

If one basis of F is infinite, then all bases are infinite by the previous paragraph. Consequently, in order to complete the proof it
suffices to show that |X| = |F|, if X is any infinite basis of F. Clearly |X| < |F|. Let S = U e X", where X" = X X --- X X (n
factors). For each s = (x1,...,x,) € S let G4 be the subgroup (x1,...,x,). Then G5 = Zy; & - -- & Zy, where y1,...,y; (t < n) are
the distinct elements of {xi,...,x,}. Therefore, |G| = |Z| = |Z| = |S|, by Introduction, Theorem 8.12. Since F = (Jscg Gy, We have
|F| = | Uses Gs| < S|, by Introduction, Exercise 8.12. But by Introduction, |S| = |X|, whence |F| < |X|, where |F| = |X|. Therefore
|F| = | X| by the Schroeder-Bernstein Theorem.

Definition 2.52
The cardinal number of any basis X of the free abelian group F is thus an invariant of F; | X| is called the rank of F.

Proposition 2.42

Let F; be the free abelian group on the set X; and F5 the free abelian group on the set Xs. Then F; = F5 if and only if F; and Fo
have the same rank (that is, | X1 | = | X3]).

Proof If @ : F; = Fs, then a(Xy) is a basis of Fs, whence |X1| = |a(X1)| = |X2| by Theorem 1.2. The converse is Theorem in the

Category section
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2.13 Free Abelian Group

Every abelian group G is the homomorphic image of a free abelian group of rank | X|, where X is a set of generators of G.

Let F be the free abelian group on the set X. Then F =

vex Zx and rank F = |X|. By Theorem the inclusion map X — G induces

a homomorphism f : F — G such that 1x > x € G, whence X c Im f. Since X generates G we must have Im f = G.

We now prove a theorem that will be extremely useful in analyzing the structure of finitely generated abelian groups . We shall need

If {x1,...,x,} is a basis of a free abelian group F and a € Z, then foralli # j {x1,...,Xj_1,Xj+ax;,Xj41,...,X,} is also a basis
of F.
Since x; = —ax; + (x; + ax;), it follows that F = (x1,...,X;_1,X; + ax;, Xj41, ..., Xn). Whkixy +- -+ k;j(x; +ax;) + -+ kpx, =0

(ki € Z), then kyxy +---+ (ki + kja)x; +---+kjx; +--- + k,x, = 0, which implies that k, = 0 for all z.

Theorem 2.54
If F is a free abelian group of finite rank n and G is a nonzero subgroup of F, then there exists a basis {x1, ..., x,} of F, an integer

r(1 < r < n) and positive integers d1, . .., d, such that di|ds| - - - |d, and G is free abelian with basis {d1x1,...,d,x,}.

Every subgroup of a free abelian group of (possibly infinite) rank « is free of rank at most a; see Theorem IV.6.1. The notation

“dy|ds| - - |d,” means “dy divides ds, ds divides dg, etc.”

Ifn=1,then F = (x1) = Zand G = (d1x1) = Z (d; € N*) .Proceeding inductively, assume the theorem is true for all free abelian
groups of rank less than .
Let S be the set of all those integers s such that there exists a basis {y1, ..., y,} of F and an element in G of the form sy, + koys +

-+ kuyn (ki € Z). Note that in this case {y2,y1,¥3,...,Yn} is also a basis of F, whence ko € S; similarly k; € S for j = 3,4,...,n.

Since G # 0, we have S # (. Hence S contains a least positive integer d; and for some basis {y1,...,y,} of F there exists v € G
such that v = dyy; + ka2y2 + -+ - + k,y,. By the division algorithm for each i = 2,...,n,k; = d1q; + r; with 0 < r; < dy, whence
v=di(y1+qay2+ -+ quyn) +roys+ - +rpyn. Letx; = y1 +gayo + -+ + gnyn; then by Lemma W = {x1,yo,...,y,} is a basis
of F. Since v € G,r; < dy and W in any order is a basis of F, the minimality of d; in S implies that 0 = ro = r3 = --- = r,, so that

dix1 =v eq.

Let H = (y2,y3,...,yn). Then H is a free abelian group of rank n — 1 such that F = (x1) € H. Furthermore we claim that
G = ()P (GNH) = {dix1) P(G N H). Since {x1,y2,...,y,}isabasisof F,(v) ((GNH)=0.Ifu=1x1+t2y2+ - +t,y, €G
(t; € Z), then by the division algorithm #; = d1q1 +r; with 0 < r; < dy. Thus G contains u — q1v = rix1 +t2y2 + -+ + t,y,. The
minimality of d1 in § implies that r1 = 0, whence toys +---+1,y, € G(VH andu = g1v+ (toya +---+1,y,). Hence G = (v) + (G N H),
which proves our assertion .

Either G N H = 0, in which case G = (d1x1) and the theorem is true or G N H # 0. Then by the inductive assumption there is a basis
{x2,x3,...,x,} of H and positive integers r, d2, ds, . . ., d, such that do|ds| - - - |d, and G N H is free abelian with basis {doxa, ..., d,x,}.
Since F = (x1) @ H and G = (d1x1) (G N H), it follows easily that {x1,x2,...,x,} is a basis of F and {d1x1, ..., d,x,} is a basis of
G. To complete the inductive step of the proof we need only show that d; |d2>. By the division algorithm do = gdy +rg with 0 < ro < dy.
Since {xo2,x1 + gx2,X3,...,Xx,} is a basis of F by Lemma 1.5 and roxs + di(x1 + gx2) = dix1 + doxs € G, the minimality of dy in S

implies that ro = 0, whence d |d>.
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2.13 Free Abelian Group

If G is a finitely generated abelian group generated by n elements, then every subgroup H of G may be generated by m elements

with m < n.

The corollary is false if the word abelian is omitted

By Theorem there is a free abelian group F of rank n and an epimorphism 7 : F — G. n~'(H) is a subgroup of F, and therefore,

free of rank m < n by Theorem . The image under 7 of any basis of 771 (H) is a set of at most m elements that generates (7~ (H)) = H.
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2.14 Finitely Generated Abelian Groups

2.14 Finitely Generated Abelian Groups

Every finitely generated abelian group G is (isomorphic to) a finite direct sum of cyclic groups in which the finite cyclic summands

(if any) are of orders m1, ..., m;, where my; > 1 and my | mo | - - | m;.

Proof If G # 0 and G is generated by n elements, then there is a free abelian group F of rank »n and an epimorphism 7 : F — G by

Theorem.
If 7 is an isomorphism, then G = F = Z & - - - & Z (n summands).

If not, then by Theorem there is a basis {x1, ..., x,} of F and positive integers d1, ...,d, suchthat 1 <r < n,

di|ds|---|d,and {dix1,...,d.x,} is a basis of K = ker x.

Now F =31, (x;) and

,
K= Z(dixi), where (x;) = Z and under the same isomorphism {d;x;) = d;Z = {d;u | u € Z}.
i=1

Fori=r+1,r+2,...,nletd; =0sothat K =) 1, (d;x;).
Then by Theorems

G=F/K= Z<xi>/(2<d,~xi>) = ) [(dixi) = Y Z/diZ.
i=1 i=1 i=1 i=1

Ifd; =1,thenZ/d;Z =Z|/Z = 0;if d; > 1, then Z/d;Z = Zg,; it d; = 0, then Z/d,Z = Z/0 = Z. Let my, ..., m, be those d; (in
order) such that d; # 0, 1 and let s be the number of d; such that d; = 0. Then

G=Zy & 0Ly, ®Z& - -07Z),

where my > 1,my | mo | --- | m; and (Z® - - - ® Z) has rank s.

Theorem 2.56
ny _no

If m is a positive integer and m = p7* p5? - - -pr* (p1, ..., p distinct primes and each n; > 0), then Z,,, = Zpill @Zp;lz ®-- '@Zptnt.

Proof Use induction on the number ¢ of primes in the prime decomposition of m and the fact that
Zm =2, ®Z, whenever (r,n)=1,

which we now prove. The element 7 € Z,, has order r whence Z, = (n) < Z,, and the map ¥ : Z, — Z,, given by k +— nk is
a monomorphism. Similarly the map o : Z, — Z,, given by k +— rk is a monomorphism. The map ¢ : Z, & Z, — Z,, given
by (x,y) — Y1(x) +¥2(y) = nx + ry is a well-defined homomorphism. Since (r,n) = 1, ra + nb = 1 for some a,b € Z . Hence

k =rak + nbk =y (bk,ak) for all k € Z,, and ¢ is an epimorphism. Since |Z, & Z,| = rn = |Z,,|, ¥ must also be a monomorphism.

Corollary 2.19

Every finitely generated abelian group G is (isomorphic to) a finite direct sum of cyclic groups, each of which is either infinite or

of order a power of a prime.
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2.14 Finitely Generated Abelian Groups

Let G be an abelian group, m an integer and p a prime integer. Then each of the following is a subgroup of G:

G) mG ={mu | u € G};

(ii)) G[m] = {u € G | mu = 0};

(iii)) G(p) = {u € G | |u| = p" for some n > 0};

@(iv) G; = {u € G | |u]| is finite}.

In particular there are isomorphisms

V) Zpn|pl = Zp(n > 1) and p™Zpn = Zpn-m (m < n).

Let H and G; (i € I) be abelian groups.

vi)Ifg:G — Z G is an isomorphism, then the restrictions of g to mG and G [m] respectively are isomorphisms mG = Z mG;
iel iel

and G[m] =Y G;[m].

(vii) If f : Gli H is an isomorphism, then the restrictions of f to G, and G(p) respectively are isomorphisms G; = H, and

G(p) = H(p).

(i)-(iv) are exercises; the hypothesis that G is abelian is essential
) F € Zpn has order p , whence (F) = 7, and (F) < Zpn[p]. fu € Zpn[p], then pu = 0 in Z,n so that pu = 0
(mod p") in Z. But p"|pu implies p"~'|u. Therefore, in Z,n,u € (F) and Z,n [p] < (F) For the second statement note that
p™ € Z,n has order p"~™ . Therefore p"Zyn = (p™) = Zyn-m.
(vi) is an exercise.

(vii) is an exercise
If G is an abelian group, then the subgroup G, defined in Lemma 2.5 is called the torsion subgroup of G. If G = G, then G is said

to be a torsion group. If G, = 0, then G is said to be torsion-free. For a complete classification of all denumerable torsion groups, see 1.
Kaplansky [17].

If G is a finite abelian group of order n, then G has a subgroup of order m for every positive integer m that divides n.

Theorem 2.57

Let G be a finitely generated abelian group.

(i) There is a unique nonnegative integer s such that the number of infinite cyclic summands in any decomposition of G as a direct
sum of cyclic groups is precisely s;

(ii) either G is free abelian or there is a unique list of (not necessarily distinct) positive integers my, ..., m, such that m; >

1,my|ma|- - |m; and

G2Zpy @ ®Zy, ®F
with F free abelian;
(iii) either G is free abelian or there is a list of positive integers p‘il, cees pZ", which is unique except for the order of its members,
such that pq, ..., px are (not necessarily distinct) primes, s1, . . ., s are (not necessarily distinct) positive integers and

G Ezpil @"‘@Zpik ®F

with F free abelian.
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2.14 Finitely Generated Abelian Groups

(i) Any decomposition of G as a direct sum of cyclic groups (and there is at least one by Theorem ) yields an isomorphism G = H 5 F,
where H is a direct sum of finite cyclic groups (possibly 0) and F is a free abelian group whose rank is precisely the number s of infinite
cyclic summands in the decomposition. If ¢ : H — H P F is the canonical injection (& + (h,0)), then clearly ¢(H) is the torsion subgroup
of HEP F. By Lemma, G, = «(H) under the isomorphism G = H € F. Consequently, G/G; = (F @ H)/u(H) = (F/05 H/H) = F.
Therefore, any decomposition of G leads to the conclusion that G/G; is a free abelian group whose rank is the number s of infinite cyclic
summands in the decomposition. Since G /G, does not depend on the particular decomposition and the rank of G/G, is an invariant , s is
uniquely determined.

(iii) Suppose G has two decompositions, say

d
G= zr:zni Br ad 6=> 7, PHF,
i=1 J=1

with each n;, k; a power of a prime (different primes may occur) and F, F’ free abelian; (there is at least one such decomposition by

Theorem ). We must show that » = d and (after reordering) n; = k; for every i. It is easy to see that the torsion subgroup of

Sz @r
>z,

is (isomorphic to)

and similarly for the other decomposition. Hence

~

1R
1R

Zy,
i=1

G,

d
Z Zi;
j=1
by Lemma . For each prime p,

>z (p)

is obviously (isomorphic to) the direct sum of those Z,, such that n; is a power of p and similarly for the other decomposition. Since

Oz () = O Zi) ()

for each prime p by Lemma , it suffices to assume that G = G, and each n;, k; is a power of a fixed prime p (so that G = G(p)). Hence

we have

r d
E Zpai =G = E Zyj(l<ay<ay<---<ap;l<ci<ca<--<cq).
i=1 j=1

We first show that in any two such decompositions of a group we must have r = d. Lemma and the first decomposition of G show

Glpl =Y Zpulpl =2, P Pz,
i=1

(r summands), whence |G[p]| = p”. A similar argument with the second decomposition shows that |G[p]| = p?. Therefore, p” = p?¢
andr =d.

Let v(1 < v < r) be the first integer such that a; = ¢; forall i < v and a, # ¢,. We may assume that a, < c,. Since p**Z,a; =0

that

for a; < a,, the first decomposition and Lemma imply that

r r
PG = ZpaVZpu,« = Z Zpai-av
i=1

i=v+1
with ayy1 —ay < ayyo —ay < -+- < a, — a,. Clearly, there are at most » — (v + 1) + 1 = r — v nonzero summands. Similarly since

a; =c; fori <vanda, < ¢, the second decomposition implies that
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2.14 Finitely Generated Abelian Groups

pa"G = Xr:zpvruv
i=v

with1 < ¢, —a, < ¢cy41 —a, < -+ < ¢, — a,. Obviously there are at least r — v + 1 nonzero summands. Therefore, we have
two decompositions of the group p“G as a direct sum of cyclic groups of prime power order and the number of summands in the first
decomposition is less than the number of summands in the second. This contradicts the part of the Theorem proved in the previous
paragraph (and applied here to p“G). Hence we must have a; = c¢; for all i.

(ii) Suppose G has two decompositions, say

G=Zp @@Ly, ®Fand G =Zy, ®--- ®Zy, ® F’

withmy > 1,mq|ma|---|ms, k1 > 1,k1lka|---|kq and F, F’ free abelian; (one such decomposition exists by Theorem . Each m;, k ;
has a prime decomposition and by inserting factors of the form p° we may assume that the same (distinct) primes p1, . . ., p, occur in all
the factorizations, say

c12 |

—_ ail ,ai2 ay — Cc11
my=pitipytt e prtt, ki =pitip,

Clr

"Pr

c22 | Cor

my = p{* po?* - pt?, ko = p{Ptpy*? - py

ag2 Ay Cdl Cdz2 Cdr
=p{tpy® e pi, ka=pittps”ecpy

Since m|ma]|- - - |m,, we must have for each j,0 < ay; < asj < --- < a;j. Similarly 0 < ¢1; < ¢3; < -+ < ¢qj for each j. By

Lemmas

~

N
8
IR
IIZ

d
p} = § k = E Z (‘J’
i=1 i,j

ij i=1

where some summands may be zero. It follows that for each j = 1,2,...,r

: d
IZ:;ZP?U =Glp)) = ;ZP;U.

Since my > 1, there is some p; such that 1 < ay; < --- < a;j, whence Zl 1Z a,, has ¢ nonzero summands. By (iii) Zl 1 Z (,,
has exactly # nonzero summands, whence ¢ < d. Slmllarly k1 > 1implies that d < ¢ and hence d = t. By (iii) we now must have a;; = c, ]
for all 7, j, which implies that m; = k; fori =1,2,...,

If G is a finitely generated abelian group, then the uniquely determined integers m, . . ., m; as in Theorem (ii) are called the invariant

factors of G. The uniquely determined prime powers as in Theorem (iii) are called the elementary divisors of G.

Two finitely generated abelian groups G and H are isomorphic if and only if G/G; and H/H, have the same rank and G and H

have the same invariant factors [resp. elementary divisors].
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2.15 Jordan-Holder & 3 52 69 47 7k

2.15 Jordan-Holder EIES5&FHY 5k

RSN - G — BAGIBGE X RNHRZ (B, B u BRI, MBS FIN = Kerp NG IERLTHE.
TR T W8S FEIFIIN 5 G 2 BH AL, CINBIG I RN ZF I A B R : Kery = TmA.

Definition 2.53 (E£R03 3K)

RG, A, BRA, BRASHFIAD G L Bde R & Imd = Kerp, M £AVFRF 7] £ G AL E 4
#—F, FANEH B R iHH, A — A 465 B 15A, G, BRAREA, W48 LA FF), ARG R B AR I K.
HoP, 1EAT-FLF M, N =Imd = Keru AGHY EXF 2, % AN = A,G/N = B, /RN A & K.

G EMrFHN A FHEG /N B
Bodkp b2 2 (ay FA AW w RV IW VW

G ={e,a,a* a®} NANIEATF {e.a’}  z/2Z {I,a} z/2Z
{e,a,b,c | a? =b%=c?=abc = e} {e,a} Z]2Z {1,b} Z]2Z

S5 As 7/3Z Ss/As  Z/2Z
z 27 zZ 7/2Z 7/2Z
O(n) SO(n)  SO(n) O(n)/SO(n) Z/2Z

B UL, 45 B AT AT ZR M 2 (R VI 122 [RIW, MR R IERE, Vo i 23 [V WAE R IR i 2 M w 975K
5 IS =), JEA T ZA K LeinFf Ky B S B Zo 1S Zo B9 5K, 1 150 B [RIRE (9 N B DR 5K 07 =X AN [R] AT Be 75 20AN A (R e 46 44
F VU T S3 R Zo IS Zs [ 9K, 1E R RS /2 AR Abe B, 3X U B AR 1] B IR I8 I 4 9K T B 15 B 5 M 305 2 IR
55 AT U, BEEOINTEZ AT LUE R Zo 3k B O 5K, T B 5K A — 5 SRR 4544
B i —/MilF 3B, O(n) 2 Zodd SO(n) I 5K, IX B O(n) E15 SOm) AR CAAHAT).

RNTE, £ 2 18] BT 78 rh 32 18] A0 22 RDE 2 DG BEAF H5I2 AR 78 v ol IR0 s IS A R A0 5 A9 SRR M & th B 22
REGRBIL AR 5K, WA LB, SEbr RGO E T, 8 G AR BUARE R 77 U iR .
MR A 5 AT LU, B AR 3K A2 e — ).
WEFCRERIY TR A — > BRI EUE - BIT AR 5K 2R 2 L ip e @ A5t b —FE R ?
FERAVT IR IX — AR R/, JATSE 0 T 5K A — e st

iXA,B,G,G' &7,

(1)EGARBIAMY K, G = G, NG LABLAN Y 7K.

(2)%5G,G'# RBTAIT K, BABRLSf: G > GEFATRTRMEL = fod,y o f =u, W fRFRM.
B, ARG 5 G R BT A S b7k,

1 M
A G B
ida Lf id s
, A A X
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Proof (1)EY kK1 — A Lehp— IREAMF:G -G, EXN = fa, ) =uf L ERVEZEERLS, W BR#HREA.
#— %, Kery’ = Ker (uf ') = f(Kerp) = f(A1(A)) =V (A).#1 — A L6 5 B 1REFAF, G 2B AT .

(2)F EAEEA f RN A f(x) = e, Mu(x) = w' f(x) = e.H fbx € Keru = ImA.

BEEYy e AERx=Ay). TEAV(y) = fA(y) = f(x) = e. HV R 5, 8y = e, ATfix = e, B f 2 H 47.

XA ERz e G, HuRZHR A BMFEEMERL (2) = u(x) = 1 f(x).

TRz (x) € Kery! = Imd’, M FfEy € AEFLf(x) = (y) = f(A). Btz = f (xA(y)7Y) € Imf. 8 f & 4

Theorem 2.59

HGABITANT K NAY kM M EHEELFFIHADS G L B
()EAEH <G#HRG=HN,HNN = {e}, W |y RHEIB LM RM, ity = (uly) ' RBEIGH R A Buy = idp.
(2) & HALBRIGH R A viEiFuy =idg, WH =v(B) < GEG = HN,HN N = {e}.

Proof ()X 3tZRMEAE = R EWNKTR

(2QHE K EGH TR HvEBEIHH EA.
EgeHNN,WGFEEDb e BFEHg=v(b). X Huv=idg, Hb = uv(b) = u(g) =e, KHN N = {e}.
Hikge G MNHFEELe HERu(g) = u(h). B, u(h~lg) =e, ¥n=h"'g e N, T &g =hnJATIG = HN.

Definition 2.54 GEARBY 3, FMAI 3K, FLH3K)
HGRBITAWY %, NAY A, R A ESFFINAS G B
1.E5AH<G#HRG=HN,HNN = {e}, WARKYT KA RR Y K, LB, G = Hx NYHENGF AR,
2ELIEARY Kt —F, 4w RH «G, WA KA -F ALY K, i, G=HxNAH5N AR,
3. 42 &N C C(G), MARKLY KA F S I 7K.

Problem 2.1

(WZRZ/2ZEZ T 5k, ABA R IEAR T 7K.
(2)n > 3}, S, ZZ/2Z5L A, AR 5K
(3)0(n)#2Z/2Z3L SOn) MAEA T H 7K.

(4) 15 A RERZ/ 323 Z/5ZH T FLY 5K

@ Lemma2.1l
A PAT % 18] A An i R RV A
XA, BRGHWT#,G = AB, N T 7|4 A 54
(DANB={e};
()t &g € G, gty fhg =ab(a € A,b € B)"E—;
(3) & 89—

Proof (1) = (2) : KRB
(2) = (3): BERE®
B)= (1): RiLEN T A Her ke ANBH LFEHEFk € AN BHEFE T
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XA, BRGWF#,G=AB,ANB={e}, WA BHAGH ENF# — st &Fac A, be B,ab = ba.

Proof

FABEAEGHEM T3, NXEEaeAbeBa'tblab=a"t(btab) € A, Ha~'b~lab = (a™'bta) b € B, Htta 'b~tab =
e, ¥Wab = ba.

Rz, 5EtEg € G,Ffa € Ab € Blffdg = ab. X Ex € A, Ei Txb = bx, Hgxg ' = abxb™'a™' = axa™' € A, FHIA <
G.Fl#B<G.

Theorem 2.60
XA, BRH#E NBIEAWTF LY KGERME LT AHELE—.

Proof H#AEM.AG = {(a,b) | a € A,b € B}, EGFEXFEN (ar,b1) o (az,b2) = (araz,bibs), ai,az € A, by,by €
B, | % 5 %1k G = .

Wb, FE %A = {(a,ep) |ac AY,B1 = {(ea,b) | b e BY#EZGHEN F# HG = A1 ® By.

ME— M RG M RATBIHTF LY 5K, NG = A’ ® B, XEA'FB 4 5l RG'H F 4 T AFa BH IE AL F .

CANAZ|A BB, uZBEIB'HIE A, WA ZBIESf : G — G, f(a,b) = A(a)u(b) HGE|G'HI & E A,

AR A (34 B T4 P 3 1 SRR AT TURE 254
WALRGHIEM TR B = G/AL WHEIESKFHN — A1 565 B— 1.
B AT LEM T-BEBy, 2 Bo = B/By, T AR EAFAIL — By -5 B2 By — 1.
RER R 22, AT LAEF — RIIRRE R b X R FIO BT 5BEG X AT K.
AT R, ZBM A G 25 B LS By ERA TSR A 1 0 1 G — Bo
H#%Ag = (u1 o)™t (1) = p= 1 (B1) NGIIEE A I IEM T8, HAo/AL = B1,G/Ag = Bs.
ot AL HEAT AR, AT FIA L [ IE M T REAS. TR IRATESI— TG 5 Ag > Ay D Ay D -+ A T 18, BATFIAMF & L.

Definition 2.55 QCRIEFF5I. EMFF. &F5. E£FF)
1L.EHGYHT#HF3G=G,2G22 -G, DGy = {e}.
EHRGi1 <Gi(i=1,-+ 1), WARARENF D, Mt ARG IR E, G /G A7 E T,
2HGFRRERAFIG = Gy > G, > - > G, > G., = {HRARFIIMm
do RRJP P F G FAT G AR ) AL
3.FELEFFIFG; « G, NARF 7] A EHLF 7).

440 RGHIR EMF I B FGi /G B R E 2, NARIZ K EIF P H GRS RIFF), 4G /G AGH &R B T
5.3t — 4, de XA A TN LA EHF T, WARA £ /7.

Note 42 {32 fAG; /G, 1 %%, XEREG,_1 <G, G 1 EGFRELXAOLEL TG, 1 LRAGHEATHT
LN ARAER M T A G /G A E B

Problem 2.2

(1)¥4n = 38¢n > 5, S, o A, D {e} &S, T4,

(2)S4 D Ag D K4 D ((12)(34)) D {e} &S HIE BT FIAZ L 771,

(3)G = Z15 2 Z3 > {e} 5G = Z15 D Z5 > {e} NGHIPANA R EF51.
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Theorem 2.61 (Schreier (HEERIE/R) EIF)
1.7 TR AE & — AR EHLEE DA ST VAo 2w g & px B2 7))
QAEE A REE A S RFET]

Proof %G =Go> Gy > ...> G, = {e} RGH— MR EHEF

WRAEENALiIi<r)ERG1/G AR ERH, BIG;1/GHIEF LN EM F#H

HBENE—FAMEE T HEREEALSG 1 —» Gii1/G, THREHN NG, WEN T, BG;_1 + H#G;

(FH+e/G;EH # G;_1/G;)

FTEG=Gy>G1>..Gi.1>H>G;>..>G, ={e} RGHKE Hr+ 1HK ENAET

HTGRARA, ATUAKERFHIINKE 7%‘!3& W ERE I m TR Z @, MR ATAT T AR B AR R A
EABET| R A AT

RGARRAH . THRIG| > 1, ¥ TREAHFG > {e} A F 1R FiE,

Theorem 2.62 (Jordan — Hylder EIE)

REEG A BRI T, WG AL T RAAE BT 7 B M) A A, GAEZAA /77 LR .

Proof Bi%GH AN KIEMNFZ G=G12622Gs5 2 G =)
G=Hy>Hy;>H3>---D>H;={e}.

ZRH =H,NG12H;NG22 -2 H;NG, ={e}. =1 H T4 F W37 2 HHR EAT .
(X —F FERIEH,; NG < HiNGj)
AT R TIPS DS Hy, RAOTFEH; = (HiNG1) Hiy1 2 (HiNG2)Hiy1 2 -+ 2 (H;NG;) Hi1 = Hig1.
B T H;/Hi 4 88, WO v — W7 15 Hy = (H; 0 Gy) Hir, B (HiN Girgt) Higy = Hia
(X—FEAN B EH N H; [Hop A RFEFTUH EHn ZF TR BRH S THa ERHMEATHT)
(BTl 4t 4 H; = (H; N G1) Hix1 2 (Hi N Go) Hi1 T 5 (H; N G2) Hipy B 2% T Hipy B 2% TH MR ERATH A £ 590H7)
TERE
H;i/Hiv1 = (H; N Gy) Hiv1/(H;i N Giry1) Hiva

=H, NGy /(HNGy N(HiNGyy1) Hu) (X —F B TRME ZHAREHE)

=H; NGy /(Gy N (H;NGjrs1) Hivr)

=H; NGy /(Gy NHiy1) (HiNGjry) .
FI#, X TGy € G #ATE MR, 7T UURE
Gi'/Giry1 = HiNGy /(G NHiy1) (HiNGiry1) = Hi[Hiyg.
XHETRES (Y FE—— XN, NGy /G SH; [H Z BB L& —— 8, B XA NG RFFIERMEE LT 2% — 1.

G E R T b gmpl 5 | o0 G =it
G=Hyv>Hyiv--->H; ={e}.(xx)
ot E— A A AT K Er B F T,
#Fr=1,GHEH & TEHGRARNENATH  {} G, HHGW L EETH & KAHF| A —A : Go{e}. AT Lr = 18, 4 74 H.
BigkxT%— /l\é\ﬁkﬁﬂﬁﬁ%f?ﬁr—lﬂfﬁﬁﬂﬁki NEXREE N RBINNKENrOER.
FE—ANBHREN  EG1=H1, NELRAFANERBVFEEE TG, AR — MG, = HHW A &G, eI KE 5 5 Ar-
115 — 1.
REFWEEGF r—1=s—1, \Tir=s; 1 B CNINE FAHGF LM 7L, E5X MW EFEHEAY
AT (), () B9 [ F 7 2 Ao, 7 0 B B .
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TEIT®—REN, G, + HHWER . & TG/G1 G/ H # & %%, A eI EM F#9 5 RAG/G1,G1/G1#G/Hy, Hi/Hy.
INMGH A 4G EATHRAEG G1;GHNEEH\WENTH#RAG Hi.5 TGy # Hi, HG1H, 2 G1,G1H1 2 H;.
5 TG1<G, H1<G, F Wt G1H1<G, N\TIG1Hy = G. (EH AG H\ %A a4 TH U FRGHENT#HT N EG/H\ M2 L#TE
AGLNH =Ny IR ES—sAn g 2 00 GN =0/

No<Hy, Hi/N>=G/G;.
ERBENH— N E LI A RAETINo > Ny» o> N, = {e}
R EHHGH T T B Ao gats] . O C0n G Ner e Ne={eh ()

G =Hog>Hi>No>--->N; ={e}.(ii)

HER () F (), G AN A KBTI E AR, TRREME TN EREVNERE, r=1
H)WEFTHEAG/G1, G1/G2, G2/Gs,---, Gr_1/Gr(1)
5 ()W H F#%4G/G1, Gi/N2, Naf/Ns,---, N,y_1/N.(2)
e R A T R T, E R S T AR E A .
B ()0 (i), GNR TN E BTN E — TR, TERBEWENRAEHNE LR, s =1, \Tir=s
H (+%)eFH F#4G/H,, Hi/Hs, Hs/Hs,---, H,_1/H.(3)
5 (i) FE#LAG/H,, Hy/Na, N3/N3,---, N,_1/N.(4)
Be R A 7 R T, R S T AR E A .
HTG/Gy = Hi/Na, Gi/N2 =G/Hy
W H FRA (1) 5 B F B4 (4) 464 BT, (£ 15 % 509 B F 88 £ B 1.
i (2) &5 (3) (XAE N (1) 5 (2) Bext, (3) 5 (4) WA &3— TEIR) G 2 Fb 77 sk B0 A, 6245 %4 Rz ol I F 2% 2 ] A 14
KA T XN TE N ERHTIMKE yrit& 8 2.
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2.16 The Action of Groups on Sets

RGA—N#H, XA—NEEESL
EBHSGXX =X, (g,x) = f(g,x)#hRIHEATx € X, 81,82 € GHA f(e,x) =x 5 f (g182,%) = f (g1, f (82,%))
WARfR R T GAEX Eo—/E B8 %, KAV £ (g, x) T A g(x) Fgx

W AANZAERMNTABE : 4ETx € X, 81,80 € GHAe (x) =x5g1g2 (x) = g1 (g2 (%))

Theorem 2.63 (BfEZASEIEREKR)

1L.GHEREELX AT FAERBHF : GxX - XA
Vg e GMigp, : X > X x> g (x) AR AIEH @, € Sx
HRMEY : G - Sx g p kALY R —/NF & st

2.%0:G - Sx g+ 0o WI—AF SRAAR A BF T H)iE
GEEAXEWERSF :GXX > X f(gx)=0g(x)
Mim EA B HCAEERSX EWERAKRSGEISxHRE2KELE——3 2

EHGHEREREX E

it Ex,ye X, Alge GlEffgx =y, WARGEX L&ERT#E, EEFMARXAGHFTHZ N
Ege G, Hgr=x,Vxe X, TRIEHg=¢, NHRGEXLaI1ERN A X

e Eg e G, x € XA Agx =x, WARGAEX L&A -F L

GEX EERRA XN — R m R A& E4H
GEXEERR T & ZERX B #HESRZ-TF LS
GEXIERRAZN = GEXH—NERFRMEARNAEG = 0 (G)

Proof B E L0 :G— Sx g+ 0y

GEXLEREZARN e geGhgx)=x VxeX=>g=ec=gecGHo,(x)=x VxeX=g=e
(=)g€G%t0'g=idSX = g=e & Kero = {e} = N # 4t

AN ARG

RELEHG =20 (G) BHAHH TR

Proposition 2.44 (JLMNEHER B9 B F)
KGR —NF, AX =GEMTUMEL T ILHHFERSf :GXG > G
() 2 FHBER: f(g,x) = Le(x) = gx
(2) B FHBAER: f(g,X) = Rg-1(x) =xg™!
(3) HEFA (£E42) 1R = f(g.x) = Adg(x) = gxg™ !, andthegxg ' #x A xt—/ conjugateo fx.

EHRAGH —/NF#, RXWHf:GxG/H— G/HH f(g,xH) = (gx)H, Vg.xe€G
WAEHBIEfR—ANER. X— 1 RACKRAGCEG/HEN E-FHER.
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H P FAERAE : E-FHBEEFRERBRTREELAR M FEERAR—ZTHRELR—ZA K
GEG/H L& £ -FH54F R T2 R — 2 H 3%

HGEREEASX L I EXEE X XAZR xRy &= Jge GiEHFg(x) =y
XA —AFHKXFR

Proof l.e(x)=x 2xRy=g(x)=yllg7t(y) =g ' (g(x)) =x&L 3.xRy,yRz# Lg (x)=yHh(y)=2zHLgh(x) =z

Definition 2.58 (3/1i&)
RHEGHERNAEREXL, xeX. MXHTRO,={g()|geGHAxtIME, F|0,] = 1N xR G 3) & The name is the
orbits of G on S

Proposition 2.45

LOLBPXFT R FME 2Vg e GAGO, =0, 3.GEO, LWERZTE
4.GEXERT# — XIXH —A b

Definition 2.59 (3£ [5]-F#% (isotropy subgroup or stabilizer of x))
BGERAARAXLE x e XHBFEK
Fr={geG| gx)=x} EHHIEXRCGE P FHARZ kT2

BGHEREEALSXE x e X. L F O HxthHil, F, Axtyk & T #
LGEO, LW ERAA K & F P8GR EATHRA {e}
2.4g € G Fy(y) = Adg (Fy) = gFrg™?

Proof 1L.GEREO, LRET —A#HEKc:G > So, g 0gHFog:0, > 0y y g(y)

WEGEO, LWERAR — LR #HEA Lo A EHKero = {e} & N<GEN C F,JUIN = {e}

—FHE#EKero ={e} JLBN <GHN C F b R FIEHAN C Kero#Vh e N

WHFIEHo (h) =ido, & op =ido, = Vy € Ox Loy (y) =y & Vy € Ox & Lh(y) =yH Ay € O ¥y" 5 Ag(x) x€G
= VxeGlRIThg(x)=g(x) = VxeGRIg 'hg (x) =x

EAheN<Géglhge N CF ¥ EREERT

A—H W : EN<GHN C FIN = {e} KAIKIEFHAKero = {e}

T %Kero <G RN EILH : Kero C Fy#iVh € Kero

WFEE:heFy = h(x)=x

fiheKero = o (h)=ido, = h(x) =x (HHNx=e(x) BAMEO,F)ILE

2. TE @ Fg(y) = Adg (Fy) = gFrg™?

— 778 :Vh € Fo(x)RFIEh € gF g 1 H A1 Hhg (x) =g (x) = g 'hg (x) =x = g lhg ==t € F,
#h=g1g™! € gFrg™!

7 :VhegF g " I itkh=gtg ' EFte F, =1t (x)=x

RFIUEh € Fg(xy & hg (x) = g (x) T hg (x) = gt (x) = g (x) L
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Definition 2.60 (B¥{ERB M)

BEGHERNEESXEX L, ERXBX 4l g(e(x) = ¢(g(x)),Vg € G,x € XNAGHEX 55X Eay4F A F4H.

Theorem 2.64 (A] B EHE B HIZMT)

BRHCEELX LR T, x e XNGAEX LR TG/F Lty £-F84FRFM (FAxtyik @ T 2)

Proof ZEZ|IGEX LWERAT#T RO, =X

HEMER e G/Fy — X gFx — g (x)

1B 58S ZaF =bFy, = b lacF,e—= b lakx)=x = a(x) =b(x)
A VYhe X =0 h=go(x) %o (g0Fx) =h

HRBATVERAEE R S X —4%&

Vk € G5gFy € G/F LB RATE WA : ¢ (k (gFx)) = k (¢ (gFy))

WERHS = kg (x) = LHS

Theorem 2.65 3EFEEWL T EIE)

|Ox| =|G/Fx| =[G : Fx] = |O4]

G|

Proof FIAGEO, LHER R #M Hx € O, (H Ax=e(x)), A LHERHAG/Fr — Oy
A2 |04 = |G/Fc| = |04] | |G|

Example 2.29
1.If a group G acts on itself by conjugation, then the orbit {gxg™! | g € G} of x € G is called the conjugacy class of x. The isotropy
group or the stabilizer of x

Gy={geG|grg ' =x}={geG|gr=uxg}

is called the centralizer of x in G and is denoted C¢ (x). The conjugacy classes of G form a partition of G, and the size of the conjugacy

class of x is equal to the index O, = [G : Ci(x)].

2.If a subgroup H acts on G by conjugation, the isotropy group or the stabilizer of x
He={heH|hxh™ =x}={he H| hx =xh}

is called the centralizer of x in H and is denoted Cy (x).

3. If H acts by conjugation on the set S of all subgroups of G ,the isotropy group or the stabilizer of K namely
{he H|hKh ! =K},
is called the normalizer of K in H and denoted Ny (K).
4.If G acts by conjugation on the set of all its subgroups, the isotropy group or the stabilizer of K
{8€Glgkg ! =K},
is called the normalizer of K in G and denoted N (K).And the orbit of K under this action is the set of all subgroups of G that are

conjugate to K equally all the conjugate groups of K
Clearly every subgroup K is normal in NG (K); K is normal in G if and only if Ng(K) = G.
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Proposition 2.47

Let G be a finite group and K a subgroup of G.
(i) The number of elements in the conjugacy class of x € G is [G : Cg(x)], which divides |G];

(ii) if x1,...,x,(x; € G) are the distinct conjugacy classes of G, then

1G] =) _1G : Ca(x);

i=1

(iii) the number of subgroups of G conjugate to K is [G : Ng(K)], which divides |G]|.

Corollary 2.22

Let G be a group.

(i) For each g € G, conjugation by g induces an automorphism of G.

(ii) There is a homomorphism G — Aut G whose kernel is C(G) = {g € G | gx = xg for all x € G}.

O

Proof (i) If G acts on itself by conjugation, then for each g € G, the map 7, : G — G given by 7,(x) = gxg~! is a bijection by the proof
of Theorem 4.5. It is easy to see that 7, is also a homomorphism and hence an automorphism. (ii) Let G act on itself by conjugation. By

(i) the image of the homomorphism 7 : G — A(G) of Theorem is contained in Aut G. Clearly

geKaro =1 gxg? =74(x)=x forallx €G.

1

But gxg™" = x if and only if gx = xg, whence Ker v = C(G).

Definition 2.61

The automorphism 7, of 74(x) = gxg~! is called the inner automorphism induced by g. The normal subgroup C(G) = Ker 7 is

called the center of G.

Corollary 2.23

1.An element g € G is in C(G) if and only if the conjugacy class of g consists of g alone and hence if and only if Cg(g) = G.

2.Thus if G is finite and x € C(G), then [G : Ci(x)] = 1. Consequently, the class equation of G may be written

G| = |C(G)|+>_[G : Ca(x)],
i=1

where x1,...,x, (x; € G — C(G)) are distinct conjugacy classes of G and each [G : Cg(x;)] > 1.

Proposition 2.48

Let H be a subgroup of a group G and let G act on the set S of all left cosets of H in G by left translation. Then the kernel of the

induced homomorphism G — A(S) is contained in H.

Proof
The induced homomorphism G — A(S) is given by g +— 7,, where 7, : S — S and 7,(xH) = gxH. If g is in the kernel, then 7, = 1
and gxH = xH for all x € G; in particular for x = e, geH = eH = H, which implies g € H.

Corollary 2.24

If H is a subgroup of index 7 in a group G and no nontrivial normal subgroup of G is contained in H, then G is isomorphic to a

subgroup of S,,.

Proof Assume the group G acts on all cosets of H in G; the kernel of G — A(S) is a normal subgroup of G contained in H and must
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therefore be (e¢) by hypothesis. Hence, G — A(S) is a monomorphism. Therefore G is isomorphic to a subgroup of the group of all

permutations of the n left cosets of H, and this latter group is clearly isomorphic to S,,.

Corollary 2.25

If H is a subgroup of a finite group G of index p, where p is the smallest prime dividing the order of G, then H is normal in G.

Q

Proof Let S be the set of all left cosets of H in G. Then A(S) = S, since [G : H|] = p. Assume group acts on all cosets of H in
G is left translation action.And assume K is the kernel of the homomorphism G — A(S) , then K is normal in G and contained in
H. Furthermore G/K is isomorphic to a subgroup of S,. Hence |G/K]| divides |S,| = p!. But every divisor of |G/K| = [G : K]
must divide |G| = |K|[G : K]. Since no number smaller than p (except 1) can divide |G|, we must have |G/K| = p or 1. However
|G/K| =[G :K]|=[G:H|[H:K]=p[H:K] > p. Therefore |G/K| = p and [H : K] =1, whence H = K. But K is normal in G.

Proposition 2.49

BGEREELXLE YRXW TR, 4Fy={gecG| g(¥)=Y}
EAXWTFEZ £ e GRNMZ =g (V) R AAMRZEY EGHVE R T 48
LFyREGHT#H 2.F,y) =Adg (Fy) 3. FGHAMRFEMNXFT HY £ TEEA[G: Fy] A

Proof MEHGHEREREP(X) Lf:GXxP(X)—> P(X) (g.Y)—g(Y)
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2.17 Sylow F&#

Definition 2.62 (p T#f5 Sylow p T&%)

EpR—ANFEHK ZEHGHW |G| = pk (k > 0) RO ARGR—ApEE
EHGEI|G| = p'lmEFphEHK, (p,m) = LAREGH—Ap' W t9F 2K Sylow pT#

Lemma 2.14 (p B 57 s =& A 5118)

Ep#G (|G| = p* ) EREEEX L, |X|=n
A EEbE  {xeX| VgeGhg(x)=x}itt=|{x € X| Vg € GHg (x) =x}
l.t=n(modp) 2.%& (n,p)=172t>1 3.C(G) # {e}

Proof LRNBEX = 0y, UOy, - U Oy, FIRITEEE A MEO, 5H THEEAERET—ATAO, = (x}.104] = 1
W B AT 4T B B A

n=|X|=Z|0xi =t+ Z |0x,- ()
|05, [>1
AT Y [0k |2 870k, | F [0k, | = [G < Fu ] 11G] = pH A2 E H 47 |0 = p* (s 2 1)
|Ox; [>1
#T () FABEApl Y |Ox| = 1=n(modp)
[Ox; |>1

2 E AT T m A m B, KA Er 2080 > 1
#Er=0Me, RA1dE1.20plnE 5 E &M (n,p) =17 &

3.2 e € C(G) BATEKIEHA |C (G)| > 1EFF]

#xeC(G)MVg e GHgx =xgflgrxg ™! = x X Bk ExBI HGEG L 3401 o T3 &
BENBERET REFIL: BIAGHEG AW Az E A%k > 180
FGHEG L EHERANTEH AN =1

F#ERAn=|X]=) [0g]=t+ > |0g] kEHELTESXHRNG
|Ox; |>1
W pEihn = pX Hp X &% Z |0y,| = pEBRLITE

|Ox; |>1

&n=plm, P pRFH, (p.m) =181 > 1= AVI <k <IEp'F| c,{"‘

Proof Fl¢ (u) k& FZ - EEHus B Fpri#k
TERATHEIEH (c,{’") —l—k

K (n=1-(n=p*+1) pm(n-1)---(n-p*+1) _ n—i
wFCP =” — — -k
SeH Gy Pk (pk—1) -1 Pk (pk—1)---1 p mgpk_i

pk—l . .
ék%kﬂ‘lz%ﬁzimgo(ﬂ ”k",)zoﬁtaﬂx%iﬁﬁﬂw<i<p’<—1ﬁ!z:\r¢( ”k‘l.)zo
-1 Pl Pt

HRFEAVI i < ph - 1T (n—i) = ¢ (p* - i)
FATR = p' jUbE (p,j) =1,0<1 <k

Hn—i=p'm-p'j=p' (p"’m—j))'((p"’m—j’ p) =l=9n-i)=t
Hpk—i=p' (pk”—j)X(p, p""—j) =1=>90(pk—i) =t

b
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Theorem 2.66 (Sylow 55— EIF)

#G,|G|l=p'm=nph—ANFEH (mp) =180LkeZt 5k <1
= G¥— & HHEP N T3

Proof RITEERKp N FRTRKNETEAN KN p FEL TR

RHEHG, BBMEEX={ACG| |Al=p"} 1FF :g(A) =gA ZEZRIEXE—EA

Bebt [X] = €2 =37 |Ow| (R H0a KX FH8h)

MREIBANEP 1 = |0u] = ELHE—AAg € XERP 1 1[04,

HEofEREftFEE = |0A0| |G| =plm$kﬁ':ﬁ/7‘?ui§c|OAo| =p*my (/ﬁé’iﬂs <l—k+1,m AmHET)
|G| pm S km

BB % B Ak B FBEFA, < Gl T AR 41 |Fag| = o =

|0.4,] pimi ~ " my

k

Zp

Bt Ba € AgMFaga C Ao |Fa,| < Aol = p*

Sl FAo = pk'\LEEL:té

Proof
k p'm
Assume &/ := A C G| |A] =p~and || =" |
p
And define the group action of G on <7 as g(A) = gA.And we know if Q is a orbit then |Q| | |G|.So |w| = ap?, (a,p) =1,a | m,1 <
b <n,
Assume Q1, -+ Q,, Q’l -+, Q7 are all orbits,and |Q;| = aipb",p tai,b; <n-k,
Claim:r > 1.
If notthen |&/| = 7%,

=c;phi,di>n-k+1.

;

2

"m
— pn—k+1 Zj’:l ijd-f_n+k_1,which means pn—k+1 | |£7| — (p . ),.SO pn—k+1 | |.,Q7| = pn—k+1
p

"m-1 "m-1
p”‘km(p Zn 1 ) = p| m(p ]1:1 1 ).Contradiction!
P - P -

So there exists an orbit € such that |Qq| = alpbl, (a1,p) = 1,a1 | m,b; < n— k.And choose A; € Q; WLOG we can assume

1g € Ajp,because if not,we can choose any g € Aj,then g7'A; € Q; and 15 € g7 'A;. Now Q] = [G : G 4,],Ga, is the stabilizer
|G|

OfAl. So |GA1i = |Q_ =

Ga, < A1.Thus |G a,| < |A1] = p*. S0 |Ga,| = p¥.And A1 = Ga,.

Next we prove that the number of subgroup which is of order p* is congruent to 1 mod p and divides .

p"‘bl;n—l. |GA1| > pk . And for any g € G4, ,we have gA; = A1,50 g - 1g € Aj,which means g € A;.So

Firstly,we note that everyone €; only has one subgroup of order p*.Because if not,assume Hy, Hy < G are two different subgroups
of order pk and both in Q;,then there exists g € G such that gH1 = Hs, so Hs contains 1,thus assume 15 € Hs ,s0 there exists h € H;
such that gh = 1g,s0 g = h™' € Hy thus Hy, = gH; = h"'H, = H;.

Secondly,we note that Q; has no subgroup of order p*. Assume Q is a subgroup of order p¥ , so we have the orbit which is generated
by O, denote it Orbit(Q), then [G : Gg] = " *m, so Orbit(Q) is not Q;

By calss equation,we have [o7| = 37/ _; |Q;] + 375 |

"m-1
pn—km(l’p;"_ : ) = rpn—km(modpn—k+1)

So

p'm—-1
r ( k-1 )(modp)

By Lucas theorem we know p* =1 = (p-D+p(p-1)+---+p* Y (p-Dand p"m—-1=p" =1+ p"(m—-1)=(p-1)+p(p-1)+

-1
ek p" L (p=1)+p"(m—-1) So (pp:1_ 1 ) = 1(modp).Thus r = 1(modp).
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2.17 Sylow ¥

Theorem 2.67 (Sylow £ —EIE)
#G,|G| = plm, pA—"FHE (p,m) = 1.
WCPAHGH—A Sylowp T #. HHGH—pk (k <I) W F#. itn, HG ¥ Sylow * pF /N4
1.3g € G#13H C gPg™! 2.GWEZEMA Sylow » pF# 4 3.n, = [G : Ng (P)]

Proof BEIEHYhe Hfhe gPg™! & hg € gP & hgP =gP (X E#MZ[EE MW HR)

B EREBIE R EgP L4k fgP

TREZBHERNEESX = G/P LM A THAER, RATEUAZME R F £ L0 ZETH

et E A% |G/Pl=mEHN— AN p#, M2 @G| BpB 5L A5 BRI mE Z AN E > LEE
EERFA Sylow » pF B P 5P AN L 5t 508 7 g 15 P C gPog "B B AR H Py = gPog™!

e Bt By ACIE B B BT SC R AT BE A0 AR X, AG F AT Sylow « p T EHIE A B |X,| =n,

M R AT T A BG X, YRR, B2 EA AT #E

EHP e X, it XX 5 FA#Fp={geG| gPg ' =P} =Ng (P) Hd#ERZNFEEmE

(05 = [Xp| =[G : Fp] = np, =[G : NG (P)]

Theorem 2.68 (Sylow £ = EIH)

#G,|G|=p'mph—AFEHKEL(m,p)=1
En, A BGF Sylowp T BN, itX, W T A Sylow * pF B E&, itn, = |X,|
1LEPAGH—A Sylow * pTHIAP QG & n,=1 2.n,mHn, =1 (modp)

Proof 1.5PAGHI— Sylow * pF# B Sylow® —E#E f1itin, = [G : Ng (P)]
ALP <G & NGg(P)=G > n,=1

2.8 P HGHI—/ Sylow » pF A ILETH & B PE SR A X, I H £ A

B R & FLPER N % R B A o B LB B R 2 A Py NVa € PAaPia~! = P = a € Ng (P1)
# P < NG (P1) HP1 <Ng (P1) HNg (P1) <G

BB |G| = p!lm# NG (P1)| = p*my (+#F & Emy Am B F) EZp! = |P1||p*m;

= |Ng (P1)| = p'm;

W P5P13 KNG (P1) 4 F #Sylow - p T A ¥ 1. A0 £ NG (P1) TR A —ASylow - pF#
= P=PIXYWHEHPEEALX, LW IR E -5 AN EREH AP

Mot p 5 1 5 A5 BEEAIH A En, = 1 (modp)
Mok - B Sylow® — B Fin, = [G: Ng (P)] =
#n, X [Ng(P):Pl=m=>np, |m

np'|NG(P)|_@_

7] = 7| =mXP < Ng (P)

p is a prime number,and (m, p) =1,n > 1,0 < k < n. And we assume 1 < j < pk — 2,then

L P T L

pk—j pk-(+1)

Proof

(p"m—j) _ p"m—j(p"m—(j+1))
pk=j pk=j \pF=G+1D
then talk aboutif pt jorp | j
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2.17 Sylow ¥

p is a prime number,and (m, p) = 1,n > 1,0 < k < n. And we assume 1 < j < p* — 2,then

pf (pnm__ll)

pk

Proof

1)

pt(p'm—(pk-1))= (p:,f'i_(;ik__l) ) then use the previous lemma step by step to get the result.

Lemma 2.18 (Lucas Theorem)

Let p be a prime number. For any non-negative integers m and n, let their base p expansions be given by

m =mkpk+mk_1pk_1 +---+mip+mg,

n =nkpk+nk_1pk_1 +---+n1p+ng,

where 0 < m;,n; < p for all i. Then the binomial coefficient (') modulo p can be computed as

(o1 e

i=0 ‘'t

Proof F¥EH, REFIE: S m=mip+ag, n=n1p+bgf,

ERE,

i (L+x)" = (1+x)mp+ao, ¥

Cp = CpiCho (mod p).

m m ag

(L+x)" =) Cpx =" Cpx™rtho,

n=0 n=0 bp=0

(14x)™1P40 = ((14x)P)™ (1 +x)“0

(1+x)%

p

Z C;,xi

i=0
= (1+xP)™ (1+x)% (mod p)

m ago
ni ,nip bo ,.bo
E Cplx g Caox
n=0 bo=0
m ap

= Z Z Cpl ngx"lmbo (mod p).
n=0 bo=0

Cn=CL C’a’g (mod p).
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E3F g
3.1 FHENSERMRE

FKA—NELRAREANZABH GAT R TRIE + Fofiik o) AR RELEM (R, +,), LB E AT =EAS4
(D)(R, +)A&FT R RE A0 kB0 2 TF AT RO (RFH FLA0), M MFRGELE.

(2)(R, )R ¥ 7 X Eok A R ik iz S 2 245 A2,

(3)hmikFa s ik R BLAE BRAH4E & a, b,c € R, Aa(b+c) =ab+ac, (b+c)a=ba+ca.

Remark QIR —NX T RIER L0 IRATHAR N LI, 35— ADIXS T3k il S #g e 22 Hedh

Proposition 3.1 (FHFHEXEZE)
X RA N

(1)*5Aa € R,0a = a0 = 0;

(2)%#A4Aa,b € R, (—a)b = a(-b) = —(ab), (-a)(-b) = ab;

(3)*F Fa;, b; € R, (Z ai) Z b;|= Z Zaibj(4)iﬂ’ﬂ"n €Z,a,b € R, A (na)b = a(nb) = n(ab).
i=1 j=1 i=1 j=1

(5) A F45 AR A H A B4z Tl R of—

(6) (m+n)a=ma+na m(—a)=—-(ma) (mn)a=m(na) m(a+b)=ma+mbNa,beR,mneZ

(7 a™a™ =a™™, (a™)" =a™,Vm,n e N,a € R

Example 3.1 i& Z IR H95]F

LATATTHO S 3R,

2. AR EEH ) SE B ZAE VAR T A4 R

3.8 %m € Z, 2Z[Vm] = {a + bym | a, b € Z} WZ[/m] ¥

A5, 2m = 1A Z[V=1] = {a + bV=1 | a, b € Z}.i% 2 7 5 _FAEH Z L IR T, FRAGauss BEHOE.

5. WPA—MNEUR, SP[x] AP L&KL N X F I — I 2 A ES

WP [x] 75 2 T A vk A v I A4 A, FRONEEEP F 1t — o6 2 WaF, sk AR AP H 1) 2 TR,

6. 25 ALhtth, TP X P b A AR AL G AR A, DU R AR R R D AN Sy I AL SRR, BONP B n B 5 BERR M, (R)
TGS b A A S R U I B BN C(R)

SEXNMNESRIE (f +g)(0) = f(x) +g(x), (fe)(x) = f(x)g(x), x€R,f,geCR),

DI 25 5 S0 UE C (R) A4 A TR R b, TER b A4 6 sR 80 (RUEA AT T S S50 G A0 (R), WITE EIRPIFHEH R C= (R) M L.
8.R = {0}, R —NF LR BRI, MU IR FRA T IX Rl IR AN B R, BV 5 e B2 RAN R F 38,

Proposition 3.2

1ABHIR (2Z, +, ) B —ANEH 45 T8 IR
2 RFH FAe AR, RAXZHET2HE (F1=0,F4Va,a=a-1=a-0=0)

1 -
@ Note B—F @, £FRC([0,1]), R XA AT () = | xe[?,z]’ gw=1 7 xe[?’
2¢-1, xe(5,1], 0, xe (3

2?
W f, g R RC([0,1])F IR ALE, 2R fg=0.—NIRP 4o R HIXAIZ, N H L ERFRL.
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3.1 e R L5 A KR

1.#&RA—/"3,a,b € R, Ha +#0,b #0,%ab =0, WARaARF 4 —NAERB T, bARF 9—ANERR T, AR HARARET.
24w R AEFRRY, Hax = ay,a # 0, T A tx = y, MARRHBZ £ K K,

R Exa =ya,a + 0, T A dHx =y, WAARRH LA K LE

3EHE—AFARRRFELEARATHAMARRTIH (RBLELEFAGFRIRERALERE TR

Theorem 3.1 (EEE FIFHIZFMNHER)
RARERFR e LEER T e ALZEHDF e ab=0—="#Ha=0Xb=0=a+0,b# 09 Zab # 0

Definition 3.3 (R SEILS5EE X)

LRE—BAFEELEA, FEIHRER, LERTHR = ¥
2.8 Z X REA R\ {0} ¥ i = TR

3.5 — /NIRRT BA R IR = B (T R\ {0} # i Abel #)
4.3 — % H H T

Proposition 3.3

(DERFARZE—ALER TR B AIaHERRF . MAa+0.L54ED#0,1Fab=0.8TRAKIRK, a L.
¥b=1-b=(ata)b=at(ab)=a1-0=0F/

(2)ERFARF, 3 FVa,b e R,a#0, 5 #2ax = bFya = bHAE—. AN D 0, LR HTAELER T A E—fF
b =0, LEANTAERRH BB ALFEZR, & TIRIRE R IE KL e

B, st TRF8abb, L& A TALG R L AB S

IR — & RIRIR, BT A, L@ 6 = 5P R AT T3k AL A Ak 249

B) ATREIRAB (5 —MRARE D fnil : ARLERTHARIK)

(4) (Zp,+, ) MARELERTH — nAhF i

(5) #—H (Zp, +, ) MR = nHEFXK

Theorem 3.2 (EZE A FIRER LM R EIE)
ERHAFERBFIR, AR =R - {0}, WR*F e TES TR mE LA MBI G9M, LY X —E a9 WA IR, &4 F 3

Proof 7= % F L BF & 7.

(1) R B & T & 3 T Am ik o 402 57, M 45 4 Ak T

(2) W Hr fea € R EIH 8 IR0 (8 € B alh yn, WX EATb € R*, B (na)b = a(nb) = 0. HRA TEE F, Ha # 0, #nb = 0.
T b # B B A B B, DA I A R TR R D B Y o, T b LB B m | n, KO R | m T Rm = n.

R BT A TT & AT Ak I #% F, JR TR BT 836 T & B A

(3)I R BT #7040 R 2 8n, RATEFAnsl & £ B En TR EFHK, WHEEEHKn, no,m < nyny < n, £4%n = nyny.

H A at By An, #nia #0,n0a # 0.5 — 77 &, RAVE (nm1a) (nga) = na® = (na)a = 0.5 GREFE F 7 & Mnsb 7 F 4. 2 e & FARIE.

Definition 3.4 GFR4FIEE X)
FRAFTLERFH Ao RRFITA IER LA AL T Yo, MARR4FIEH0;
Jo BRF T B AER AR A p 69 (b £ L5 X b p il A F H), MARRGIAFAE A p. EAVHEIRR A9 454232 4 ChR.
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3.1 e R L5 A KR

Proposition 3.4

1.5 5o HOB PRI SFIER IR B AL EH AR 1=0. 50X En=0:
2% RARETFIRL, 9 HIEA p.
3. LT HLI IR, RIR, BB EELAAH0L 20 EHK

Proof TEEFHZ,, EELEV0#keZ, 7 4p -k =pk=0.

SHEAT £ S p R EHK 1< k<p-1Ap|Ck

1) (p=—k+1
Proof c;::P(P ) kfp +1)

= pkllp(p-1)---(p-k+1)

m(p, k) =1Eplp(p-1)---(p—k+1) Hkllp(p-1)---(p—k+1)

ERARERFORMIR, LM A p, p A F#, N1ETa,b € R, B (a+b)P =aP +bP, (a—b)P =aP - bP. ’

Proof FHRN &I, mAHEZIE : (a+Db)P =aP + Cll,a”’lb + 4 (?5;7151171”l + bP.
Hp | C],",,k =1,2,---,p—1, é}(@RE’\]%&?’J[}%C;‘,(W”(}J" =0,k=1,2,---,p-1.
——
=0
W (a+b)P =al +bP.TZ (a-b)P =(a+ (=b))P =aP + (=b)P =aP + (-1)PbP.

N L p # 20, p A FHK, T Yp = 20, H26P = 03 HbP = —bP K (a — b)P = aP — bP
WRATERH FHIR I, IFE N p, p i 28, M E[a, b e REEKHn & (a+b)P" =al” +bP",

n n n
(a=b)P =aP —-bP .

ERHA TR BT 69 IR, AL p, phy F 3, W AHAEATa, b € RA B R¥n, A (a+b)P" = aP" +bP",

(a=b)P" = aP" —bP".
Q

n-2
Proof (a+b)"" = (a? + bl’)l’m1 = (aP2 + bpz) ~ ..

Proposition 3.5

L—ANEVSHARANALEBLLRRE T A RIFAE NIRRT
2.7 MR AL IR Ay 3%

3AMRARRE T IFRHMRIR

AZ, AREBERTH = pA—ANFH

5.Zp A¥ & ph—AMNEHK

Proof 1.% (R, +, )V &—NMNEVEARANTE ELTH FHAERK

Bk 2 —ABF, AFIE (R, ) E— M EAARFELERFANTER, TIURE—NEZEE.
XHARFTEREF, Bril,Ya, b € R*, Bla # 0,b # 0, Fab # 0, B 2 W, R*A TR AT HZH AW,
INEE (R, ) B —NEREEENAREH &R D 28, FTULRE—NRIE

2.3 8 FI A IR 72 R H £ A %

4.=: BRET AN EHA L3t Fn=ab; Frllab=0

—: #ab=0Ha+0Hb + 0A LH plabX [H }yp X % A Lplasi# p|lb ot Ea5b/NFpF /&
5.[F4.
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3.1 ey L5 A KR

Definition 3.5
T BB F A RT AN —ANB A, Z R AN A 5 X
KB IRRABF TR, EVa € F, /D, c € R, AE1Fa = be™ !, WARF 7 3R R &9 4 X35

Proof WRATEHFH, EXEERXR ={(a,b)|acR,be R}
FXEARXR EHIEH (a,b) + (¢c,d) = (ad + be,bd)  (a,b) - (¢, d) = (ac,bd) , (a,b) = (c,d) = (ad = bc)
LAEFRE—NENKR, Ik, REHA

2.~ FMARR (HE) N Tk, REERKAXR

BAF=RXR [~ @OIEES FER#a b +(0d = @b+ e dfy+ 5=
FLAH#@D) - (e.d) = (@b) - (.- 5 ==

d
4. (F,+,-) M R IREN 3t F A ik it abel B, 3 ik 4 Z abel 7
5H b %0, beRIILR = %a . R} BB WER N FH T

. _ b
6.R=R(#HEBE0: R - R %
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32 FHREFRAA

32 FHEREE

Definition 3.6 (F¥EX)

XRAIR, Ry ARMAEZ T % FR 3 TRk 5 R FAM AR, MARR AR T IR,
EMERAA —ANTFTHRFHEARARAIEF T O ARRBARIF T GEALI ZMNFRF —#H, 2RELEAHRL

Theorem 3.4 (FIFFIEEIE)

ERAFR, RIARVIETFTHE, MR ARV T HW & HETa,be Ry, Ha—b € Ry,ab € R;.

Proof SAEMIZER, ZRHITIN, Ha,b e Ry, WER X TR E R A EBERM T 7, % a—b e Ry.

X Ry 7T REGI i Ay 8%, 55 A3t T REGF £ ), Bab € Ry

T EEa—be R, Ya,b € Ry, WR{ZRME N nik B0 F 2, FW kA Xab € R,Ya, b € Ry, 8 R X T R T % £ 1.

B T R T Ik i R4 A, Ry X T & i R 45 A1, T Ry X T Tk A Ak 7%

R BRI R ICE X T ik 9 B4R, T R Ry id R TR X T ik 9 70 BOAE B Ry /8 RN A ik Fa Je ik T 49 A ER . ATl & REY 3.

Proposition 3.6 (FIFHIRZ T FIF)
T (EF RIF BORETATR (TEF, FTHRA, TR OIMRTF (TERFR. THFE, T5).

Proof [UEFHIER A (S; |ie I} (EFIZRENEIE) BEFARA—NFHik, HAViel, H0e S;, 50 € ﬂS[ + 0.
i€l

#Va,benS;, MHEa,beS;(Viel), #HTS;#ERNTFH, Frtla-besS;, abesS;(Viel
Wi Ba—-be ﬂs,-, ab € ﬂs,-.éﬁu,ﬂs,%leé@~/l\%%.

iel uel i€l

Definition 3.7 (B F&E 4% R IF)

BTRIRRG—ANIEZTFE mBROTFIRSHL T CS, & ﬂ S;BP HT & & 069 3
iel
1.T C ﬂ s, 2. ﬂs,-ﬂ;@é\i’ﬁ@ﬁd\%%

iel iel

#  Exercise 3.1 $k H Zg I FTH F 5.
Proof &SEZgH — A F IR, A4 (S, +) b & & (Zg, +) 9— AT 7, T (Zg, +) B T2 R A {0}, {0, 3}, {0, 2,4}, Zs.
B H WAL AR A Ze W T3, H{0} = [0], {0,3}=1[3], {0,2,4} =[2], == [1].

Definition 3.8 GF[E7S 5IFE )

AR, R AR, fRREIR 69—/t

Y 3t FVa,b € R, A f(a+Db) = f(a)+ f(b), f(ab) = f(a)f(b) AR fHREIR 69— F A we s,
B RS, NARFRREBIR GER S, L XMARER A A, AR ~ R (3R ~ R');

EfAEG MARfRREIR G E R E (L BRAR F A8 N);

EfH — —BRA, MARfRRE|R & B A e 4T, X BF XARRE R FI#M), it AR = R’

Problem 3.1 WR =Z,R =Zmm> [:Z — Zpm, av> a, BIRfRS
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32 FHREFRAA

Proof X3t TVa,beZ, Hf(a+b)=a+b=a+b= f(a)+ f(b), flaby=ab=a-b=f(a)-f(b),
BfRLE LI —NH RS, BV ~ 2 AT HRAE RN THESH —LER,

Proposition 3.7 (FFEZSHIMER)

£3%R 5 R0

(HRM T HE0M R F(0)RRWETE, BFF(0) = 0';

QRFP WA Faly I L—at % f(—a)Ratf(a)dy 7T~ f(a), B f(—a) = —f(a);
A E LIRS A HR S A

(3) FERA LN, M R 42 IR,

(4) ZERA FAZ AL AR AR AT #4570, BR G F452TH f(1)

(5) ERATR AN R &Ik I

(6) FRAIRN R’ 7 3%,

Proof WRAM%GIF, THIER Z%IF @A REIR H#HE L

W B AR — {0} FEIA T e, R —{0') PHIFELE A EHHF SR

TERAR — {0} # oy T

X Fe(a)e R —{0}Yy AW Ea+0ENFEFE, Hite(aat)=¢(e)=¢ =¢(a)p(a?t)

= ¢ (a) e R —{0YWETE Ho (a™1)iBHe ™t (a) He t(a) ¢ R —{0'} (E A he’ = (a) g (a™t) TRL)
THERHR — {0} i R A

Yo (a),p(b) e R — {0’} R ERNT UM Fa,b # 05T %o (a),ob)=0RH"EFTET

W ZEe(a) ¢ (b) #0VETHRe (@) -o(b) =0 = Flle ! (a) = ¢ (b) =0 FJF

R’ = IR 3

Theorem 3.5 (FIRFEIREIZS THIMER)
EIRR ~ R, SERWTIHK, S AR GWTIHRINALF(S)ZAR TR, f71(S) AR T K.

23R L R M Kerf = f~1(0)) = {x | x € R, f(x) = 0/} RRWT 7.

Proposition 3.8

KR = R, MRAKIL (RIF, IR) WAL BFAR AT (IRIF, ). ’

Proof BAVR A ZEIL B EN % HIEA.

FEAE b B R R A IR, B i AT ] 40 IR R AL TR AR I, E M, R FERAR R EE TR

Ya',b' € R, %a'b’ =0, W FEa,be R, FEHFf(a)=a’, f(b)=b',H 0 =a'b =f(a)f(b)=f(ab).

BT f A B R Fab=0,TIREEE T, Ha=0%b=0,%Fa = f(a) = f(0) =0 Zb' = f(b) = f(0) =0".FTLL, R A E .
FEALSH.EHH R - RUZE A BAT, i RR ZEIR, A 2ARYE 20 BEME 7] 50 R B — AN EE 3.

Example 3.2 T3 fp BT (9 FE 14551
LABBIEQEHTH Z HMFM AT, B ECA Z 1T IMEEIA2Z 8 %A AL T,

R AT L, A Ze 5 H TR SH A AT, eI AL TSI EAE.

Example 3.3 —fRIFEZS T BT 5 M T ARSI 5] F
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32 FFEFAS

fifﬁﬂﬁD—F:ﬁR={(a b)|a,b€Z}1’|5f:R—>Z,(a b)|—>a
0 0 0 0
N £ & RBNZII R A T, 276 B 01, (HRIG AL 6.1 BLZ AT HIAR, T RHNA T Ih.

Example 3.4 T EFE FHEHES T MERAF
1.Z ~ Z Z [BFFAEH A& ¢ ca —> a
ZRTCER T, AL Zm N EHNT, 7, 76 % H 5 HIA.

2.%R ={(a,b) | a,b € Z}, MR TARBUEH : (a1, b1)+(az,b2) = (a1 +az, by +b2), (a1, b1)-(az,bs) = (araz, bibs) VER—1F.
Hg:R—Z, (a,b)— aERINZMHFIZ.RHFEILH (0,0) FH (a,0)-(0,b) = (0,0), BTLL, RE—NE EH T, HZEAZH T

Proposition 3.9
If ¢ : Ry — Ry is aring isomorphism, then ¢ : R} — R is a group isomorphism
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33 HEE5HR

3.3 IBE5EFIF

NHEFRA TR TR EIARI A TR, IR TR BN, {Ry;+) FE{R; +} I IE M T8
HURX T RyA LT 4ER /Ry, T HLR/ R TERIIIINE TS S HIIB BN NS HeAE.

WIRESE LR/ Ry EIRI S50, SREAER | Ry b€ SRR,

— AN EARIARESEIER /R LE X (a+Ry) (b+Ry) =ab+ Ry, a,be RAEXFERE A MR T,

Example 3.5 3£ R E X B9/ 3 = 1

2L A — DR TR, LA Ka, b,a’, b’ € RATAFAERI#F FR/Ry Fa+ Ry =a’ + Ri,b+ Ry = b’ + Ry, {Hs2ab + Ry #
a’'b’ +R;.

Proof HNEHRZXxZF,£S={(n,n)|neZ}N

1.S2Z x ZH F3

2.81E N Z x Z e fm ik B o IE AL F B

3 TFZXZ/SZmER# L

(2,3)+S~(L2)+S(EH(2,3)-(1,2)=(L,1)eS), HR4DH+S~B,3)+S(EHN (44 -(3,3)=(1,1)€S)

ER[(2,3) (4,4)]+5 = [(1,2) - (3,3)] +S (B A4 (8,12) - (3,6) = (5,6) ¢ S)

TATVENE, 1% BT IS EANG FE ) J5 R 2 PR B SR A TGV ORAIE 22 7 S R 540 58 R0 T R FRIE R AR K A&
IAEFRAI 3BT — TR R R AR IC R %A

TE X FETAEER RSN K R fea ~ b B A a - b € Ry.

DR LA FRA T HA R 5 A B, B R0 2 % A ay ~ ao, by ~ by = a1by ~ azbs

X Tar —az € R1,by — by € R = a1by —azbs € Ry.

R Fla1by — asby = a1by — arbs + a1by — asbs = ay (by — ba) + (a1 — az) bs.

EXH, a1 —az € Ry, by — by € Ry, Tiay Flbo#f il DT &

IRl i 5 SCABE, Ry NAZH R 26 /2ax € R, ya € R1,Vx,y € R,a € Ry HILIRATS H N E X.

Definition 3.9 GE48E )

ERA I, R RT3

o R I A 5 Va € I,Vx € R = xa € I, W ART A R#Y £ 32 48,

e RIHR SMacl,ye R= ay e ", NARIARW & I,

BT ALZR, ARG R, WAR A IGL LA, (— A AN LB ARG A 52 42 )
TAEFHH 0A R A-FLEA, EHE—% RT3

Theorem 3.6 GEE /¥ E EIE)
ERA—IF,SAH—F=TH
1VYa,be SHa-beS
2.Ya € S,Yx € R= xa € S(ax € S) [ax € S,xa € §]
2K — AR (HEA) [RiLEH]

Definition 3.10
— /NIRRT ARG IR B IR
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IR, 3B R
(FIAR\ {0} # i 2%, RAEFEA —ANE-FAEB 0+-xeR=—0#x e R=—1cR= BHEN LK)

Proposition 3.10
LR RAEAEALE 2 EERTHF SUFTRRETATAEZA

Proof FATKIEHEM, (P)F A FEEEA

air aiz - daip
b E A A Y = azi azo aon
WIRM, (P — B, BL# (0} L IFFEFTEHA=| " lertda, #o0.
Apl An2 <+ Arm
- 1
*F(%%EF$%E%‘:€EU = a_EiSAEij’ l,J = 1’ 2’. -, n,
st
bi1 b1z -+ bin
. b21 b22 b2n n n . \
Hi, EEB=| | eMu(PYEB =) bijEi; € 1531 = My(P).FT LU, My (P) T R E R,
: : : i=1 j=1
bnl bn2 bnn

KA H B E R &R T WL A, M, (P)EFOC = (T Enh kB TE), B TM,(P)REEER
B M, (P) &4 5 20 2 M, (P) #1 F 31 E T~ & M, (P) H9 B A8,

Problem 3.2 IE48 Y15 % 5+

LEEHCAZINE — TR IR WImZ, m > 0.95 5 AR E LAEmZA2Z AL BAE, I mZ, m > O 2 ZFT A 1 # AR
2. % EC(R).HUExg € R, & X Zy, (R) = {f € C(R) | f (x0) = 0}, W Zy, (R)ZC(R)FIRIHHLAE.

3R — 5, FEC™ (R™) T

BATE L0, = {f € C® R") | FAEXH)—ANEBIU, 1T f(y) = 0,Vy € U} JWEZTAEO,EC® (R") [ — D FLAH.

Proposition 3.11 GB%8 FIRHY3Z HFNEBR)

1.KARMTIH, JARNTIH = K +JRRNT I

2.KRRY T, JRRWHEE — K+ JARWTF

3.KRARYFIR JRRGIEI = K+ JRRMIZAE

4 KRROGHEB, JZRWIEE — K+ JARGGHEA

5.KZRMTIR,JERWEE — JREK + JHYIZ A

6.32 A9 R IR AR T A (F 309 IR AR T3

TKRRW TR JRRWIEE » KNJARHILHE

8.KARWTIA, JARNWENL — KNJRAKKIEHA

9. KERNTIR, JERWHEMAE = KN JAJHEA

10.KZRMF I, JRRETIF % K UJRRETIF (&£ E &5k A K, JHRHy 3 ABAR T HE AR 21)
INANZRGFMAEBREZEMHR—ANCETH AN (BABENHNABRLER NS F )
12.K57H 2 ARG — KJ ARG I

Proof kyj1 - kojo = k1j1kajo
———
eJ
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k1j1 - kgjg = k1j1 - k2j2 =k*e e KJ (ﬁi’l%@"/l\klh%)ﬁl@ﬂi%ﬂﬁﬁﬁﬂm Zﬂ:’]&}ﬁ)
N—— ——
€K €K
= KJHRHIER

Example 3.6 KZRHIFIF, JRREIFIF = K + IRREVFIN
ZIHIAF (x,y), THF (x), F (y)

Example 3.7 K2RHITIF, JERIIERE » K + JRRHIIEE
WIAZ x ZH: TER (FEEAR) : {(n,n)} AR : {(k,0)| k, I¥B1B%K)
(A {(n,m)} + {(k, D) |k, FROAEEG IFARERAR BON [(1,1) + (2,41 X (2,3) = (6,15) ¢ {(n,m)} + {(k, 1) | &, I#B %L}

R 8 A 1 R T A M — 3 R
Example 3.8 KZRHITIF, JERRHIEE » K nJERKIIER

HAZ x ZH: TEF (FEEAR) : {(n,n)}  FRAR : {(k,0)| k., I¥B 0%k}

BB {(n, )} 0 {(k, D) |k, IS AAEELY = {(m,m) | m AABE} & RIETHEIFAR R B4

Example 3.9 KZRHTIF, JERHIEE » K nJ2JHIEIE
WIAZ x 2o T (FEHAE) : {(non)} B {(k, D) | k, IEE9IB%L)
BEE {(nym)} 0 { (K, D) | &, TESONAEEL) = {(m,m) | moAfRE0 (HREL(2,2)  (4,6) ¢ N

——
eni

Example 3.10 FIFHH KR4 2 FH R FI

WR=(Z,+),H =2Z,Hy = 3Z, WH, U Hy'"" 70 R BONIREL, BOA3HIAE 5L

[NN2€ H CH UHy, 3€HyCH UHy, H2+3=5¢ H; UHo, FUNSEEAZIBEL, A 231154k
IR DUE HHy U Ho R T INVHE SAE A, T LB ARG 7R

BUESRA I 4 — TR AR T 1.

Definition 3.11 (4 g IE*8)

IMAESAHFROGIEETH, NRF A O ASWIEE XA ERGAEWN, Pl mREAFHAE—A) Z AN ARG
ARAESERAGILA, 3T H(S).

BT (SYRRFOALELASHRNEE FEE d E@RGZ L, (S)AEE HEAS.

5 —7 &, BAS)RA OASHIERZ L, BRALT O A S — 7 6,4(S), B(S) A& ) 9.

do R AN R IR A — N RS A A AR A AT P RO TR A A T2 AR

Definition 3.12 (EIBFE 54 K TT)
RIA R ILH, o R B fa € MEFF] = (a), WARI A I, WafRk A 16— AR

Theorem 3.8 (FIRAEHYZEHE)

RA—AIR, A AH—ATF {a} £EREZBIPRY X Fat) T LA

(a) = {Exiayj+sa+at+na | xi,yj.8,t € R,n EZ}.

Proof 1A% &I ={Yxay;j+sa+at+na|x;yjst€RnecZ}

— @Yk, ko € DIWEF 451Kk, = inlay} +sia+aty +naky = Zx?ay? + Soa + ats + naa
— k1 —-ko€el

HVk, e 157 € RWH oKk, = le.lay} +s1a+at] +nia
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— kir = E xilay}r + siar + atir + niar
S~—— S~ S~——

‘,—__/ B S S
H Y xray; £E A xiay; RE HarEAE  =a(nir)AHarkE
ékkli’EI
I —NER

2.8.41 {a} C IN & (a) B9 F X 03 (a) C I
3HTHEE—NEET {a} EARNEAL, WY xayj+sa+at+na el

= I1Cl

A L5 A B = (a) WAT C (a)

% L1231 = (a)

Corollary 3.2 (Ff73IF R TR EIBERILEH)

ERAMR Az AR, W (a) = D x;ay; | xi,yi € R};
ERAZ I, N (a) ={ra+na|r e R,nel);
ERAA EAZ AL %IR, M (a) = {ra | r € R} = Ra = aR.

BRI RE A BRAS 7T 2 A2 I AR 1) 25 44
Theorem 3.9 (BRANJTE 4 B RIIETELEH)

ijﬂial’QQ,“' »dn GR,}JFZ (al,a27”' 7an) = (a1)+(52)+"'+(an)'

Proof [ #a; € (a;) C (a1) + (a2) ++ -+ (an),i=1,2,-+ ,n, REFE %0 (a1) + (a2) +- -+ (a,) EEE T Eay,az, - ,a, WEHE
M (a1,az, - ,a,) 28 Eay,az, - ,a, N Fw/NEE JNTHE (ar,a2, -+ ,a,) C (a1) + (az) +- -+ (an) .

H—FEYa; € R.(i=1,2,---,n), 8 (a;) C (ar,as, -+ ,a,), ¥ (a1) + (az) +---+ (a,) C (ar,az2, - ,ay).

BTLL, (a1, as, -+ ,a,) = (a1) + (az) +-- -+ (ay) .

Theorem 3.10 (3T A If _E FIBFE SRFARIZ544)

ERAXII K ={a);J =(b) HIZH
KJ =JK = {(ab) = {ba)

Proof K={a)={ra+nalre R,neZ} J=(b)y={sb+nblseR,neZ} (ab)=(ba)={hab+nablh€ R,necZ}
BETHEKIEE —T (ra + na) (sb +nb) € (ab) Bl 7]

H (aby ¥ & ——5(h+ne)ab € KJ
—_———
ek

Proposition 3.12 (ZEH L HIRFELE4)

#t—3F, T G RAZA AT AR R £ 52 48

Proof RIZZI—ANER FIAHFTEM NI = (0);

FIAAEFEZE NIF T URE RN EEHa, R LEANBTZHI = (a).
BHF (@) 1

Rz Nbel,Fb=ag+r, HFgqrez0<r<a M 2r=b-agel
HTaml T8 m/NEES, 7 5r=0,80b =aq € (a), FI C (a).FT L, I = (a).

100



3.3 A 5R;K

Definition 3.13 (I EN)

ZRA—AIR, R RO ILI F EA kB (R, +}) 5 T F I BRI, ¥a € RFTEMSEN £THa+ 1.
BER/I LR LT EHT  (a+1)(b+1) =ab+ .V EAR/I3 T B 269 hmik AR L K F MR — AN
AR A R3TT A0 B 3R,

© Note 7] @ &A1&l R/ I3 T 8 269 Ao ik M) sk — AN 33 2. L AT @ 69 0 AT 418, 4o R IR IZR, W 2 LB E AR/ IS5 % A3 TR
B puis A& A3 H. Ll T Ri% RS, R/I0 kit R 45 S 4.
BJE, MAEMTa,b,c € RE
((a+D+b+D)(c+D)={(a+b)+D(c+])=(a+b)c+1
=(ac+bc)+I1=(ac+I)+ (bc+1)
=(a+D)(c+D+(b+D(c+I).
EMTIE @+ D((b+D+(c+D)=(@+DB+D+(a+D(c+ 1) BPHBLEm L.
B ®R/IAZIR.

Proposition 3.13 (FIFBIE AR JR)

Jo B RA IR, W R/ 4.2 T IR,

do ERA LR, B1RRW (2T, MR/ A LK, A1+ [ZAR/I% %457,

W RRARER T, BAR/IALARER TN (Fa+Ixb+1=0+1=abel)

(RAZ[x] #, (x*) ERAHILEH {x1f (x): f(x) €Z[x]} AR AkEx+ 152+ IRRR#ERX -x? =x3 ¢ x1 f (x))
Mol ZR T EBFIHRALRZ/(4) = Z, A RRF IR

#: Exercise 3.2 TE¥ ZE Z AR Z[x] F, FATREHAE (2,x).
Proof [F #Z[x] & — A ¥ 40708 38 # 35
HREEEKEBBWEM M
(2-x) =(2)+(x)
={2f(x) | f(x) € Z[x]} + {xg(x) | g(x) € Z[x]}
={2f(x) +xg(x) | f(x),8(x) € Z[x]}
={2ag +xh(x) | h(x) € Z[x],ap € Z}
= {HERNBENTEERAHE LT}
TERMNFILER 2,x) F2Z[x| W EHE
B (2, x)BZ[x|— N EBE B LFEEp(x) € Z[x], FHE 2,x) = (px) = {p(x) f(x) | f(x) € Z[x]}.
H A2 e (px),x e (pkx), BlFEEgX), h(x) € Z[x], EH2 = gx)p(x), x=hx)p), H2=9Xx)pkx), Fpkx)=aci;
X Efx = h(x)p(x) = h(x)a, Fa=+1.T 2 +1=pkx) € (px)) = (2,x),

# Exercise 3.3 &R = R[x] & EHIHR L1 — w2 TAIRC = R[x]/(x? +1)
I=(x*+1) ZR EMZTAx? + 14 R 3 2R
Proof HH f(x) eR
W EHERREGFEF(0) =g(x) (x2+1) + (ax+b), £ Fg(x) e R,a,b € R, TR f(x) = ax + b(I), ENER[x]/(x* + 1) P,
f(x)=ax+b, ATR[x]/ (x> + 1) 2t —F & £ax +b(a, b € R)FTH &, BIR[x]/(x2 +1) = {ax+b | a,b € R}.
WEA9:C—R[x]/(x2+1), ai+bw ax+b, TikeH FHB 4.
O A A,
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Fax+b=cx+d, N (ax+b) - (ecx+d) € (x*+1), Bl (@a—c)x+(b—d) =q(x) (x* +1), Fa=c,b=d, syl #4t.
HA
el(ai+b)+ (ci+d)] =¢[(a+c)i+(b+d)] =(a+c)x+(b+d) = (ax+b)+ (cx+d) = (ax+b) + (cx +d) = p(ai+b) + ¢(ci+d);

p(ai+b) - p(ci+d) = (ax+b) - (cx+d) = (ax+b)(cx +d) = acx? + (ad + bc)x + bd

=ac (x?2+1) + (ad + be)x + (bd — ac) = (ad + be)x + (bd — ac) +m = (ad + bc)x + (bd — ac)
= ¢[(ad +bc)i+ (bd —ac)] = ¢[(ai+ b)(ci+d)].

F b, #A15F 21C = Rlx]/(x% + 1) .

Example 3.11 FI A 228/ & £
TH—E R HEE? A —E.
LAEMZ x ZH, #5S = {(n,n) | n€ Z}, WSEZ X ZI T BN Ta=(2,3) € Zx Z,u=(1,1) € S, Hau = (2, 3)NETS
R, SARZ x Z I HEAE.
a b ) }
| a,beP
0 0

2R = Ma(P) = {H38.P LT A 20 46 FE ), A = {

AR —N T3, (HAN Z R — A ERAE,

ﬁ,ﬂx( b )eR, (1 ! )eA,ﬁ( b )( ti ):( L
1 1 0 0 1 1 0 0 1 1

Example 3.12 8303182 E894]F

2 e SR E 2 x 25EFEIRR = Mayo(R)
FIER, = {( Z 8 ) ca€R,be R} 25 DK R A& R A2 FLAR I AN J& A5 AR

gA

KA, HIERy = {( g s ) ca€Rbe R} B KL Ro 7 R A FEAR T AN 2 2 BEAR

Example 3.13 12780188 1 B 21818

FE— U R HAAZ (]

(x2) 1EZ [x] HAE R FRARZILREN {32 f (x) : £ (x) € Z[x]}

HH (SYTEH (x2) BRI EAR {kx3 + x5 f (x) | k € Z, f(x) € Z[x]}
SR ENANIZZ [x] HEEAE

00 x 000
RNEF L= E=MATTEHN =310 0 y|.x,yeFy, H=4|0 0 a |,a€F
000 000
B LIAE : N/2RMIEAE, HRNFHEAE H 2 HA R R AR

#: Exercise 3.4 TE# 25 2 DU Z [ x]H
FATHRE B (2, x). Nz [x] 52— A AL TC RIS bA 32 BEAR A 25 K4 ]
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(2.x) =(2) + (x)
={2f(x) | f(x) € Z[x]} +{xg(x) | g(x) € Z[x]}
={2f(x) +xg(x) | f(x),g(x) € Z[x]}
={2ag +xh(x) | h(x) € Z[x],aq € 7}
= {HEOV B TR B R 52 0}
NHIRATRIE (2, x) N A2Z [x] B FE AR,
B0 (2, x)ZZ[x] B —A LB, IATEEp(x) € Z[x], 15 2,x) = (p(x) = {p() f(x) | F(x) € Z[x]}.
A2 € (p(x)).x € (p(x)), BIfFEG(x), h(x) € Z[x], 752 = g(x)p(x), x = h(x)p(x)
B2 =qg(x)p(x), Sp(x) =a e Z; XIfx = h(x)p(x) = h(x)a, 1Fa = +1
TR +1=pkx) e (pkx)) =(2,x), X5 +1¢ (2,x)F)F, FIL, (2,x) N EZ[x] 1 EHAH.
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3.4 FHRMEARES KRS

Definition 3.14 (B 2A7#[E7S)

RIAFRRGIZAE MREIR/ I ARSI : R —> R/I, n(a)=a+IA—NHRS,HABRRS.

¢:R>RA—FRAL
1.KerpH 32 42
2.ImeH TR, FHH—FEALAFRLS, Mok A

Theorem 3.11 GFEIZSE AR EIE)

% f:R— R RIARBSES, 41 =Kerf
W G AER/IZIR 69— F B SR f* 4213 f = f*oy, EFYRAREIR/INAKRRAZS.

Theorem 3.12 GA[E#5E —EH K EIE)

& fRIRR BIFRR M H R A, iCK = Kerf.ikn AR BIR, /K A KRR %,
(1) BAEMBEIAR/KBIR R M f, 115 f = fom BPA X B4 T
(2) Rl/Kerf =] R2

R1 RI/K

Ro

Proof &%, fIEAFREL, —F A& MEEE {Ry;+) Bl {Ro;+) OB E A MatE W3R EIR, /Ker fHY B K [F A&
— B RMEBR B B AER, [Ker fHIIF B K F 4.
HAFNEAERZERNIE, FAEEWEER /KerfE|RMNEEM fEHFSf = fonr.
KAV, f—F AFEA. M RFIEHAFRFRE S ETa,be R, A
f(a+K)(b+K)) = f(n(a)n(b)) = f(n(ab))

= fon(ab) = f(ab) = f(a)f(b)

= f(n(a) f(x(b)) = f(a+K)f(b+K).
SE R FR# Tk K f A Ry [Ker f 3| Ry BIFF F M, E TR, /Kerf ~ Ry, BB b 2 # A

Remark WRNIF, MRIME—DMEHHZRMFABR, K2 —MRIEZZ (fILR) SR/ Ker f AR

Theorem 3.13 FFEHE —E AR EIE)

X fRIRRZBIFF R F 75, 3K = Ker f. 1
LfAEFTRIFOAKNTHRER T IR A6 ——3F 2, BI32 8t o 2] 52 48,
24w RIAR 693, L& AK WAR /I =R/ f(I).
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Proof HEWESERTE, FELTRIFTAAKWMET IR A0 EFREZ A —— % 5L, 1T H £
BZ— T, X — 2 R 2 X AEE X : B H A {Ry;+} WEAKWnE T2, N F(H) = fF(H)(BTHAEf TEIGE) A {Ro; +) 19 T 7
Rz, ST {Ro;+} N FBH, f~H(H) = [~ (H') (BIH' B =4 B%) — 22 {Ri;+) A KH T 7.

LIAERKANTEHA T 4% -

(a)RH AR B9 T3, EH 2 K, N f(H) A Ro B T3 — S AR X T A FUgh B 5 ot 7

(D)EH C RoZE TN (H) BRIEESKINFHR. L4 FL(H) 4K, B I RFIEHAE Y FIF.
FlRiE—F, X B XEZHT W

(c)ET > KAR HIEMAE, N f(I) A RHE R (a), f(I) R TFH. X EMa’ = f(a) € f(I) X’ € Ry

B f RS, FTBx € RiFESf(x) =x', M HINBEZa'Y = f(a)f(x) = flax) € f(I),x'a’ = f(x)f(a) = f(xa) € f(I).
T f(I) A Ro B A8

()BT HRMEA N (1) A EAKHER & (b), [~ (I') A EAEKH T,

XA Ea e f~ (I') Bx € Ry, I AR, F f(ax) = f(a)f(x) € I, f(xa) = f(x)f(a) € I' HKax,xa € f~H(I').
B f~t () AR BIE A,

(e) bt Z Sh e (b) F A4 £ 78 B Ry F 84 Kerf T35 Ry T I BB A2 AN it 4T

(f)#Hy, HoZR T HANE4E KerftH T3 Ef (Hy) = f (Ho)

#Vhy € HHW3hy € HyEE £ (h1) = f (ha) = hy — hy € Ker f

W[ 4Ahy —ho = h3 € Kerf € Hy = hy = hy + h3 € Hy

WiEEH CHyF 78 Hy C Hi#{H, = Hy = fA %24

GELrmRATEX

2B IER M AEKHERE Zn ZRyEIRy/ f(DEERFE AN A o fAER FIRy/f(I)HI 4.

HATLIEH Ker (' o f) = 1. Ex € L N f(x) € £(I), \Tin’ (f(x)) =0, ¥x € Ker (7' o f);

7 — 77, #x € Ker (n' o f), W da" 8y & X ¥ ff(x) € f(I), Hx € £F7H(f(D)).

m1 KA E, fEST TR FEAKHERIRMEBRY —— X f. R & —FHEEHHER /I = Ra/f (I)

Corollary 3.3 (£ Z I EHE A EE N AEBRHEHES L)

I, LY FRGIZE, B C Iy
LUWARY A THLHFTHRER/LWTHREG——3F
2.R/I> =~ (R/I1) [(I2/11) .

v
Theorem 3.14 (RS = E A EIE)
¢: R>RWIFFRM, N=KerogRGWHEZH, HRGH T
1L.H+NAHEQT &% (H) T 2RELAQ(H)=¢(H+N)
2.H/HNN = ¢ (H) = ¢ (H + N)
Proof —HHEH+NZRH—PMFHREsmi#Ee(H+N)=p((H) HHEAHE X REE
H+NZHE THGe (H) T2 REE
WM |y H — ¢ (H) %3 i B A LA Kergly = HNN
BHEHE —EATELEH/HAN = ¢ (H)
Corollary 3.4 M EIHME=EXEENAESBRFRESL)
BRI, JHFRRGZAE, MARMUI+I)/1=T/(INJ). .
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34 FORMARTHE L RES

Definition 3.15 G R B 5 Rk [E44)

B R1, RoATAIE, — ARy BI Ry W B oA — AN BB 25, 4o R

()R {Ry;+} Bl {Ro; +} 09 2 R &

(2)%F4E4Ta, b € Ry, A o(ab) = ¢(b)¢(a).

o R — AR R AR M, AR R BRI A 4o RFBAANIRR, RoZ A A4 — /N B R M), M ARR, 5 Ry & B R H)89.

Problem 3.3 BP AR, 7EAP> b g L @, p(A) = A7, Wi — AN [F44).

Definition 3.16 GFHIZE[EZS)

ZR1, Ry AAAIR, — AR, BIRy W9 B St oA ) — AN E B &, 4o B
(1)@& {R1;+} 2] {Ro; +} B9 R 55,
(2)34E4Ta, b € Ry, ¢(ab) = p(a)p(b) Re(ab) = p(b)p(a) £V H —A kL.

—ANEFABYERAR, AGCAEAENFRRINRGEALE—NFR S0, g TERS, ERZRRE.
ReAFRR BIRGF RS, MR AR A, RAREE.

Proof EATKF AL FE—BATRE RANEFHNF X — LR RIEHAREE.
W H IR B Ryt H B A AHEE B £ 8a € Ry, & X
la={b € Ri| p(ab) = p(a)p(b)},
ra ={b € R1 | ¢(ab) = ¢(b)p(a)}.
RAVET g, r DR A E A {Re;+} B9 F 8. R XL, R, X r, B BR K L.
HO € Iy, Bl 3E = s, Ebe, by € 1y, WA
¢ (a(by—b3)) =¢(aby —abs) = ¢ (aby) — ¢ (abs)
= p(a)p (b1) —p(a)g (b2)
=g¢(a) (¢ (b1) — ¢ (b2))
= p(a)p (b1 — ba),
B Wby — by € 1,.3XEBH T HATHIBT = .
A&, KA1EL, Urg =Ry, Bl = RiBr, = Ry S0F — AL
HERNEXR ={a€ R |la=Ri}, R-={a€Ri|ro=R}. 58 EEMUTIL, R, R, # k% {Ry;+)} B9 T #.
THEWERHAR UR, = Ry, HLEANTAR, = RiER, = Ry, Blp A B AR B A.

Proposition 3.15

ERAFFIER phy L E B F L3k
IEHRE|RIIEIF :a— a’? RROR L, A FrobeniusBls. RAFFRAERERL, LLEARM?

Proof HIREWRMENpATER FREI, INTF(a)+F(b) =a” +bP = (a+b)? = F(a+Db)

HF(a)F(b) = a?b? = (ab)P = F(ab)

ATFAFEA. XEHF(a)-F(b)=(a-b)’ =(a-b)(a-b)P"1 =0, XLEHEF

M#Ea-b#0, W@-bP =0, ANTIEFHTETEa-b=0, T/&E, a-b=0, BF(a)=F(b)¥4a=b, WHERL
BATERZ,[x], 2 NENFAE N pHI I 27, HEf(x)g(x) =0

W& RERAE L H—NEZTAN0, #MEFEET, ERAS(X) > (F()P TN EH, BIA—ARAE.
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Proposition 3.16

BRARI, EARIMEATIHRGIFRERSE—RRERE

Proof iEBAEHRARIF, BUR* M A, NMERETRLS

#fla)=f(0)=0, Wiga=0 TMHFaz#0, H2Afle)=f(a-at)=fla)f(at)=0, HTMEASHTEA, TE
#a=0

WY f(a1) = f(az) = f(a1—az) =0= a1 —az =0 = a1 = az

WYL S A LR, BFAE.
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3.5 CRT T+ EH# 4 % ¥

3.5 CRT HEHR &K EIE

BTRALE, I, 1o ARMIEE, HR=11+1
izjiiiﬂﬂi“]’ﬁrﬁal,ag €ER, ')Z:/f?/ﬁ:a € R{if%’ra —a1€li,a—as €l

Proof LA HR = I+ 1o, }}\ﬁ%‘sz_rl,sl €lqi,ra,59 € Iﬂiﬁ%al =ri+ro,ag =51+ 52
MNTTE Ba=ro+s1, Mla—a;=r —s1 €li,a—as=rg—s9 €y, BiL.
Definition 3.17

ERHN LR, ILJHRE, KMNARLIEE, weRI+J =R, BAIMARRY LEx, yBEBEIR A, wRx-yel, FitHx =
y(modI)

-

Lemma 3.4 B2 B ZHEFEMEN)
WREZWEN T L ZRN AR, LIAER, NILJLEZWAE AN GRacLbeJiEFa+b=1

Proposition 3.17

1.Suppose 11, 2, - , I, are ideals in a ring R . And we denote [ as I; N ---1, . Then [ is also an ideal of R .We have the
monomorphism

¢:R/I >R/L®R/I,& - &R/,

defined by
or+D)=F+1L,r+l2---,r+1,).

2.1f Iy, -, I, are pairwise coprime ideals, then for any 1 < j < n,/; is prime with respect to the product of the other ideals, i.e.

I and [];,; I; are coprime.

Proof 1. RARINRWEME MBS N INEA, H Kerp=1, N3 EAHEAZEERZIL.
2.Without loss of generality,we assume j = 1,then we need to prove that /; and I3/5 - - - I, are coprime.Since /; is coprime with each
Of 12’ 137 Tt In’SO

(I + 1)1 +13)---(I1 +1,) =R

Then,R =1+ 1213 . 'In

Theorem 3.15 (F1 [EFI & EIE)
ERHA LR, Bl Iz, I, AP LE LA
x=r1 (modl)

x =r9 (modls)

WAL ZEr,ro, -+ ,rp €R, BIRTTAZA A, BEBRLNLN---N1HE LT #E—.

x=r, (modl,)

Proof XNEEIFAMZOET: RERLJ K, BIS5I,K¥HE %, WIEJIKE %

B SEJK BT 40 2 R TR A A 8] AR A R

EEEFEa,bel ceJ deKEBa+c=b+d=1, ANfil=(a+c)(b+d) = (ab+ad+ch)+cd
M#EHEab+ad+cbel,cd e JKEBF AL, WISIKE S, R THEENEE —RIEL

108



3.5 CRT ¥ B #| 4

il

—F'LQJ, = HIjjbREFEE_Z@, H’ﬁiiq%ﬂhlﬁﬁﬁiéﬂ(ﬁi{a, € Ii bi S Jifiﬁ"ai +bi =1, }‘}\ﬁﬁr,’bi —r;=a;r; € Ii
J#
ﬁ)’(ribi = r; (modl;) , _E].ﬁ:%:] *1i, Ehb,' eJi, éﬁ(}"ibi € Ij, ﬁfﬁ*}%]j//%o
% FAx = Zribi% Bl 4 F R —AMEE X 78 #fxg, Nx =x9(modl;), 1 <i<n, Niflx=xg(modly NlaN---N1I,)

i=1
HERMNEAT PERARE (CRT) ZiEH,

EARH LR, Bl [, W AR ELEHEZA, mujR/ﬂl,-s@R/li
i=1 i=1

Q

Proof o :R—>R/L&---®R/I, x (x+1I1, -+, x+1,)

ME#HK Kero=LN---1I,

MaFERcER, 8 (.72 .T) ER/LL® - ®R/I,, Flx e REFo(x) = (1,72, .Tn)
Wo N FE A, B s ey E A E AR EEE

Theorem 3.16

Let R be aring and I3, 1o, . . ., I,, be two ideal elements of R such that / = I1 N Ix N - -- N I,. We have the following result:
Lety:R—> R/[L®R/Io®---®R/I,, where y(a) = (a+ I1,a+I2,...,a+1I,). The mapping v is surjective.

Proof By the result , we only need to prove that the following condition holds:

vy:R—>R/L®R/lo&---®R/I,, vy(a)=(a+11,...,a+1,).

According to the previous reasoning, for any index j where 1 < j < n, there exist ideals I; and £; € Iy ...I;j_1lj;1 ...1I, such that

sj+{; = 1. Therefore, we have the following relation:

1+, ifk=j,
€j+lk=
Cks ifk#j.

Then, forany (a+1I1,...,a+1,) € R/ &--- & R/I,, we have:

a=ail1+---+ayl, where a=a1l1+---+a,l,=0+0+a;-1+0+---+0=a; (mod Iy).

Thus, we conclude that:

y(@)=(a+1i,...,a+1)=(a1+11,...,a, +1,).

If my,mao,...,m, €Z are coprime, and m = myms ... m,, then the following holds:

Zm = Zm1 D ng D---D Zmnv [a] = ([a]ml, [a]mgv ceey [a]mn)'

Proof By the previous theorem, the general solution to the equation is the following:

ZmEZmlea"'@Zmns [a] H([a]ml’“-v[a]mn)-
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3.5 CRT ¥ B #| & < 32

Theorem 3.18 (Euler’s Function)

ni nz

Letm = piipy°.. .pzk, then by the previous proposition, Z,, = Zp'fl ) Zp;l2 OB szk, we get

Zy =22 ®L Gy @ DLy
m pll @ P22 & @ p k

k

Proof Thus, we have:
e(m) = o(p1e(py?) ... o(piF).
Now, we only need to prove that for ¢(p™) = p"~1(p — 1) for p prime: we know every number that less than p” can be expressed as
ap+b, a=0,1,....,p" 1 -1, b=0,1,....,p-1.

Hence,such number is coprime with pif andonly if b = 1,2,..., p — 1, so there are p — 1 such numbers for each fixed a. Therefore, we

have

e(p") =p"(p-1).
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3.6 ¥R LA T %

3.6 EIr ERFETF T

L

Definition 3.18 (28 5FF)

BXRA—/NEIR, a,beR, ZHAc e RIEFa =be, MarewmbErg, XTLARbAaIREF.

Definition 3.19 (18£)

BTRA¥IL, abeR, EHEARVWELE (RETHEAL) u, £1Fa=ub, WiHabbratk, 2Ha~>b

Definition 3.20 (EJLEFS5EEF)
ERA—ANEIR, ae RN ¥4z Hatatk oy TAAR Haty-F LR T
ARF: a9 ¥4z, RHatatkey T

Definition 3.21 (1) AIATTEZ S5 EZ T H)

ERAKIK, aeR*-U
LEFaRBEEERT (RABTFRAAFLAT), WKaALTHAE, RZ, MArahTHLE
2.p R —U, R ETa,be R, p|ab%bp|aRFp|b, NikphETE.

Definition 3.22 (A F5 A EF)

MREnAS L Far, az, - ,a,, FcHARERCM, HRALG—PNET
FCAMN—ANE T Ak LR AAET—ANEA T %R, MNAALG— I ARRNET

I (

Definition 3.23 (B [& Fi%)

FRF O —AAFEFTNay,az, - BETER > Laga AaWER T, WALAYAET#

Proposition 3.18
lat@ttTh & a~b e alblbla & Ju c Ui Fa = ub
240 ARFHFM KR LAR T 2 F BN TRENEAAXZ
3.aR ¥l e=a~1 BELETHENETLEGET
LEEERART, BLRAARTALEART $L0AFAREEE
5 AR THTARHEAEE, LOLEHALR S HAAF — Mz E
6.ab5btm KB -FEMEELTE—, 2R (a,b)
7.(0,a)=a ul#Eiz(u,a)=u
SEAFTHEEARAMEZNRAART AL, LEMEELT (a,b,¢) = (a,(b,c))
9.5 FAEAT 9 a, b, c & T % 3FR, W (a,b) ~ (ca,cb)
105 T4 8a, b, c & T 3FR, % (a,b) ~1,(a,c) ~ 10 (a,bc) ~ 1
11.%a € R* - UHa=pqgk ¥ phatd AR F Mgt Haby L RT
12 REGEFAE OF) TAKS OF) 4
I3 #3RRY, kATRTALE, WS A FHAEE 46 RAR
U cCARTAHN & c=ababFa, bE P EF—AHEHE
15,014 FL—RRARTHT

Proof 4.k ¥Efuf —NEH FalbiEa | ulERa=u-u"taT/E
BEHE N ATpERp |uGHE R | p= u~ ptipth 2N
EZp AL ATRETR —-UFE
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3.6 #I3X L&y IR T %

5.8 BMEMIRA > 2 EMARM— MW ERET, HEMIT2 WAL RRE T

& EAHALR AL, MR A28 a1 A £ A8 F 0 2 88 7 AL (4.) B Rax y B A BEAE A B H T A+
HEEFHEF T2 HI 2

FOHIARESE T > 20000k, W @A AELZOS0TUREREZ A2, HFARFT
HOT & HIEEF > 260K

6.5 TabbimRAAHFHEAMEANdEGLA 4 d & ANEFEX fiE
d| kBk|d= dHFk

8.1C (a, b, ¢) = d11C (a, (b, ¢)) = dy |
dl | a,b,c - dl | (b,c) - dl | d2 dglaﬂdz | (b, C) |b,cé}(d2%a,b,cé’ﬂ/&%éﬁ(dz | dl
WEAER X Td =ds

9. THIEH: 1E1Ta,b,c € Ri,c(a,b) ~ (ca,ch)

Tt a, b, e A AE. % (a,b) =di, (ca,ch) =ds

WTS : cdy ~ do

Hdi |a,di|b, FA1Fcdy|ca cdi|ch, ¥cedy | do

H (ca,cb) = dy = #ca = urds

Hedy | do = da = usedy

MEAVE ca = urusedr, Mia =uiusdy, Huodi | a, BEHusdy | b = usdy | di Xdy | usdy
= usdy ~dy, Hus B HEAL

Hds = uscd; = tedy ~ ds.

Proposition 3.19

1. a € R* &< Ra =R.

a~b & Ra =Rb.

b|a<<> a€Rb<<= Ra C Rb.

bR ath?# T & Ra C RbCR.

a RATHTL & Ra = R WGW K LA,
aXFETL > Ra % RMIFRZHEA,

O Y

Proposition 3.20 (BIfFH) &N EH)

FHEM: BATRTHOLAHAZLE

ANRFEA: RPEMANTHA RKNEF

A5t #M—5FARTHRHARAARKE

AR fREM: RF-UFT T —ATEa, aATEAARARTHLE GRAR

SR — St Fa=pipe-pr=qiqa = qs = r = sEERAFRBRFGELTLEp: ~ q;

Definition 3.24 (Mf— 43 2223 UFD)
RHEIRRIH A Ry 5, LBRLSME—M, B {Eflaec R*-U
o Ra A AR a=pipa---pr=q1q2- - qsFEFp1.p2, - Praq1.q2, g ARTALE, MAr=s
W BLE S L BIAFT AMEAEp; ~ qi, 1 <i<r, WARAR—HMER.
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3.6 #3x Loy R T 5

Proposition 3.21

BALTEL Y, FLE—RARTHALE

Proof X#EHKR, EBpe R -UN—NETE, Rahp—ABEF: WTS: aXyptiFLEFEIH
WA A5 p =ab BfE% F p | adip | b

Epla=p~allahptitaFTtHF, #FJLETF

FZplb= p~bllp=ub®& N\#%%la=utH-FLET

Lemma 3.5 (BIR D MESF S EFHFHFM)

—NERHRFRDBHEAN — LBRA TSN

Proof SBBIXEINRH A RH M5 1.

W Ray,az, - ARV EE TH, MEELRE, WaTHEM > 1, aq #EaEE T

ar* [ AR ar = apabiers B b R a9 EH T (¥ F RAE#%)

R HaTFE—MaBAR, TU—E2M T, GHARSMEMTE. BHLRERETHLM

Rz, RRi#ERETHLEMHFKIEHA: R&ERF RS EEM

FWE: ac R -U, B 5af AT A THENET (FRATTLHETF)
Fah T TN H AR & B A Hat ¥ 49 1H 7

Fa® 4], Wa=aiby (EFar, by HaWEZFET)

#ay, byH — /A L NAE 5

Fay, by #E AN UL ay = asbs (ag, bo# Har I EFH T)

# ag, by H — N 2 AE

#ag, bo ] L RALEY T £ T 55 BAF

KRN URE — B EH T8 a,a1,a2- - 5E FELHT ERETE KL

BETR: Ra=piay (BFp1 R ATT,pr e U) H Hae R —Uikay #0

#Far € Ulla = (prar) (RIS 4 nii B T A AT 470) MELE¥KaE AT — M7 4 ey R
Ea) € R* - UNE AR =52 a; = paas (ﬁi EPPQ%;F"’Té’ﬂfE,pQ ¢ U)

BT REAG Bl py Ha® BB F (FI R RAER) L B3 a b Aa EE F, Has #0

Fag € Ulla = py (paaz) BE A T FAA W 29 70 e AR

Fag € R* — UN E # 4| FI 7 5 1% 2las = psas (£ F ps B4 470, p3 ¢ U)

Wt BER Bl po Har W EH F (AR FOE) ML B FHast Ha WEE T, Has #0

DI REE WA RELT TENE—EHAEHT8%: a,a1,a2- -

ERTRAGCTER LR REELZ—ZFLE, MEESERRET AT ETMHRAA L4 T FMR

Lemma 3.6 (X EF A REHEL FFZM)

HEIARHANRAF 54 = RBELF &4

Proof Blp e R  —UHpA— N AT A%, BERHAp A ZETEWTSE: plab= p|aZip|b
RAE#EEptalpt bibet Xph— M A AL &

(p.a) =di Ndi 16K ptI E F BT LR B8 B B AT S H B p i AEH 7T

#dy A pWI AR TTup, Mup |a = a=upt = p | aT &

MNdy A EAN (p,a) ~1EE (p,b) ~ 18 (p,ab) ~ 1

wTplab= (pab)=p=p~1= pAENTE
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3.6 ¥R LA T %

BRAKEIR, MRAE—5MET (HRDBEA, E—0 M) = RELBATHEMFEE 544

Proof R @ W lemmasniEvE — 0 54 — B FEL&H

X F AL AR B & 4.

Rpe R -UATHHTE, Hplab, WFkEc e RERab=pc. BRAIFZIEHAp |aZFp | b
BATEEH 2 & T8 = FEH & 7 &

(VEa,bFH—NET0, EhREHKE

(iiyEa, b H—NEES, Flimbh A, Na=abb™' =pcb™t, Hitp|a, %&bt
(iiiy#a,be R*-U. &N %EWHHAceR -U

— 7 H: R+ 0FAAEc=0=ab=0FAEXRHELEHFHEXEa+0Eb+ 0T &

BE: EchEf, NpclE ApHETEp AT = pchTTATE, METUERANELLH TR DWER, XEFE
= #ceR -U

AMLaTEREBRNRARS BEMN S S RE— L4

= MLBFAER - UF AN THEpi(1<i<)ERc=pip2---p:

WA, a, b A 2R a=q1q2-qr; b=4q44 s EFq1,q2, 4 qhq2. 0 g AT AILR
Hpc = ab® 1% 2lq192- - qrq1 45+ 45 = ppip2-+ - pr

BT MREE— R, pbEE— g B E— g

Ep~qi» Wp=qie, ecU, Ha=q1--qiee ' qis1---qr=p (e q1--qi-1qiv1---q,) Blp | a
F#®, Zp5X g A, Mplb

Bipbat #lra, bF N E—A. BEfipRETE

Lemma 3.8
RAMIR, RHEXATHEMHEEZLS M = RELATHEAEART 544

Proof ¥ R#EH FHEAMLE E A4 UBEIRHGRHE RS EEME, RNAFEHRFEZNETF 54

RFIE: Wa,be R, HKATEHa, bFERANEF

RAVE L H 2 T8 LA EH & TR

(Ea,bFH—NMHE, B, a=0, N (a,b)=(0,b) =bfZa, b RKLNEHTF

(i Ea,bFH—NEEM, Flan, aBR BN, Waka, bR ANEF

(iiyka,b e R*—U. BEHRHERETEFME, Wik RA RS E&M

Wa, b G E D Ha =q192 - qr, b=q’1q'2-~q;§€§¢‘q,-,q}(i=1,2,'-- roj=12,--- ,)EFRTATE, HETE
PEBNEENE LR PPN EAEEFNTELE—R, TUE—F K

a=epN ke pkn b=epliplph (BEp AT T NN ETE BETRME, kGG >0 eube, H B4

Am; =min (ki l;),i=1,2,---,n Ad=p[tph?...ppn

HEX L Rd|laBdb, BldZa, bt HT

WTS: dAmANETF, WERcHNEFEIEHC| 4

B ctZa, bEIAET, MEHKc£0(EMa=b=0)

EeRBAL, WEHKc|d

BFRER, MeeR - UNEERIMES = BEMEc=plp, PR Fp RETE (TTH7)
BT la, #piphpi | eap P -+ Pyt = pl | eap P -+ Py

B A # R R A GHp N ZE Reapip2- - pn D FHE—A, EZEMATH — ML TlEAET
TEp L ERE—Ap; pllp;

ETp ATTATE, BpAEApEFREANBMREp;IHEHT, Xp/ A XeR -U

Sep) 5 p, E AT
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3.6 IR L4y B F ot

RMUHE Ep), 5%
= T LLE e =ecp)iph? - pan e £
Wit Feha, bAEF = c|a

hy1 _h hy k1 k. kn
= £cpy Py’ Pn" | €aP1' DY P

ki k kn _ hi _h .
:>8ap11p22"'pn —Scp11p22"'pn Xt
Wz h <k

B HER > ki Weaps? - prr = ecp T phe o phn 1

= p1 | eaph? - pit = p1EReaps - pait— N

BERe MEN BT A ATATHENETF, Hpi15pe,ps,-- pn EAHEETE
Wh; < ki

Fl#, dc| bt 4 <. &h <m;

Bic | d. #hdRa, bR ANET. ZHIEHT RFEZNHF&14.

RA¥IF, RBERATHFMHEZ FM = RBELA RSB EM 5E—5 M54

Proof [ 4B FH4 M — AR MF AT UURANTHATIEA & — 948 51

%aeR —U, Wat nM#a=pips---pr(pi BELTHATE). BEaLE F—N0Ma=q1q2-- q(qi= L TE)
BATE#Ar = s BE Y BIUF I Ep; ~qi, 1 <i<r=s

bR VSR EE S

Lr=10a=p1=q192- - gs.

Fs>1, Wp1=q1(q2--qs) XRAp TUFRANFELLHRM, XELTEN. HXBr=s=1,p1=q1
PEBEERNr =k - L&

gGr=kHHa=pipype=q192-qs. = TEp1|q192-- g5

HTHEEABNRE FTATERNRETE, RATEHp SR E g, j= 12, sP@E—A, BHZHAF, Fbikp |
q1

HTp1, n AT LW, #pr~q1. Kpr=eq1, EFeREM

M (ep2) -+~ pr = 9293+ qs

HEANE Rk -1=s—1=r-1, HEYZHIAFIUESEp; ~q;,j =23, ,rEp1 ~q1

YA E W r =kt R, EHEEIERE.

Theorem 3.19 (H— 5 fiZE2IF UFD BU& TSN &)

RRAEZR, NTFa= A4S0
(1) RAE—5 R

(2) Rith LA T4t 5tA & S0t

(3) Rith % B T4k Ao BT 54

Example 3.14 AP LA AT ZRV 2R LR ARV BEERALEF

ISR eZN: s NI

2.5 LHHN: N(a)=N (a + b\/—_5) = a2 + 5b2 HEEHOHEN (2) = 0HN (af) = N (o) N (B)

3K  Z|N=5| ARty

Va e Ullea™t=1=N(a)N(e})=N(1)=1=N(a)=1=a’+5b’=1=a=x1,b=0= a = =1
oW = 1N G

WU = {+1}

L BWIBRZ [ V5| (AR AT LT e

Wa = a+bV=-5N3M—NHETWTS : o R HER AT B 3K F L TG
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3.6 %R LW EFHHE

H3=af=NB3)=9=N(a) N (B) TN (a) = 95 # 3 #1
FHN(@)=9NpB) =1=pB=x1=a~3
#iN () = 30Wa? +5b2 = 3Ha, b € ZEfR
N (@) = 1oy Hpy
= 33— M4t
RATRIS | (2+V5) (2= V75) 12312+ V-5 H3 12 - V=5
A3 | 2+ V=5 = 2+«/—_5=3.ﬁ=>1v(2+«/—_5) “N@B)N(B) = 9=9N(B) = B =+1
T2+ V-5 =+3FJH
5.0 MHa = 6 + 3V=558 = ONFAER K AR T
ERANBRAR T, HE RIS Zap)— N AKEFN3 | d
#d =3 (a+ bV=5) WAE(EC + AV=BHEFR3 (a + bVD) (e +dV5) = 9

{ ac—5bd =3
= ()

ad+bc=0

BEEE A a? +5b% | 9 = a2 +5b% = 180E380E9 = a + bV-5 = +18 ¥ + 38k H + 2+ V-5
Fia+bV=5 = £2 + V=51 N\ (%) JFE4LTCR
Fa+bV-5=+30d = 9L ELR %A £ 9 | 6+ 3V=b[FFEA] F1] L AE I (1 () 2L 7 FE4H TR
Fia+bV-5 = +10d = +3MFEMHEE U R AR TR HCA3
BESPRIa = 6+ 3V=F = 3+ (2+V75) Hp =9 = (24 V75 (2= V=5) T (2+V=5) A AK T
RUREZAT (24 V=5) | SEIRESH () A TR I
o = 6+ 3V=558 = INEAER KA BT
6.2 | V=B | WL T A 1
ST, BN R TR, NIRRT 8ar, a2, -+ ,an, -+ » Hap1 ¥ N0, EFF
MIN (aiv1) AN (a;) NERFR T, XRPIEELVIN (a1),N (az), - ,N(ay), - MBI, 7!

116



3.7 #HEBES5mMAEA

3.7 ZIBEE 5 KEE

© Note BRI —TF, HRBAF IR — A R B E Rk, B bR M X A AP IR ey 7 ik R T 809,
— A R, RAVB B AR B )T AR R 2 TR — AR Ao R AR, AAA EA T
EERPIATKRKRT, B F B — A2 18R 17 5] 53R 80K
ERARI AR, [RRWILA o R IRR/ AR AR LHKE (a+ D(b+1)=0+1,a,b e R, T Ha+I=0+IRb+1=0+1.
KRB RIFR Ktrab el = a e I3b e LiX 5| FRMNLH T @mage L.
Definition 3.25 (ZIEZEE X)

RINFRAIZI, I £ R, 4w EWab e [T AMda e IRD € I, WARIAH R —/NE I,
K Ebie stz e btk

Proposition 3.22 (B IF R EIEHE)

H IS ¥ LR = 2.8 M40 8, REALATIRBA LA mZ,m > 0897 X.

YA -FFLEGHFR, REB Y RRERG K EA,

doRm £ 0, WmZAFEEYE LR Eab e mZ = a € mZAb € mZ, TLHKAm|lab = m|laFm | b, TFBPm A Z K.
B HmZA FZEAY B Sm =03um A & K.

N
7
>

Problem 3.4

FIERIRIKIAR = 2y B 5 E H, RHE =AM {0},1={0,2}FIRAH.

MR K12, BrbA{0} A& RV 3 AE

BUHEEEL #5a, b € {0,1,2,3}, Hab € I, Ma, bF 55— R0802, Kk a e 185b € 1, NN R AR,

Theorem 3.20 (Z1E1E 5FIfEIR)
ERAL LR, IRRG—ANIZR T+ R, MIRFHEE & R/I17%¥3F.

Proof H AR/ IAZEFH (a+)(b+)=0+]1=a+IFb+IH0+] = aBbETI
EINEBEE FREZ LN, RITWE L XA EBAR/IF, Z (a+ Db+ =0+1, W Hab+1=0+1,FHMabel.
HTIRZEE Haeldbe . XHHa+I=0+15b+1=0+1, BWR/IFHAEFEHT, N & EF.

Corollary 3.6

EEIEATIHRRA M T 8 F 4B RR/{0}
HRAK AR, MRAKEILG b 542 {0) ARG F I

Proposition 3.23 (RIBBERS TR FR)

EfRIFRR BIRWHBI S, [RR FOAK =Kerfo9—ANF 34, N (1) ARy W F LA,

Proof W B LR A TR, £(I) R BIIE A,

Ras, by € Ra, Hasby € f(I), WiF#c € IEFasby = f(c).HfAHER, FEar, by € RiERf (a1) = az, f (by) = ba.
KHERA f (a1) £ (b1) = f(e). HfFARE, Hf(arby—c)=f(ar) f(b1) - f(c)=0, FTRaby—ceKCI.

HFKNE Ea1by e LA FBEIANEER, BEa, e IRb, € L Fas = f(a1) € F(I)Bboy = f(by) € fUI). KW F() Ny FFEA,
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3.7 #EBEMKEA

% Note A, BA R LA FRGAANIERTFTE,1CAB={D a;b; | a; € A,b; € B}, L P e4Fa5 KL A K Fe.
BHIEH, ko R A, BHARY TR G2R), IR AABL AR T 3R (EA).

Definition 3.26
BIRKXBLAFRRGEAIZI N IRRMFILAY AL L TI24EA B, HABC [T HEACIRBCI.

Proof X0 EMIXIRRIMNEZER, A BERWERHABC I

X FGE%, BkA, BE G4 TL W FEac A beBEFae Lbe [TEREA BRI Habe ABC I, X 5IRFERTE.
7o Ve AT E B KRR, Rl R R BN A HETZEREE, WFEa,beR, HiFabefBa¢ b ¢ IFEBA= (a),B=(b).
HREX B A, B5EHAB = (ab) C I, X 54 MNEAGTE. ANIRZEA.

Proposition 3.24
BERAE—HMEIR, pe RUpARTALK (AALF) = (p) THAAHFHERA

]

Proof Z#RANUFD
LEpHETE, #Fabe(p)=>plab= p|aF&Ep|b= pe(a)H&p e (b)
2.E(p) HEBEM Hp |lab=—abe (p)=ac(p)FEbe (b)y= p|aiFp|b

D Note F@ABHM KA RS KNS LB F IR AR 809 AT,
AR LFRTARERABR, RRLARKKT , PLSNAERS, A E 24— 2 A,
RIA RO FZ A, AL RAVE A B IRR TR B9 F A4+
BAEMEAREEI+ RAKR, o RXR/TAB A FTAEMa ¢ ,a+ [ER/IF AEETD + 1
B (a+ Db+ =1+18P1—abcl MM, e R ARWEE Ich B #+ 1, R A#GHacl—1,be RIEFl—abel.
FRMEMc e R, Hc=(1—ab+ab)c=(1—-ab)c+ (ab)c = (1—-ab)c+a(bc).
RIAEEEAl—abel,F (1—ab)cel CI; XML AHER, Hael, Halbe) € 1. TRFF ce L. LHAL = R.HHILAKRMNFIA.

Definition 3.27 (R KIEAEE W)
ERIR.RWIBBIARAMKIZ, £+ R, LOASTHRILE R [FoRAH.

Proposition 3.25 (B HIFHIRAIELR)
& E1512.6.2°F 9 HHOAR = Z. RAVIAH € RO P A AR KL,

B {0}BART AR KA,
HR A Em > 2BETRREH MNEEL > 21EFn | mBn # m IEHLAmMZ c nZBmZ + nZ,nZ +*
R, A®tmZ AR RAR KA.,

T @ RAVER, Ep A FH, W (p) RRWM KIZAE F5 £ RARRMIZE, H(p) C A, (p) # A, N A&k c A, 1E7Fk ¢ (p).
HpREM, pkEFE. TREEEHa, biEap + bk = 13X KMN#HF 1 € A

FRIEATERI I=1x1 €A RmA=R BI(p)RRGM KL KRG PTAMKIZEApZ, &P phF #.

Lemma 3.10 (33 5FRIF PR KIBFEAYLEH)

L3k (R 3F) b A AR e LR
2.3 (% 3F) M KA A {0}
354 F 8 (%3F) LR ARTE La, (a) H—AFEFALEAE

Proof 1.VO#aellla-al=1el=1=R
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3.7 #EBEMKEA

QAT (M) R ABEIDRET + {0} = [ = REBRABRZXFE#I = {0}
3.8 %a+0= (a) £ {0} ¥ & (a) 2 RENHFEap =1 = aTTH FJ&

Theorem 3.21 (R XIE4E 5i)

BRRA LA, MARGZE, MMAERNB KA — FIRR/MA—AHK.

Proof %M KRR AEM, RANEFABIR/ M. WA FIEFAR/MF &/ T LA A LAL.
Wa+M+0+M,NagM.ZEEEI=(MU{a)}), NEM AR AKEEHI=R.
E bt Ea; € Mori € RI<i<nreRERY airi+ar = 1LAHBRENEE (a+ M)(r+ M) =1+ M, B EFHR/MFa+MT .

i=1

TRR/MZ—A %
R Z, %R/MAEZ, N{0+M}ZER/M#IH AR,
WANRF AEMBIEE WA/MER/ MW A, SA/M ={0+M}RA/M =R/M, 1A = MBA = R M AEH.

LERA LI, N {0} AR — MM KA — R/{0} = RRH
2XFA—NERER, NFAB — FIUA-FLEZA

Theorem 3.22 (1 KIB7E 2 HIE1E)

HARAELRALIRLAR EMARKEE & R/IMAHR — RIMAER — MAZFEH

Proposition 3.26

AN H ARG, HR/NAGIF
1.NAH KA
2YaeRHa2e N=a€eN

Proof (1) BR/NHRH, AM{0+NYER/NHHAEM, NTEEIARTEENKEM, WI/NEZR/NF@E{0+NHER
MTTI/N = {0+ N}=HR/N, EEKHI=N=HR, INTINARAER

(2) KiE#, #a¢N, WEHR/NHARF, KHFEEb¢N, % (a+N)(b+N)=e+N, #i
a+N=(a+N)(e+N)=(a®?+N)(b+N)=0+N,X&kHae N, F/E! AflaeN

Example 3.15 @ RIEEEFZRAEER 5

p:Z[x] >Z f(x) > f(0) Kerg=(x)=Z=Z[x]/(x)
BHAZRER, HARE = Z[x]/(x) ZEH, HAZE.
FITLA ()& R HAH, (E A AR AR,

Proposition 3.27 (B IR hIB1EAYLEH))

ELHBMEL—T: ZEHFR TR ALHN

LA A 6932483 A mZ A X

2T WILII K IR

SHTH M FILBA {0} pZ (pAFK) ; it A EAL L BALT A ANZ
4T W RIEBA pZ (pH #F 3)
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3.7 #EBEMKEA

Proposition 3.28 (Z,, 1188 5 H 1818 SR ATRE R0 LE#)

1.EmA BB ALy R B R3RF A AR, AXERAT G FZ R SR KEZAFROLER

W EARF R — R FOTREER {0} EARAZ, A = {0} LA FZALEM KL (££3.6)
P VAZ [ (m) 8 4 5278 15 4% K 22 2846 2 (0}«

2.FmAN SR, Ly R L) (m) TR

ARIBR A B S EIRR, [HRE, WR/IGBBELEM AT/, L PIRFRRGEALIOA]
ROLSINEEBER/IGER A ——3F 7, ROSTHRKIZRLER/ IR KEEAH R T —— &

Bt AP AN EF BZF AT (m) 9 F LA EM KA T

MZA 3L AR 69 F LA 5K S RARS e pZ = (p) 899 X,

A (m) € (py = plm; #&m = p{pg? - pi*

ARLPTAZ (m) 89 F ZRAMKIZRAR : (pi) [(m) = piZ)(m) = piZm,i=1,2, ...k, HRIA

3.8 —fH, Z/(m)#RRA []L, (e + DA, BPmby B A

Proposition 3.29 (R[x] LAY ATEEE)

Ep(x) e Rlx], IRARELERTTHRXApi(x), -, pm(x)

TaE: Rx]/{(p(x))ILHhBRKIZAA (pp(x))/{(p(x)), HFl<k<m

R[x]RED, AARANPID, H#AMTHER[x]/{(p(x))89RKEZEER[x]F @2 (p(x))MKER——3 &
BIABMKIEEA(p(x)) CI, —H@IH LB, KdGLEg)IEIF] = (q(x)), XE%RFEq(X) | px)
B—F @ (q()) ARAIZE, Kig(x)ZR[x] P8R T4 SRK (TR EE.), Pt

Problem 3.5

WR =Z [x,y],EH (x,y) £ RI = ELAH

Proof H AWREH¥RZHMZ LW T 5 TR, ©RE —AH LA WL, AT LA,

) =)+ ={&fy) | fx,y) € Zx, ]} +{yg(x,y) | g(x,y) € Zx,y]} = {Z[x,y] E ¥ % H T W £ A 214K},
AAEEANERTAMA AN TN LR RA—EEFRITAAETN, BT, (x,y) RRAFEMA,

Problem 3.6

WRAEMEEIR, p R, (2p) —AZRMINCKHARTEA R RIVFEEAL?

Proof %iF 2p) 2 R AE .

B A RAE—ANEAH LTI, BTl 2p) = {r(2p) +n(2p) | r € R,ne Z} = {n(2p) | n € Z}

2 € R, 12 ¢ (2p), FR # (2p).

W RERWERM, /5 (2p) T M CR,

MFH#Ea e M,a=2k,1Ba¢ (2p), T2k T 22pHIEEL, Bk Zp a4k, T mp i FHMF (a,p) =1

Ak, #EEEs, t, EFsa+tp =1, 2s)a+A(2p) =2 € M, ATTiEHEM =R

BT UL, (2p) & REA R A #2248

FERFEN

Lp H B E L2, NAE 2p) = (4) =4Z, A H2 ¢ (2p), (B2x2=4¢€ (2p), BrbA, Yp = 20, 2p) FRREZE A
LYphFrFHAt, WwRa beR NELEK e Z FHFa=2k, b=2]1W%ab=4kle (2p),El2p |4kl Elp |2kl
HTpEHFEH BTUAP | k3p | 1 EI2p | 2k32p | 21, T Fa = 2k € (2p) b = 21 € (2p)

Frbl, Sp A & =, (2p) ERWFE A,

Problem 3.7
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37 FEAEMAEA

TEZ [x] W, UEB « (x, n) /e SR ER AR ) 78 70 b 2R A i n N R B

Proof A AZ [x] ZH LA TH 4, FHIL, RATRFIEA : Z[x]/(x, ) E— PR T2 R BHE M AnZ TR

(x,n) = (x) + () = {xf(x) | f(x) € Z[x]} +{ng(x) | g(x) € Z[x]} = {FHTAnBI FEHAE R Z WK}V (x) € Z [x]
WRFONEE T Nag € Z, N mH# Ltk iERag=ng+r, EF0<L<r <n, A4

Sx)+ (x,n) =[f(x) —agl +ag+ (x,n) =ag+ (x,n) =ng+r+(x,n) =r+(x,n) =r,

Frol, Z[x]/(x,n) ={0,1,--- ,n—1} = Z,

EAZ, K334 B Ln A RE UL, Zx] [(x,n) 2 80H B Ynky & 4, NTIER (x,n) 2R A EEE 780 20 F 5 thn A R4

Problem 3.8

Mo (Q)+EQ FHI I HiFEIR

WER © Mo (Q) KA FHAR 5 A AR, (HANZ —ANBRIA, I ] - 5C T S AL TR R AE M, FRG AR/ MR A J2 BRI
Proof HAZEAHM(Q) A FEEEM BIMy(QRAZER G2 BE A, NTHETEA{0}ZM Q)W AER
KAVEIFM(Q) F B AEMEM = {0}, WIR/M = R/{0} = R

HAM(Q)R - MEEHE T, ELE— AR, AL R/MA RGBT,
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3.8 F WAL 5L 2T

3.8 FHBEELER/LERFH

Definition 3.28 (F=I2%8% IR (PID): Principal Ideal Domain)

Jr B AR ARG EANIEAHARR TR NARL A 2RI, FHLHEIR, NAHAHZREER,

Proposition 3.30 (Z [x] A 2— P EIBIEEEIL)
BOEkERA—AZHAETN, (2,22 +1) = (g (x))
N2e(g(x) =g |2=g 1) =+1R#F +2
Hg(x) € (2,x2+1) = g (x) =2h (x) + (x> +1) k (x)
bx = 1#72)2 | g (x) BT Ag (x) = +2
N (g (x)) R HAABHGERAK S AR +1¢ (g(x) T/E

Lemma 3.11

1.3&1;,i=1,2,- - ARF 89— FH 2 A5 3], EFI%&H—‘%;], %—[j c I, mr = U I; A RWIZH,
i=11

2.%a~1 (a)=R
3.a| b (b) C(a)
da~b & (a)=(b)

Lemma 3.12

RRA EAEFLMEp A — AT TAR (B EMIB IR E L), pA At ZEEHMAEAE

Proof # (p) HpE R BB ARIN— a4 (p) CTHER, THRHAI=R
EH AR ERBEAN = (r) N (p) & () = r | pXp T AL ~ pBirk £ 4
K Ap) G (r) Bor R E AT = R

EWBEIFLPID = “E— B ¥RUFD

Proof BATA FIEA B MENHRLE FaEL G E L4

(1D BEAFTERENRFHRATEFMG, WERRN—NFPar,az,- ,an, -+, HEFarm ZarWEE]T
W HTT % Rag £ R A (ar), NTTEE L C Ik, WETIEI= U W ER, HTHEER

M F#Ed € RER(d)y =1, \NTfitd e, WEEmMERd € Ly = (am)

BN Ean B FPFHRE—NTE

TR an B Fapmr, M Hame € (), Manldlapm, FE! KT HRELE T4

(2) FIEAFEREEARFHRZ 44

BHAEAM B ET TTATE £ R ERANRAER, 5 F A5 48 107 1R Bt T
WpA— M ATL4TEAEED | ab

AR IR/ (p)F 8 (a+(p))(b+{p)) =ab+(p)=0+(p), HFIE(p) W ARBEER/(p) KBt % ER
WA Ta+(p)=0+(p), #Mip|la, BIEpHRTH, WikEEFI.

Theorem 3.24 (EIRFEEIF M Bezout TEIE)
WRAZMBEIR, a,beR, BdHa, b¥)—ARKRNEAT, MNELEu,v e RIEMFd =ua+vb

Proof RN EZEBER, NWMHEELER (di)=(a,b), ¥Fd|ab, NTidy|d
Xdyi € {a,b), MG Eu, viERFd =ura+vib= " %d | a,b¥#Td | d;
#d~d, HMGEEEMLeFERd=urea+vieb =ua+vb, BIiE.
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3.8 F IR 55 LT

Theorem 3.25 (FIBFEEIR ) ZIRE SR AIBBHIZFM)

FRHEEE (RBAF+ BARATEN) AFEE — BAEH

Proof EHEEHEMNMNAREUT/LE: La R R AT e Ra 2 RWBRANEEM, 2 aRE T RaERWEEZE
A,

Proof EREEM (a), FRXBa—ENETT, HRERE (@) C (b), Wb |a, Hib=ask #EfL

WEPRBA A — M (o) AR R GER (o) #HR, BFiE.

Proposition 3.31 (PID _EFE M4 R)

R # PID, 0#a € R,I=Ra, W TFFAEH:
1.1 AWMKIZAE;

2.1 AFEA,

3.a HE L

4. a RRTHT

Theorem 3.26

UFDAPID < UFDV AN A E AR KHEA

Proof —FHEZRNRNEERILEH  UFD+ 2B EERAZB#%EHLUFDEPID
FAEH: WART (FTAT) p.qBLp ~q%E 2Fa,b € REFap +bg =1 (X HEMT (p,g) =1)
Fpeq, BENE (p) SG(q) TAEXRR, W (p)(q) AN ZFEBTERAER

e (q) € (p,q) B {(q) =R AEAA L (p,q) =R = Fa,b € REFap+bg =1

BiE#: X Te,deR*-U, FEcH5dEFoMEF, cATTARETFE5dNTTHEHEFELAAHE

M #FEa, bEFac+bd =1

HKMNAFIEH: ST ATATp1, p2.q% (p1.q) = 1H (p2.q) = 1 = (p1p2.q) = LA (54T (p.q) =1) B
MLBER F—FTHERNA Te, dBEF2MBEFHNT ZEI

®JERKIEHARE —ANPID, A 12— NMEREIAZTERBNTE R 0), FITATENR, KNIFHE—Ix
FERAEHE R ERET, RATHHAI = (x)

ERBEEyel - x) My xx, 4d=(x,y), x=dxgBy=dygHxg, yaTo/n e EH T4
HHaxg+byg=1=ax+by=d¥Xxel, yel =declI5xEXTE

Definition 3.29 (RXJLEFIF (ED): Euclidean Domain)
KARHEIR, o R HEMR FINCELAD) 89— ABSS
{£Va,b € R,b #0, Hiq,r e REFa=qgb+r, EFr=0%5() <5(b), MR (R,5)HEKILEIFR.

@ Note /R A6 £ H AL LB 209 2 KL H Hh— KA RAEZK 6(a) < 6(ab) FTH a,b € R* R, 12&FF EERAMT AL AR
Flb BB KX —5, daRHAVH KNG ED 892 3L, KRAVTAE B A0 s 6 B L KM B K

6*(a) = min{s(ab) | b € R*}
2R EAMR B NU{0} 09Best, HEXNTFAEEW a,b e RY, RMNA
§*(ab) = min{6(abc) | ¢ € R*} > min{s(ac) | ¢ € R*} = 6" (a)
B 6 RN B K, EBATL T IAIIE (R, 6°) VAR A —ABRILZiF5F.
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3.8 F IR 55 LT

BRILEAF R — R A& 3BT gty R — 5 M 23R

Proof WIHKJLEBRIARNER, oK & X F Hsk 4t

FIRA4AFT, NI=0)

EIOEFET, NEAERNEE{S() |xelx 20} cNU(O}FLFER/IF

Wae R NIES(a)ik 2| &/ME, WA EM[x el x#08H5(x) > 6(a)

HEXSEMb eI, Ffqg,re REEb=qga+r, EFr=086(r) <6(a). Ta,bel, #r=b-qgaecl
Er+0, WrelBo(r)<d(a), SatiBETE

#r=0, Blb=gqa

B ERERNR] = (a). RREEFEBER.

Proposition 3.32
Gauss ¥R AR ILEF IR

Proof 3t FB=a+bV-1eZ[V-1], ZX6(B) =|B)? = a® + b>

HB=a +b V=120, WEMe, +diV-1, ﬁM =s+tV-1HFs5,1€Q
al +b1\/—_1

1 1
WA fco,do € ZME |ca — 5| < 3 |do —t] < 3
Aqg=co+doV-1, r=ci+d\V-1-¢qB, Wci+diV-1=¢qB+r, H

8(r) = 6(B(s +1V-1) — gB)
=6(B)5(s +tV-1—¢q)

<[5+ 1) 90 <o

Proposition 3.33

1LZR—ABRILERF L P : 2" > NU{0} 6 (m) = |m|
2.3%PA # 3%, WP EA—T%RXIKAP [x] REJLEFFREL TS (f (x)) =degf (x) (f (x) #0)
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3.9 F L& H K

3.9 IFERZIR

3.9.1 —fEIF ERIZ I

Definition 3.30
&1 €RCRIAMARIBEALIR, Kue Ry, WIHALEREuIR R 89T AR N RAub REGIR
BAR [u] = {ao +aiu +azu® +---+ayu"la; € R}

Definition 3.31

EREHHRATag, a1 - ap "EAER, #EFag+au+---+au” =0
it ARy R MR E T, BRI EATRFRE—, RERDOHRAZRETAER LG REK

Definition 3.32
Fag+au+---+au =0= a; =0 (Vi) WA AuARLGKHKT

Definition 3.33

H1eRCRIHMARMALIR, HuecRy, WA OLLEREuF DR 89FIHRARZ A RAubdgREG IR
BAR [u] = {ao +aiu +asu® +-- -+ ayu"la; € R}
Lyl AR A WARR [u] = {ao + aru + asu® + - + ayu"|a; € R} A3 E8uty % 7 X

Proposition 3.34

AT LG SR F S B S LR KAIHRGME, X LA AT T

Theorem 3.28 (ST A FFF S B TR FEEM)

ERHA T L3R, WIREWR [u] %RAXFLRHEE

Proof & & A4S = {(ao,a1 cvay-)|ai e RERFEHWRAa; # 0}

"X

={ao,a1,a2,---},8=1{bo,b1,b2,- -},

f+g=A{ao+bo,a1+by,az+ba,---}

fg ={agbo, agh1 + aibg, agbs + a1by +asbg,---} = {cx} EFcr = Disjok @b, k=0,1,2,--
WA ZE, SA L& fnikFa ek T4 R — A3

& RE LT, WSEZ LT, FRERGEIH, NSHER T
SHE7T2{0,0,0,---}, TWif={ao,a1,az,---} A= - f = {-ao,~-a1,-az,---}
W RIERM 4T, N{1,0,0,--- }ESH LT

BlRo = {(a0,0,0---) lag € R} T =Ry A SE F ¥ 2 3

Hi#Ep: Ry — R (ap,0,0---) = agy — /NI F #4 Bk 5t

~

Bu=(0,1,0---) Wk EEANREN 2T FHELHAuF=]0---0, 1,0---
—
kA

(Fap+aiu+---+au" =0= (ap,a1 - -a,) =0= a; =0)

HZ#Ro[u] =S

Theorem 3.29 (A] X AIFHIF S ZMAIFEE)
R, SHTH LK, HoAREISHIARASL, o(lg)=1ls=1", HRueS
WM Te—t 4 ZAR [x] BISHI—NFR B0, 0u(x)=ule,|r=¢
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3.9 3F &g % | X

Yag+aix+---+a,x" € R[x] £Fa; € R

eu(ag+arx+---+apyx") = ¢, (ao) + @y (ar) gu (x) + -+ ¢, (an) gu (x") = @ (ag) + ¢ (ar) u+---+ ¢ (a,) u"

A M i B A 1 Y B AT 2 v —HY
1 3E @, Bl A @y (ap +ar1x + -+ +apx™) = ¢ (ap) + @ (a1) u+- -+ ¢ (ap) u"
TV @, ZR [x] BISH— AR Seus Boulr=¢s ¢u(X)=¢u(1-x)=1u=u

FRATHLIE, R[x],R[y] #HARLMG—T%AXFNR [x] = R[]
ERHBNBAf:R—> RCR[y]

LMLl fTR—FTANF:R[x] > R[] WHFBRESEF(x)=yEflr=f
T SBR A IR MSEILE 4, AR B AN, FHELIR

ERATHALIR, REAHTHLFEIcRCR, Aueck
JEA: BAR(x] LAY AMERINR = {0} 43R [u] = R[x] /I, HuARGRIK T — I # {0}

NS

#ZERE|IR C RGN BS fl R B avil, HFEE—HLARX] EIRWARZL, fo(x)=ulflr=f
KMNEESf, R[x] > R[u] XA —MNFHERK, A1 =Kerf,
M 3R E A EAFER [u] =R [x] /I, EVaeINREa=f(a)=f,(a)=0= INR={0}
UNRERHFE T = FAEL L2 A FEWag, a1 apnEFag+au+--+a,u*=0

— 0#ag+a1x+---+ax" €l = [ # {0}
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3.9 F L& H K

Corollary 3.10

ERATH LI, R[x] AROG—T S AXIR, HIZR[x] 892 EINR={0} Bl # {0}
JEB 1 R [x] /TR LA — AR 3 AT FT H) a% 89 2R

Proof #i#n:R([x] > R[x]/INE%BELAH Kern =1

WHrlg :R—n(R)CR[x]/ITRHHERELAE Kern|g =RNI={0}HEn|g HEHB S = R =n(R)
Au=m(x)

HHI#{0} = Ul FHFEEFEFTLEO+ao+arx+---apx" €I (Bag ~ a, 74 40)

XHHAR =n(R) Hn(ag) ~m(a,) F2HE = n(ag)+n(a)u+--+n(a,)u* =0= u i RH T
R[x]/I=n(R[x]) =7 (R) [x (x)] = 7 (R) [u] iL#

Theorem 3.30 (Z2If LEDR B AR ST RFE)
1LIXRN IR, f(x),g(x) € R[x] &g (x) W BERRKTAZEETN deg (f (x) g (x)) = deg (f (x)) +deg (g (x))
2XRAEA, f(x),8(x) €R[x].Hg(x) #0Xg () WEAFHKARTRATER, #—FAFERALKLR, gl BERRHN:
= AEE—ZAXg (x),r () RFS (x) =g (x) g (x) +7 (x) B deg (r (x)) < deg (g (x))

Corollary 3.11

Let R be a commutative ring, and let f(x) € R[x], r € R. Then there exists a unique g(x) € R[x] such that

F(x) = (x=r)gx)+ f(r).

-
Proof Since x — r is a monic polynomial, by the division algorithm 3.4.2, there exists a unique g(x) € R[x] and s € R such that
f(x) = (x=r)q(x) +s.
Substituting x = r, we get f(r) = s.
Proposition 3.35
LRAXRMLIF & R [x] I 4 IR
2.RHN ¥ — R [x] 7 E3IF
3IXRAXMAIR, f(x),g(x) € R [x]
%f.8 € R[x],degf (x) =m,degg (x) =n, N
(1) deg(f +g) < max (m,n)
(2) deg(fg) < degf (x) +degg (x), F5 MY LAY fo9H 7 & HKa,,5g4 8 R F Kb, 4 KARa,b, T HE
LRATIHAIR, Hg(x) BRAMARERFM: deg (f (x) g (x)) = deg (f (x)) +deg (g (x))
5.RHHILNR [x] F 69 F 4230 2R P 89 $ 45
Corollary 3.12
Let R be aring. Let f(x), g(x) € R[x], and assume deg f(x) =n > 0, deg g(x) < n.
1. Ifr1,...,rx € R are distinct roots of f(x), then
f&x) =@x=r)(x—r2)--(x—re)g(x).
2. The function f(x) has at most n distinct roots in R.
3. If there are n + 1 distinct elements rq, . . ., Tn,Yne1 € R such that
fr)=gry), i=1,..., nn+1,
then in R[x], f(x) = g(x).
Q
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Proof (1). For k = 1, this is the result from the previous proposition. Let f(x) = (x — r1)g(x); for j # 1, we have
(rj—ryq(rj) = f(r;) =0,
butr; —r1 #0, so
q(rj)=0, j=2,..., k.
By induction, ¢(x) = (x —r2) - -+ (x — ri)g(x); hence
J)=(x-r)x—ry) - (x—ri)g(x).
(2). If f(x) has n + 1 distinct roots rq, . . ., Tn, '+l in R, by the previous result, we have
Jx) = =r1)--(x=rn)(x = rns)g(x).

Then deg f(x) > n+1.
(3). Let h(x) = f(x) — g(x) € R[x]. Then deg h(x) < n, and by the condition

h(rj)=0, j=1,..., n+1,

this implies /(x) = 0. Therefore, f(x) = g(x).

3.9.2 1w FRIZIN

Theorem 3.31 (8 LI Z AT RIRESMHERR)

1.3XF A%, Fx] P4E—Ff(x),g(x) # 0L BEE—g (x),r (x)EHFSf(x) =g (x)g(x)+7(x)
HF degr (x) < degg (x)

2.F [x] ABRJLEFIFRE PGS Fx] > NU{0} f(x) — 2desf(x)

3.F [x] # @ A PIDAUFD

Lfi1 (x) = f2 (x) (modg (x)) &= g (x) | f1 - f2

2.f(x) e F(x), ce FU f(x) = f(c) (mod (x - ¢))

SAEF [x] LEEA: Fcy ~cxAf (x) ERAEFMH, W (x—c1) - (x—cp) |f (x) Adk < degf (x)
4ZRARXIE LR, HR CSHEPSHAREF MR, Wf (x) £SF O TRARGAMK AT degf (x)
HEE EARARRF IR ALK FI2 P 40 - x% — 1 € Zg [x] RS = R = Zg [x] A#RI357

1) d 5T $o A T ok F- 3345) e 9 LA ARX? + 1

5 AVE R4 69 R IR = SHKIR, MA f(x) £AREARG N RAL T deg f (x)

Proof 2. ARBRES (x)=q(x)(x—c)+r

ZEF - FRIBRNBIEMNTA Tece FESHF [x] » FESpHe (x) =¢
Miie (f (x) = f () ATTA@ERREf (c)=q(c) (c—c)+r= f(c) =7
AT dr 1. B AT

3—RE: x—c WHFRITEEATRKF — ki, Mx-cr=g @) hx) Mg @), h(x) REELEELL
M2 Sx — ey BN BANL

BH BB ATRAS (1) = (- 1) q ()47 = BAcBEx—c1 | £(0) = f () =q1 (9) (= 1)

B EEE f (x) = g2 (x) (x —c2) = g1 (x) (x —c1) = g2 (x) (x — ¢2)

= x—c1]q2(x)(x—co) XEATAMEFAF [x] NUFDNx —c1 | g2 (x)
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EEEMUTERE (x—c1) - (x—cp) |f (x) ATk < degf (x)

4.V F H S 4RI f (x) € R[x] C F [x] WARYES. 401 f (x) EFF 1 AR A # L degf (x)
MLtESTFFEAHAITT

RN —HIFX, R*=R- {0} M T XL F¥#, NRWE—FARTFTHERMBRE

Proof 1L.EGARMI— N EIRT#, GHAbel#, *ENTEEEmRE Aty - 1ERER S Am MR
w1 A 3] AL A G A 18 B A

2RGHRW—ANAIRTA, GHAbel#, BghGFHFMBEAWTE R0 (g) =m
(g)={l,g---g" '} CGHKVh € G¥Ko (h) =m

WTS : hyx™ — 18R T A1 % x™ — 1ER E R ZAm MR, 1 {l.g---¢" '} EEBmMRT
WG < (g) M 5T LA

hM=e<—mi|m

FAEmy 4 mW 867 % ptEFmy = pSlHm=p kB (p,1) = (p,k) =1 = (p,lk) =1
HAs>r8#I > k™% kL

Fs>rlllo(h)=pSHo (gl )=kHA AT EELE = o (hgl')=pk>m

* 5grBUET &

#1> ko (W) =1Ho (gk) = p" Mo (gkhP") = p"l > m

[ 5 g N BLE T JE

BOE 5

Proposition 3.37

BFARR, f(x)eFx] ARTALZAKX, W (f(x)) AMKEZA, HILF [x]/{f (x))

Theorem 3.33 (Newton-Lagrange Interpolation Theorem)

Let F be a field, let aq, .. ., ay € F be pairwise distinct, and set #(x) = Hle (x — a;). Then for any by
unique polynomial /(x) € F[x] of degree < k such that:
(1) h(al—) = bi, i=1,..., k.

..... by € F there exists a

(2) If f(x) € F[x] satisfies f(a;) = b;,i =1,..., k, then there exists a unique g(x) € F[x] such that f(x) = h(x) + g(x)t(x).

Proof Fori # j, we have (x —a;) — (x —a;) = a; —a; # 0; hence
l=(aj—a) aj—a)=(a;-a) " ((x-a;) - (x—a;)) € Flx](x —a;) + F[x] (x - a;).

Thus F[x](x — a;) + F[x](x — a;) = F[x]; i.e., the ideals F[x](x — a;) and F[x](x — a;) are coprime.

By the definition of 7(x), the ideal it generates satisfies F [x]¢(x) C F[x](x—a;) fori=1,..., k;hence F[x]t(x) C ﬂf.‘zl Fx](x—a;).

Conversely, suppose f(x) € ﬂf;l F[x](x — a;). Then for each 1 < i < k, we have f(x) € F[x](x — a;), so we may write f(x) =
hi(x)(x —a;), whence f(a;) = 0. By Corollary 3.4.6(1), there exists g(x) € F[x] such that f(x) = g(x)t(x). Therefore f(x) € F[x]t(x).

Combining the inclusions we obtain
k
Flalt(x) = (| Flal(x = ay).
i=1

By the Chinese Remainder Theorem we obtain a ring isomorphism:

F[x]/F[x]t(x) = F[x]/Flx](x —a1) & -+ & F[x]/F[x] (x - ax),
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f(x) + Fx]t(x) — (f(x) +Flx](x—ay),..., f(x) +F[x](x—ak)).

So there exists a g(x) € F[x],such that g(x) + F[x](x —a;) = b; + F[x](x — a;). Hence g(a;) = b; fori = 1,..., k.Then we use division
,8(x) = g(x)t(x) +r(x) and deg(r(x)) < deg(t(x) = k),r(a;) = b;.

Now we have shown the existance of such a polynomial /(x). To show uniqueness, suppose there are two such polynomials /1 (x)
and ho(x) of degree < k satisfying hq(a;) = b; and ho(a;) = b; fori =1, ..., k. Then the polynomial /1 (x) — ho(x) has degree < k and
has k distinct roots aq, . . ., ax. By Corollary ,this implies that /1 (x) — ho(x) = 0, hence A1 (x) = ha(x). This completes the proof.

@ Note

For (b1,...,by) e F® --- @ F, how can we concretely find a polynomial 4 (x) satisfying conditions (1) and (2) of the interpolation
theorem? From the Chinese Remainder Theorem, the key is to find polynomials ¢; (x) such that
1 (modx-aj), ifi=j,
£i(x) =
0 (modx-—aj), ifi#j].
Let t;(x) = t(x)/(x — a;), where t(x) is as in the theorem, then #;(a;) # 0. The following polynomials, called Lagrange polynomials,

satisfy the above requirements:
t(x) Hj;ti(x_aj)
i(ai) Hj;t[(ai_aj)’

fi(x)zt i=1,...,k

then

k
h(x) =Y bili(x).
i=1
3.9.3 E—REIASE 2N

Definition 3.34

LXRAUFDUf (x) =Y arx* € R[x], #e (f) = (ao.ar -~ an) A fRBR

k=0
2.3%0 # f (x) € R[x] e (f) ~ 1A fH AR %X

Proposition 3.38

ERAUFDHITSAR [x]) ¥ A KR % AKXy EE

1.0# f(x) e R[x] MAd € R*, fi (x) € SAEMFf (x) =dfy (x), BLiZzpMatatE L TFE—
2.5 f (x) AT AL Edegf > 00 f (x) A AR % AKX, 2R Z IRl dex? - 1
3.AANRR L RRXRARA N KRR SR X

Proof 1.f (x) = Zakxk =c(f) Zaixk =dfy (x) e (f) =dBTE XL 2F TOER N ET A I —E T4 40
HRUATARMBMEES

HER, Ff(x)=difi (x) =dafo (x) £EFdi,do € R", fi (x), fa(x) €S

We (f) =dic (f1) =dac (fo) = di ~ dothdy = uds = ufy (x) = fo (x) = f1 ~ fo

2.%d=c(f), Nf(x)=dfi (x) BdeR", fi (x) e Slbtdy fHEHEF, @fFT4Nd ~ 18 feS
3B EE R K GaussT| EIEH
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Proposition 3.39

ERAUFDELSAR [x] ¥ A KRS ARG ES, WFARNY S X, MR[x] CF[x]

LR [x] FAAHEA ~ ieF [x] 89 Aa4EH ~ i,ﬁ.&#aﬁ}#ﬁ:%#a# ~

1.0# f(x) € Flx], L2 AAg (x) AR [x] B9 KRFZAXIEZS (x) ~g (x) Hg (x) Z£A84E ~ TroE—
HEARANEESFAXA(x), k (x) € F [x] 1£4%h (x) ~k (x) = k (¥) ~h (x)

2.3 1 (x), fa (x) € F [x] Bg (x), g1 (x),82 (x) AR [x] #9 KR Z AKX

% fi ~81, f2r 82 fifoy 8= 818238

3.f (x) € R[x] Bdegf (x) > 1, f(x) &R [x] ¥ AT 5 MR AAKBEAKE % 7 X AR

N f (x) £F [x] £ T 458 A BASR $ A0 % R0 X AR

n n n
: ag 1 0 (*)
Proof 1f 0= p oot = gy, 2 wbe b= g ) et
k=0 k=0 k=0
e ES
#0H eFEIF # #9-F LB F—————
P g (x)

B f (x) ~g (%), A f(x) ~g1(x), Bt g (x) ~g1 (%) Epﬁﬁi € F#1Rg (x) = £g1 (x)
= ug (x) =vg1 (x) ZH AWM AR [x] P8, Ba A eAN1752] ;Tﬁﬁé
2B A R RN E &K R Ng1go ~8 Mg R Rgo R EH LMo AfEg go KR, HgARE
@ﬁﬁ%%ﬂl.%ﬂﬁ;#ﬁ#
3 RAEEE f (x) £ F [x] 7 4 A AN RBER R 2 TR, f(x)= et Ffi€Flx], fo € F[x]
B A A AL A fy ;glﬂfZ ;gZEf(x) >8 (x) £ Fg1,80, g AR [x] FHIARE Z T
HAAHA R R KRB g 182K 5 f1fo—HEAZ L fIRHY
HMEHRRAFRAR = g(0) ~g1g2 =g () ~ 2182 =g (¥) =ug1 (x) g2 (x) uekR
AR A f (x) =dg (x) HFd e R', g (x) AR [x] FHIAJR £ K
EREE—ATIS (%) ~g (x) RAFBFHEME N ARMEH L Zg (x) H A A6 AL 38 o AERAEE T & —
B f (x) = dg (x) = (dugy (x)) g2 (x) B fER [x] LR T BN KRB R E £ T 8 e AR
Theorem 3.34
EXRAHUFDWR [x] & RUFD, SAR[x] Loy XRS5 HAXEL

Proof 1HRGMH&M: £f () KEFTENS (x) € R LA RS KL RS (x) REATE
HeAf (x) =dg (x) EFde R, g(x) €S

TyiBikd e UGS ELS EHg (x) WE FEX, WdeR* -U

=d=p1-pEFp ARFT TN T ELRWAR [x] #4710

EFARE 7 R, AEF [x] Fg () T Hg (x) =g1(x) -8 (x) g (x) ZF [x] FAALT

1 BLAng (x) ~ pi (1) E o p; (1) €S, Wigs () 72 F [x] #4549 B AAE H By p; () 2 F [x] #7249
=g () 2 p1 () pr (1) = g (¥) 2 p1 () - pr (1) = g () =up1 (x) - py (x) EFuer

Hpi(x) € SEp; (x) EF [x] # AT H = p; (x) ER [x] P AT (X B HHF M4 EEEF 3% + 6EZ [x])
TEF () =p1---pe(upr (x)) - pr (x)

2 A EAS () =q1qrq1 () qs (x) = p1cpepr () pr (¥)

qi (x) AR [x] ERTHT, Hq (x) REATOHTIERiEg (x) € S (ZERA Tp; (x) —H)

RAEGARNTRAGr g ~p1eprEpr () pr ()~ g1 () g5 (¥)

WA EpL-pr=q1-quEERAUFD Lt =v BEMZ— N B TRAEH

FIEZAHBpr (x) - pr (x) = q1 (x) - g5 (x)

Eq; (x) AR [x] EAFT 470, degqi (x) >0, g (x) € S AHg; (x) R [x] EA 98 4 MR BIRAKH 2 03 AR
Mg; (x) &F [x] DA 28 AT MREREZ AR N = q; (x) EF [x] DAL
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PL(0) - pr (¥) = q1 () gy (0) EF [x] BRI A RS EF [x] JUFDFir = s LEEH T pi (6) ~qs ()
KA1 B i () ~ 41 ()
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3.10 # L&Y 3R 4G bR it

3.10 ERHEEAHYE RS

Zpg=Zp®Ly & phgiF

Proof #p,qE R BN TERKIER :Z)y 27, ©Z,

FELEWRZ,, =7, ®Z,#MRZF LT 4 IR EH

MEBRH 0 Zpg > 2, ®Z; ar (X,y) £ X =amod (p) Hy = amod (¢)

HERN K F ARG A EUEN Ta, =kipg+a5as = kopg+aT 25 =amod (p) = 55
ERE :|Zpg| = |Z)p @ Zy| = pa¥h AT T E 0 2 2 5 50 7 DU 3 1 4T AT 2R 5t
Gi=az=pglai—ax=plai-axbq|ar-as = x1=x25y1 =
BEREp,qEEFH LT = U#H P RN

War=az = 51 =x25y1 = EWWHA T L5 AT A A

THERARZL : ¢ (a1a2) = ¢ (a1az) = (X1x%2. y1y2) = (¥1.51) (¥2.52) = ¢ (a1) ¢ (a2)

Fl#E ¢ (a1 +a2) = ¢ (ar) + ¢ (az) HAFFIA

A—HE : Elpg =Ly @ Ly BN AL T Z) @ Zg B —MEXH KN F LA Ep, g T EF, NZ), © Zy T EVEF 7
R TS E B (my,ma) # 1, FAER (T, © Ly, +) TR IET B
RBE (Zyny @ Ly, +) B —TLF (1, G ) WA BE (Zoy © Zon,+) B9 tmama BT LLT
W (mi,ma) =d>1,Mmy =kid, 1 < ki <myymo =kad, 1 < ko < mo.ET (Zpy, +) my MEFEE, B HTE D Amy.
B, I W Ame. TEA
kldkg (dl,dz) = (kldkgdl,kldedQ) = (kgmldl,kln’mdg)
= (kgmlidl,klmgijg) = (kzédl,kg(:)azg) = (6, 6)
/‘}\ﬁ (dl,éz) E"‘]I%\S | kldkglﬁ$k1dk2 = mle <mimsy, [i?]lﬂﬁs < mlmg.ﬂ:/—% (Zml @Zm2,+) K%ﬁﬂ:ﬁ

L—AEVASHAMTE LLER T 6 A RIFZ — AR IR
2.7 FRAEIR Ay 3%

3. A R AR B T 3R AR T

AZ A RER TR e ph—AEk

5.Z, A &= pH—ANEH

Proof 1.k R, +, )2 —NMNEL AR TE ELEH FTHA R

EIEER AR, RFIE (R, ) R—NER.BEARFELEHERNITE, UL RE—NESEA.
XHEHFRFLERHT, B, Va,b € R*,Bla #0,b # 0, Fab # 0, W £ L, R* % T FikiZ B &+ H .
MR E (R, ) R —MNEREEERNARFH B R D) BN, UL RE— AR

2.3 JFI A IR B itk R =1 4 B

4.=: BDREFHEHA LG AN =ab; Frllab=0

—: #ab=0Ha+0Hb + 0A LH plabX [H Kyp X & KA Lpladi# p|lb ot Ea5b/NTpF /&

5.F R34 B mEZ, HER, KIF, B

Proposition 3.40 EHIRHIITiL)
(Z,+,-) :
LAERFHR Rk BEARELT
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2.5 3R
3AFMRIR Rk

Proposition 3.41 (12 n EHIFAYITIL)

2 Hek
T+, -) (n—ANB2E) -~
@n+,) (A — A0 H) {%ﬁﬁ%ii
1L.x# EARELLT

24FEF R—AFELKATIHR TR

Proposition 3.42 (12 p ZEHIFAYITIL)

(Zp,+.) (PA—FH)

LRl BEAKREIZAL ARBETHR
2B I

3.2, Lty B R & RA KR SAid

Proof 3.&p =28 R Tkph—NFFH &kf:Z,>Z,, NfO)=0, Bf()=ke{0,1,---,p—1}

N fF(2) = 2k, £(2) = (1) £(2) = 2k2, BI2k? = 2k(modp) = p | k* — k = N7 4k = 051

HfAFRSHEFFAZL, RHE
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4.1 =EYERLHEE S

Definition 4.1

WRA LR, MAE—AT%E (LB HRAIikkT), W RA—MARX MEIME B (a,x) — axith 258
(1) *H4EfTa,b € R%Rx € M, (a+b)x = ax + bx

(2) 14 Ta € RBRx,y € M,a(x +y) = ax + ay

(3) *EfTx e M, 1x=x, HFIHRG LT

(4) *HE4Ta,b € RBRx € M, a(bx) = (ab)x

WA M A —ASERE .

Remark —BHIEA 5 5 TR BRI Y 27 ROVZEHIE, MIAVE R E SCARKE: xa := ax (Hithx € M, a € R)
FRAFEAHIR, LM R R SR 72 R

D Note LAEFTHE L 89 Sb 7 BV — % R FAE A 238 L4 £ 4%
FEE, AETAZ PR EIFTIHAVAS LA RBNLEN, REaHOWAN 4 ELF2 AR E P &4
2XGH— AN, TAZXGEGHBS: (m,x) — mx
W) 5 5y B b i B g i R R A B AT — AN AR B T VA A B IR LG AR
BT A R A R IR B GG R
3AEAT — AR RAR T VAK s —ANR—#E
FRE, WRKMAFE Bk, WM ={R;+} A — A2, will i 2069 J A T AN IR BEM A R IFR L 69 4%
4 A1 F BT IR L6 & B VAR T AR R F L a4
MAERML RV LG —NEETBRA, WTAKVERF L —T %R KIFF[A] Loy 24
FRE, SETERXf(A)RBRVFPH—AEEY, ZX (D) = f(A) ()N E D BIEEE 6 K4 AR R Ly
BBV A FA] L8 —AAE . X —A 58 F b — AR B &or 2 1) B ey KM T 3R ad 4k 388

Proposition 4.1

1.5 MAREE, WitVa € R a0y =0y
2. EMAREE, HitVx € MAORM =0y
3.Ha(-x) = (-a)x = — (ax)

i=1 j=1

Definition 4.2 (F1&)
1.XRA 43, REMGEMEG—ANIETFENKRAMGFAE, e FNAEME Ioikiz FAeRE MG & T iEBH T RA—ANRE

Proposition 4.2
NAMWFEG RS LBEMNZ: (1) NEMEFEMWG T, (2) sEfTae R,x e N, Aaxe N

Proof —HFHEENAMNA T, NEZBEENE MK MBANEMIN TE, SNEMH T, HHENE X
HEFE: RXN > Ntkae R,xe N, Faxe N

|




4.1 469 A mis A

A—FHE: ENEMEFME T, HEfMaeRxeN, HaxeN

W HVx,y € N,Va,b € RN

a(x+y)=ax+ayE PR EHETEHy, yERM LB TE, RAFA (2) ax,ayst BTN, INAMT#Kax+ay e N
(a+b)x=ax+bxEE

1px = x[F &

a (bx) = (ba) x[A] 3

Note (1) BFEEAMZEVH—NERZTEWATES AR EWRAVH LT ZH

(2) X®BGHIET TEHRGHEAZ— BT Y HIRSHRGH T#

(3) HFXRAMR—HE, MRIIFZTER ATHY HALL R RRI LA

(4) 4 RAABF LBV LGB THR, BFVARF[A]—E, WVHIETFEWRLATHE, SHRAEWRAGRETZN

Proposition 4.3 (FEHIFI53Z)
LA R R—BMBEAANTHEM, My, B5FHZEM N Mo ZMETHE
2.4 XMy + Moy ={x1 +x2 | x1 € M1, x0 € Mo} MMy + Mo M FAE, #RAFHEM, 5 M, 0052
BFERNE, BEEANA CTULT) FTEROX—2RTHE, WX T TR AR BETAH RS ATR A0 11

Definition 4.3

XS c MA—NEZTE, NMFIAOLASHTFE (Blde, MAFHE—A) WRERMEG—AFH, A ESERIYFH,
— ML, 4R [S] =M, WARSHME—AE i

o RREM Y AAE—ANAEYRIF [V] = M, WARMH BT

BMARARRERE, R BEEMFH—NARTES, £F[S1]=M

BAR, —ARBRBECHENZ—EAETEL AR ECRBIAE; MGHEAZ—REARAERE Y B EGAA RAERFH

Proposition 4.4

KAEH [S] = {
=1

aiy; |meN,a; € R,y; ES} . AFRIHS = {x1---xx ) A [S] = Rx1 +---+ Rxy

4

Definition 4.4 (f2A9 A & 1)

MO TFHREM, Ma, -+, Mgith =M = My + Mo + -+ + M
HEEMP L Fuk TRU=a1+as+ - +ag,a; € M;# T kR E—
R“J?fﬁ:M%JMl,Mg,---,Msé‘J ) ﬁﬁ"—’, iﬂngZMl@MQ@"'@MS

Theorem 4.1

WM, 1 <i < SHBEMYFE, AM=M +My+---+M;, WTFBREZNEHEH
MDD M=MieMy & -0 M,

(2) mRa; e M;,1 <i<stfFar+as+---+a,=0, Way=as=---=a,=0, HZTZ, 0K F&EE—.
(3) *ALATI, &m»ﬁMm(ZM-)={0}-
J#

Definition 4.5 (RIS E F)
EN{,No, -+ ,NyAR—H, BAMELN=N  XNaX---XN, LZ XAk ARRENWHET R L4 T
(X1, X))+ (Y1, yn) = (X1 + Y1, s X0 + V)

a(xy, -+ ,xp) =(ax1, - ,axy), Xx;,yi€N;, 1<i<n, aeR

136
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MNRA—/NR—HE, #RAN{, No, - Nyt9sbaAe, iWAN=N,® - --QN,

Theorem 4.2

EN=N®N2® - @ N, JR¥N,,No,--- ,N, 895 A A=
4N/ ={(0,0,---,0,x;,0,---,0) € N | x; € N;} MIN/ AN T, mENREN], NS, -, N, #PH AAe

Proof B4, M EfMar, a2 €N/, Hai—az € N/, FEIN BN ImET#

Mo, HE[Ma e Rx;i €Ny Ha(0,--,0,x;,0,---,0)=(0,---,0,ax;,0,---,0) € N/, FHINENH THE
XA EMx; € Ni, 1 <i<my (x1,--,x0) = (01,0, ,0) + -+ (0,-++,0,x,) HIN =N; + Ny +---+N,,
Mok, FHEBEARRL, HIUN=N oNy&---&N,.

Definition 4.6 (Ej &)

ENAR—HBEMEGFHL, WA kBENAME ENT#H, BRAHFM/NA KR
MEZXREM/Nt &R EH T
a(x+N)=ax+N, acRxeMMWM/NELEXRFEZHLTRA—AR—HE, RAMITNGHAE

Proof BN1ERIEEEREINENEZAEN. FELE, WwRx,xoeM, FHE 1 +N=x2+N, Nx; —x2 €N
ENKFH, #VaecR,a(xi—x3)=axi —axg € N, Miflax; + N =axe+N. KT HEFEWNEEH
BB E X FHAEE (1) — (4) K, FHIEM/NER—E,

Definition 4.7 (£[E 7S 5% [E]#4)
EMy, Mo HAANR—AE, — A M B Myt Bt o AR AR &, 4o R opith & &1+
(1) *HEfTx,y € My, Ho(x+y) = d(x) +p(y)

(2) 4E4Ta € R%x € M1 A ¢(ax) = ap(x)

S (1) HHAGRIETEM B My BRI L. dn B— AR S RHS, NARGHHR S o RALR oA S, M Arg AR H
RR, AMREISLAMIRRRELS, —AE R M 6915 B4 2 42 B #)

Yo RAEM EMoZ R B E—ARH, MNARM 5EM R R, TAM, ~ My, 2K, RAMXRARR—AEHELSPH—FFMN

Proposition 4.5

XRA LT, My, My# AR, p: M — Moy AR &S
1.Kero A M, T 4%
2.Imep A Mo T 42

ERHN LR, My, MoE AR, HoAM, — Myttt RS

1.M1 /Kerp = My

2.03 5 T My F 0.2 Kerp®) T E Mo b T8 ——3F 2

HEHANTHH Kerp C HW My /H = My/¢p (H)

3. EFEHAM MTH, NH+KerpAp (H) 8T 2RM%Le (H) = ¢ (H+Kerg)
4.H/HNKerp = ¢ (H) = ¢ (H + Keryp)

D Note [l — AR AR Z — L]
WAL B RMBEG, &L B M — 5 K R
WG H—Mwik B, LEN (G) G EFA ARAMES, HAELERLVYreG
(f+9) ()= f )+  (f9) () = f (g (x)
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4.1 By h e

1] End (G)  —A~ 4 3F.

1k 2 THG LW ERR L, femEEAH - fEF (-f) (%) =—f (x)
2.0k 4 LAHGLid

S B AT AFFG A A& End (G) Lag#E

Definition 4.8 (FE /Y B [E7SEF)

MAEHECI—ALFR, KAMARLEGE, WHERKAEMEM g R A% 4L Endg (G)
1. R & % L 4238 Endg (G) € End (G)

2.3’k Endg (G) 3 End (G) & £ F 3¢

Vf,g € Endr (G) 5Vx,y € G5Va € R3tBt

¥ % f — g € Endg (G)

A - @x+y)=fx+y)-gx+y)=f(x)-g@+f()-g()=f(x+y)—gx+y)
LR EAHf, g € End (G) 4Kt k8

B, (f-g)(ax) = f(ax) - g (ax) =af (x) —ag (x) =a (f - g) (x)

¥ E fg € Endg (G) ZREA, fgx+y)=f(gx+y)=f(x+g()=f(gx)+f(g()=rex) +fe(y)
% 9bfg (ax) = f (g (ax)) = f(ag (x)) =af (g (x)) =a(fg) (x)
# Endg (G) # End (G) %9 4 T 3%
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42 B B LH &R

42 BERESHEMERH

Definition 4.9 (12 _E £ £ 5 %)

BRA LT, MA—/NRE, EHEMY T Fuy - u,ith
Zaiui=0(=>ai=0ai€R

i=1
W Fruyg - u, BT K

I r

Definition 4.10 (1% _E A )
BHRA LK, MAH—AREE, FHLEMT T Fur - u,ith X
latt, - upnE MM, H: M=Rui+Rus+--+Ru, WEIM = (uy - - up)
2y Uy BT X
M FEAVARuy - u, REM B0 —2m 5

Corollary 4.1

BB AT R T Kot = 1) 69 S iR AR 45 e AR M B9 LA A R AR T 89 R ikE—

gé? Note ZRA 43, TXELRM =RxR---xR={(ar,as---ay,) |a;i € R}
23 :(ar,az--ay)+ (b1,ba---b,) = (a1 +b1,a0+bs---a,+b,) 5k € RELk (a1,as---a,) = (kay, kas - - ka,,)
1L.R™ R Abel #
2.RM™ & —AN £ R#%
3RMW EA K fer e,y HFe; =(0,---0,1,0---0)

Definition 4.11 (B H1%)

R LR, & LFREGBEMERMEIM, SMMAREEM H A% Anty i bt ’

Theorem 4.4
BTRA LI, MMAMAn ABE — MPELu; - u M — ik ’

Proof —#WE: HMHA# Anth 8 EE, MM = RMWERMWEIMEKEEA Ao
W ZEZ il (e1)--- ¢ (en) MBI —4H %

B—FHW: EMPEE U uyy, WogEBRSe: M - R™ (Zaiui) = Zaiei
i-1 i=1
VBT R 5 30 Z e AT R AR A + AT + B 4T

Theorem 4.5
XRHA L, MAREE, ui---u, AM¥eni1TE
MMAEHAnEAE, B—8EXHu - u,
e FTHE—RENEEZEAN V- VvV, INFPLE, HBEE—GMEINGER S Fo (1) = v;

Proof 4iELEM: BAMEM Hnt) B b, B—U3% Huy - uy i A T —RENREEndv, - vy ANF T E
ARRIEIE, Ve Mwﬁiﬁ“i“z‘“iﬂfsﬁw(x) =w(zn:aiui =zn:a,.vl~
ﬁ%ﬁ#%¢ﬁ§%ﬁﬁwMﬁ~§§%i%ﬁ = =1

TIEREY, Wike: Mo N Y aui— Y aw;

BB A, AV € Mt Sy T B SR, g T H e —
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42 Ao X REK

2. otk fm &

S pRFRELZH
4.01Cu; B 2y,
AR AR A 7 Bl

FRIEA RS ME: B TE-RENIER M- vV ANF LR, FEE—MEINNER SeEHFe (ur) =v;
RELAEEmE, RORFIEHAuy - uy A ME—HE BT

LUy - un £ RMBIF], AMy = (uy - up)y, THHAM =M

REAEFEE—NERASS: M > M BXRBM S FHTEE Huy---u,

X Winclusion £ 73 My B M 9 8 N\ B2 4T

WL o AMEIMEIEE S B L ot (u;) = u;

ERANEMEIM B KA EFBATd, AR E &5 mE 5 BATRBINGE A MR H A

Lo =id = LHFHEHEM =M

Q.Tiiﬁﬁ)ﬁul...uné)%/f%%%

A TAE—SGMEAS Y au; = 0L EHREE LT BUR RGN 5 R B 2k v, 3 A e

=1
YHEEL: M —R™ g () =e

n n
)”\'JZaiuizO:\tﬁ(Zaiui) =O:>2:(11'6,'=0:>ai=O:LJ-.El;fé

i=1 i=1 i=1

Note XL R, M AR nAAEH, BRa M Loay—aE0h {u--u,), S TFHEEM FLE x, x TR
HRAE— R T A KT x = (ug -+ up) (a1 ---an)? FAVEGWE (a1 - an)T B2 A XAFES, LAFEHSIRLE—
1, EMEEMNEARmELZ Moy REEGILE, LEXATFTHNXGFET AR5 8L 2 %k,

Theorem 4.6
BTRERIEAIR, MAAEREE, ui,us, - Uy Gvi,ve, - , v "MW HEE, Mm=n

Proof B Hui,ug, -, upn 7. 1EREBINX mBIEAFHRE (vi--vp) = (U1 -+ un) A
B2 (ur-up) = (vi---vim) B
= (uy---up) = (uy---u,) AB=— AB=1,F32BA=1,

. N - row;A, 1<i<n A
BEn<m. 1EmM F7IEAL, #E row; Ay = BlA, =
0, n+l1<i<m
\ - co;]B, 1<i<n
ﬁ'ﬁzm%\ﬁ's$31ﬁﬁ/i col; By = ! EP%‘Bl = (B O)
0 n+l1<i<m

TRAB1A1 =BA=1,5%8P L 7HENATHIR—F, T EXRENFTIENTEIN, 84 5HHER
T&detBy-detA; =112 det By =detA; =0, FJ&, #n>m. EUUTiEm >n, #m=n.

Corollary 4.2

WTRARMLIR, MENHARLE AHE, WM =N MENA R

Proposition 4.6

ZAMALIN ARZE, B1AE, ERAFALE2REERKHEL LY, BRI RZLE
ZAFMAIG ARZE, B124, {2} AKMEALAMEL{1,2) REMEMANW, BRI E2& ML H
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42 Ao X REK

Theorem 4.7
ERARIBELIR, MARLE 4 HAnty 8 EE, NEndg (M) = M, (R) A3FREM, HFM, (R) AR EMnY4E 45K

Proof BUEMBIE {uy---u,}, BlE@ € Endg (M), WHRANTHpEE THRTIEM (@) X H " —# <

Bl (uy -+ -up) = (uy - un) M ()

W ERHEHET — Ao Endg (M) = M, (R) ¢ — M ()

BETFFERALRARFTEA—PIHELS

LA, EM(p1) =M (p2), MLBRANBAE HGeoEE {ur -+ u,} THERE W

BVx € M 15 oo Ex THIR A — 81 = ¢o

2.4 BMEAeM,(R), WEHv v, e MER (vi---vy) =(ur--uy) A

ModEmBEzERNZI B R N TREGEHEM Ay, v, FEE-WMEMOERSYERY (u;) =v;

Wy (- up) = (g -+ uy,) ASCH S5

3. THHE —IAES

%, € € Endg (M), WHo (n+&) =0 () +0(¢) Ho@é) =0 (n) o (é)

T ERENuwKATE (+8) (ui) =0 (i) +& (i) = +8E) (ur--up) =0 (ur - un) + & (uy -~ up)

= (1 u)) M(n+&) = (1 up)) M (E) + (U uy)) M(n) = M(n+&) =M E+M @) =0 +&) =0 @m+o (&)

B (0€) (i) =1 (& (i) =0 ((ur - up) coliM (£)) = (7 (ur) -+ () coliM (€) = (uz -+~ un) M (17) coli M (¢)

MA col; (M (n€)) = M () col;M (€) = col; (M (n) M (£)) = M (né) = M (n) M (£)

i 5
ERATHLIR, MARLEnAk A BB, {uy--u,y AIMW—aK, Hoe Endg (M), F2HFHEE
1.y 7T % B4
2.0 M LG B B
3. (ur) - (uy) H—t0A
4.M (p) A 7T & %
5.det (M (¢)) ARLET# T

Proof 1. = 2.2 %

2. = 3. RAEEE @ (u1) @ (uy) R —HE, AL (1)@ (up) BELEMERRE L E RS HM

3. = AN EE THWEFEIHARZ BT EEM, MIBEEFERETEN

4. = 5.M (@) T H[ENFEM (¢) B=1,FATH R = det (M (¢)) - det (B) =1 = det (M (¢)) HR LT # 70
5. = 4.441% FK LAY (¥ FE 4B 145 B

4, = 1 R¥EEndr (M) = M,, (R) B+, WHM () B =1, = o = id¥ o X 7 ¥ B 5¢
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4.3 by A An

4.3 {=EVEH

Definition 4.12 (4ME F1)

ARA LI, BHMy ~ M, AREME, MERBRESL
M=M;x--xM,:={(x1,-x,): x;, € M;} FFEZELS LR T aiaH
(x1---xn),(y1--yn) €M, a€R

(1 x0) + (y1 - yn) = (X1 + Y1, Xn + Yn)

a(xy---xp) = (axy - - axy)

EHBIEMARLEME, WHEMRZ A MM I AFitEM = @M,-
i=1

FILMT = {(x1,0,---,0) : x1 € My} MBI EAM; - -
BT S IR IEM AM TR, AMiEmkite : Mj > My (x1,0,---,0) > x1 H e HER MM = My

Theorem 4.9 (JPEFAYZER)

ERA LK, My~ M, #ARLGE, NEARKE, HMEINAKE S
WAk —BERSe: M=@ M >N He((0,-+-x;,0---0)) = ¢; (x7)

Proof %iEBH—th: FEAREHEELS, MV (- x.) e M
%wwn~wm=¢b}ﬂ=E:%mﬁwwwwmﬁm%%KWﬁfwmﬁ%~ﬁm$
i=1

i=1

AR E R LB EREIH D g (i) BT

i1
Definition 4.13 (K E 1)

KRA LK, MARLEMEE, Ny~ Ny AMETHE, BA
1M =Ny +Na+---+Ng
2.N;N(Ny++-+Ni—1+Nijy1 +---+Np) ={0} (V1 <i < k)
W ARM A Ny ~ N 89 P A=

ERA LK, MARLMIE, Ny ~ Ny AMGTHE, HikZ
IM=N;+Na+---+Ng
2.N;N(Ny++-+Ni—1+Nijy1 +---+Ni) ={0} (V1 <i < k)

BB A 3% e T AY B4t

o: DN M (-x) o x b tn Motz THERM DL N =M

Proof — 7 E#4t BAH W EMBLARIE

AT EAEXL 4+ X = Y1+ F Y =D X1 = Y1 = Y2~ Xo oo+ Yk~ Xk
= LHS € Ni;RHS € No+ -+ Ny = x1—y1=y2 —Xo2+ -+ yr —x =0
= xi =y Efxo+ g =yo b+ KU T ERETAx =y
BEEALERBIE
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4.3 by A An

Definition 4.14 ((R L KB E X)
ERA LI, EMy ~M, HREME, EM;N(My+--+M;_1+M;+---+M,) ={0} (VY1 <i<n)
W ARMy ~ M, X 248 % X Y

Proposition 4.7

ERHA LR, MARKE, Fxi - x, AMFPrNEBR O EE
W Rx; RMWFHE, BRI KM, {225 485t

Proof SGiEBHRx; & T4, B E XRx; :={rx;: r € R}

Wobtrix; —rox; = (r1 —ro) x; € Rx; Hry - rox; = (rire) x; € Rx;

FTUARx; = M T £
HEVx € Rx; N (Rxg + -4+ Rxp) 3 S FRIHIRX = rixy =roXo + -+ Xy
=X —FeXg = —IpXy =0=r; =ro=--- =71, = 08I ETx = 0K MLHY 7 DUIE B H 55t o &

{EEF AR, Pl — A x =0, ME R IR E LR, E&x; X xn BAZ LM XH
Corollary 4.3
faRie LR G R 2 FRAABN B FELNEGEEAELALENT

Proposition 4.8

XRHA LK, M,MaAIRLE A B4
1.M =M, ® My ) @ RBL L Aotk = R 69407, Aot ik = a9

Theorem 4.11

N S
MM, My ~ MM FHAM = @Mi, INAMEF4, BN = @Ni_ELNi cM;

i=1 i=1
S S A A
M/ PN =P M/ N = P M/
i=1 i=1 i=1 i=1
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4.4 F 2 BAIR LG R R A AR

4.4 FIPEEIL R BIRE AR

4.4.1 p.id ERVERERRE 1

Example 4.1— 5 408 g FAER L R B g
I 1Z b OBIZ, 2 F1 EASPR A3 (1) (EH T8 (2) = {0.2.2) AR eyt

I (2) = {0,2,4) AR, HBRRBATETUNE hEL BOE RRA G KM%
(B39 5 4 N0

Proposition 4.9

FHRBER LG aEREGTRLZZOEE, BELTROKRARBIER G HHK.

Proof LEEBENR R ADRMAD LB EE, REKAr (M), MATHEITHN

KA r (M) BVASE, Yr (M) =08, HENCM={0}, %r(N)=04FEH#

Bikr (M) =n— 18 &0, WA Y4r (M) =nbt i

HEMB —HHE{e)--e,), HEELI= {al €D: Zaiei € N} (BINF TEERERTZ Fe1 N2 H)
i=1

WrelZD FHMBEAEFRwT:

LVay,a; € INFEFAANTHarer +azes +- - +ane, Gajer +ases +- -+ aye, #ETN

MW AR AFE] (a1 —af) er+ -+ (an—a}) e IN A THEFE (a1 —af)er+---+ (ap—a})en €N

#a, —ajel

2Vd € D5ay e I F T Eaje; +azes +---+ane, & TN,

Wt TNETFHES: d(are; +ases+---+aye,) € N=day €1

WIZD LA

HHEde DER(d) =1

EHd=0MI1=0, ERRKENFT TEFAERET Fer WAL A0, NN C(ez---e,)
FIRAGHB RS, NAEEE, ENORNTETn-13#TMATETn

Fd#0, BLrdelfmEFETRSf =der+ - +dye, e NEFd 0, BT EAS #0
LS ¢ leg---en)

TEHEN=Df& (NN e --e,))

FLWMHAN=Df+(NN{ex---e,))

L.RHS C LHS % %

2Vg e NI ##g =aje; +---+ane, a~a,€D

Hay el =(dy#Ha, e DFEFald=a;

Mg —a,f=(az—alds)es+ (az—ajds)es+ -+ (an—aid,)e,
lHﬁHngeNﬁ_feN:g—a’ifeN:(ag—a’{d2)62+(a3—a’id3)e3+~-+(an—a’idn)enEN
H (az—ajds) ea+ (a3 —ajds) ez + -+ (an — ajdy) e, € (e2---e,)

B (ag — ajds) e+ (a3 —ajds) es+-- -+ (an —ajdn) en € (NN (ea---e,))

Mg =a,f+(ax—ajds) es+ (a3 —ajds)es+---+(an—ajdy)en € Df + (NN {ea---ey))
KLU T LHS C RHSHN =Df + (NN {ea---ey))
SAEVHADS + (N N {ea---ey)) Hifn 2 H fn

Vx e DfN(NN(ez---en)) WF LLikx = hf = boea+ -+ bpey (K h, by ~ b, 1ETD)
= hdeq + hdoes +- -+ hdnen = boea + -+ bpen, => X {e1---en} H—HE = hd=0
= d+0HED AT B RENRBAELEHFTHHA=0

= x=08 N EM
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4.4 T3P AARIR E GG A IR A AR AR

LZEN=Df®(Nn{ez---e,))

WHDFEI H1AL B HAE, NNleg---e,) C{ea---ey)
MAERBEENN(eg---e,) A—NMEEBEEEKNTEFTn-1
BARAE BN Ef Y ke TR S EE T ENt

i

F 78 AR R A AR B T AR AR RA TR A mi AR

WDXERBEN, DEH—FREREM, LFHEN
TULEAN 2 A IR A R
WME]—H R E KA A (g1 gt M (g1 - gn) =M
EEHED HRE—HEe, e, HEHENZERIPEFEE —WERSERe (e;) = gi
BHE gy - g M AE KA, SBEEmE el 2 HEA
HAEE G EARE R, oET TD"F A4 Kerpl FTHEEMF FTHEN—— X N
BeET T L (N) ENWIA . T8 E AN RPID EH B N FHEMKZ G, HHEE /N
B L (N) ZD"HF#, B—ANBw#E, BEKNTETn, THEEL—HE A f
Wbte (fi) @ (fr) REKRTN
FAVx e NEo™ () et (N)=(fi- ) et () =arfi+--+a fr = x=a19(f1) +- - +a,¢ (fr)
BN 42 F R A R B B

Definition 4.15

LIXRA A3, BMAREME, ZxeM

F A0+ a € RE Fax = 0N Arx AT (ZAR0AET)

FERBEZHG0 # aRAHLAR KT W ArxAIEELT (8 B T)

2.XRA %3, EMARLEHE

M P AT AR AR A AR AR

EMFHEANFERTFAA G & TN AR ARAE

3.ERA X3, MARL&HE, x e MNL

annihilator (x) = ann (x) = {a € R: ax =0} Axa9EHF

2 Rann (x) AR A, HFERTHNAML A, Hx # 03Lix AT & ann (x) # {0}
4.8 RA 3L, MARKE,

ERAZARIN, M A RN ZFTA B AE S M mtorison submodel A M&F#Tor (M) Tor (M) =
{x € M: 3a € R#%/Fax =0}

FERA AR LA RLERR T (2t —F B ¥IFR) WEFHRM/Tor (M) A L4t

Problem 4.1 1.M NG FRAbelBE, W MAE JZAE R A
2. B MO E F A, W MAE 9 PR JE AR
3RVEEF EIA IRYELES ], o RV B, F ] 2F Ef—n2mr,
F) e FIAMFQ) (a):=f () (a), HEVIHE
4 FEIRR 11 B B — e R JCHIR (B — 23R IE)
5.0 HAUNFEQIE NZELR TCHIAE, (HARZ ER)H B (AT N4 HW A K
THBRR, HEZIEHQHER AN TR AR LA, W& | mE /N5 T2, HQPHIEET

OB N, #Q = <2> 9 4 LR
p P 2p
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4.4 F 39 IR L A9 A TR A AR

EMA ERAEFD LAk ARG LR, WMAD ey HAE

Proof THEMBIEBRAN: x1-xm € MAXHFRH0H (X1 X)) =M

BA A} —REBELTRENG BN AETTE, BLARNTRALUET AW B
(X EA| R RHEAEIER T % AT XHANFEN)

%TI\]E‘T AR R AR A TERE A (x1 -+ x,) LETH

Zaijk+ajxj =0(Vr+1<j<mHax;50#a; € D)
k=1

1Bfka=ar1 X Xa, AADTEREFMa #0

MEBEe: M—> M x ax

EZEike AR AN : M — n (M) X —i#FE A8 M/Kerg = ¢ (M)

M Kerp={x e M: ¢(x)=0}={xe M: ax=0}{0}ékM§<p(M)

BANFA Lo (M) B HD LHy B s BT+

MENmETEEAELR LW EEENTEREEERURNFE Lo(M) BE—ID LW EHENTH#

AN=(x1-x,)=Dx1+-+Dx, THWHAp (M) ZN FHEI
T B A G A AE, e (M) RERFIEHe (M) C NEIF
FEREEX X MBI ERRE K (x1) -0 (xn) 2o (M) £ A
BT LLEEF o (M) C NEEEH (x1) - ¢ (xm) € N = (1 -+ xp)
Mo (x1) =axy------ ¢o(x,)=ax, €N

,

B = = = = N

=@ (xr+1) = AXp4l = Appl X X AmXpsl = Apg2 X - Xy (_a1r+1x1 il A arr+1xr) =arel X Xy X | — Akr+1Xk | €
k=1

"ﬁ@ﬁ%r+1<j<m7ﬁ_g0(xj)=ar+1><---d}><---am><(—Zaijk eEN

k=1

Theorem 4.12 (FIREEEIF FBIRE RIER S fELGH 1)
EDA—NEHBER, MRARAERGDE, WELEMY A E FHENEEZM =TorM & N

ENERME LT HR—

Proof AM = M/TorM B8] X s X 2 — AT FMETERE Hxy - xuUH (X1 X)) =M
Yen AMEIME B g, TR (xq)-- 7 (Xm) M AR,

N @5 BaEPID FARE R THER G HEIME & E

WG Ee, e, € MEBT (e1)---7(e,) EME—4L %

AN ={(ey---e,)=Dey+--+De,

BB ey e, 5 b T 2

Earei+-+are,=0=an(e))+ +a,n(e,)=0=a1=as=---=a,=0

HNE—Artk B @&

TUHHEAM =TorM + N

— /5 HRHS C LHS, 57— 7 HVx € Mn (x) € M/TorM

= nan(x)=byn(e1)+---+bn(e,) = x+TorM =bre1+---+bre, +TorM
= x—-biey—---—bre, € TorM#& LHS C RHS

H#, VzeTorMNN, HHXzeTorM#z AM+ T,

HzeN=(e1- e ) BINEFEMER L — & h LHHE
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4.4 F 39 IR L A9 A TR A AR

W AENFT RAEZRH TSz =08 N EF
HREGEXHBNUAEN = M/TorM

4.4.2 p.id EBRERBIHRE

D Note EEXAMEBERT
EDA—p.id EMAD LARAEREE, WAELEM AR TENEM LA R A RIBETorM
M = TorM & NS R A%k 3 2 5 140 LA PR A R A 1A% 25 4

Definition 4.16

EDApid AMAD LA RAmEEE, Yae D
ZX: M(a)={xeM: ax =0}

LM (a) 3 M&9-FAE (Ka AR & HOR6 Ttk ) BM (0) = MEF%EaR 7 H R TELMM (a) = {0}
2.%alb = M (a) € M (b)

3.M (a) " M (b) = M (gcd (a, b)) (FIR2.5p.i.d L% & Bezout % 3Z)

4.% (a,b) =1 = M (ab) = M (a) ® M (b)

5.%atitkb — M (a) = M (b)

Proposition 4.10

EDApid AMADEARARGIEIE, Xae D -U
HRatF BT HM: a=up'py?---pi (WADFTET, p; EIAH)
MM (a)=M (p}*) @ M (py?)&---& M (p;")

Proof A F V3 44 % 71 #&iE 94

Definition 4.17 (&Y p 973%)

BDAp.idAphDE—AErE, BMAHD LA
M, = || M (p') AAEM B p2 £ XM = M, W H5M 5 phk
i=1

1.M (pi) C M(p“'l) Coovnenn
2.M, AME T
3.pAE &Yy T A Fo AL AR & p AR

Definition 4.18 (FHEHNELF)

ERA LI, MAERKE, RWF%EannM = {a € R: ax =0,Yx € M} #RAMGRAT

l.annM = ﬂ annx
xeM R
2.annM R RW I (— M A LR )3 £ 32 48

3.N1, No¥RME-FENN; C Ny = annNo C annN;
4.FRAT IR, WVx € MA annx = annRx
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#&DAp.id, M*DLejinrt

1.Vx € M, Fa, € DiEFannx = {ay) LEAFEE L Fa, B E—5 <

X 3ay € DIEIFannM = (ay) EABFEXL TayBEME—H <, ay {ax: x € M} 895 DME X
2.M =M (ap) ={x e M: apx =0}

3.FEM # {0} EMAHXy - x, A TRAER, May = [ax, - ax, | BannMAD#JE-F L2 A

Proof 1.¥x € M, annx ADWH M, WDk £EAEEIFNIa, € DIFEFannx = (ay)

HEAMEHE S annx £ {0} = a, # O E FHannx = {a,) = <a;>

= ay=ds d.=axt=ay=dits=ts=1= a,Ha' M

B EannM = {apy) W EHannM = {apy) = (ah) B BN EannM = {0} Way = ay, = O = 2 & $h A
#annM # {0} Map # 0,a), # ORI E 7 Llikay 5a), HH

Wbt B R annM C annx = {ap) C {ax) = axlay = apy &= {ax: x € MY B9 fE R

W EE s {ax: x € MY BIAERBsHEHTETEx e MLE, s € (ay) = s =ayt = ayls

A TN R

2. BM (ap) € MILEYx € M, A HannM = {ap) Way ZGELIEMETHE TELE
MM (ay) ={xeM: ayx=0Y8EM (ay) =M

SFEEHLay2BMF A TENEN, FrllayFIEIF Hay, - ax, BAER

HRETCHAay, - ay, FWAER, Yoxe MUx =bixy +--+byx,

cx=by(cx1)+---+b, (cx,) =0#c € {ay) = apylc = ay = [ax1 ---ax,]

THHannM = {ay) 2D IETF LA

— @ HannM = (ap) # {0} RE R Fay # 0 E R Aay = [ax, -+ ax, | #0

AERHAay, - ay, # # 0flannxy = (ay, ) HAMZHAE K annxy # {0} Hay, # 0E K FE
BFEWNHannM # D AL EEannM = D, Wil € annM = {ay) = ay xh=1= ay H B L
= M(ay)={0}=MEXEE4FE

Theorem 4.13 (FIR8#IF FHIRE AR SRR 1)

KDAp.id, MADEAERERMIEEE, BannM = (ap),an = up’* - p;"
EbuAD RS, pr-opAEAEZLLI N M, WA

LVpHD bR A, MBMEpH LM, = M (p*) =] {x e M pkx=0}={
k=1 k=1

2M=My & &M,

M(pl)  phpiats

L

{0y  phEpHTARE

Proof WD Ap.id, MADERRERNEE, HannM = (ay),ap =up'* - p;"
HFPuAD RN, py---p, AETEELAHEME, WA

LVpADEE T, MEMEps M, = M (p) =] fxe M: prx=0} ={
k=1 k=1

2.M=Mp @ &M,

M (p}?) p5pi A
{0y  pH#EpH A

Corollary 4.5

BEDAp.i.d EMAD LA A RGIEEE, ENAMG T, annM = (ap),apm = upy* - pir (FES )

.
UAN = Np,, Np, =N O Mp, 3 Mp,, N, #6H8 £
i=1

Proof #annN = (b), W& TN C M%iannM C annN = {(ap) C (b) = blay
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Wb =upi' - pr IR, LR AEMO0< k- ke Sy
558 A2 2 FLE T LUEFN = D) N,
i=1
X BN, =N(pffi)ﬁfru%k,- = 0BF N, =N(pf?i) = N (1) = {0} T &
BTARWRHAN, =N N M),
NOMy, =N JM(pk) =N {re M: 3k e 25 plx = 0)
k=1

B

NCcM

{xeN: Ik eZEH/pix =0} = N,,
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4.4.3 p.i.d EBRERH p 1EZE#

D Note FAAMM T p.id bt AR RAIIEFE T — AR, Hd M, = M (p") AMEHTH
%4%Mpi7%ﬁz%ﬁéfa;?%%;ﬁzwi=UM(pf.<), W Mp, 3 —ApHE, PTASAET RB S EH p.i.d LA kARG pEELEH
k=1

%&DAp.id, BEMADEnik Q@ atE, NEMTHE, AHEM/NApH
W BAEME I {e) e} ARAE LStk - - ko fE1Fphiey - plre, ANBY—m

Proof FAT Frnfl gk ¥ V340 %

Yn =10, Re AMWEEEM, He=e+ NEM/N# A KT, XHHIM/NZpHE
HHFEEpEN T FIeNE, *ikanne = (p*), HEFk >0 (%Lt T o9&/ Nek)
THH {pke} HNH X

—JFEpke kL%, FapFe=0 eéig”m% apk =0 g a=0

B—THpkeE N, EAN C M = (e) BN FHEF—TEFHlnae

ae €e NELE M % Mae =0= a € anné = (p*) = a = p* xt = NFEFA— T Fae =1 (pXe)
B = 1IE5

T & YAk Hn — L& EFIE AR AntE N
BMuB—HE{f - fu}
#’JL%AI—{al xeNX—Zafl}

THAERAL ADRERE, MDA EBEREN = I, = (¢;)
E]ﬁM/Nﬁ]zif;%\ékwﬁEp”'ﬁ =0=p (f;i+N)=0+N=plifie N= p" e I; = {(c;)
s cilpm T FEEIET L gl () = 1 = ey = (ph)

P TRS

i=1
Al Z L /N A pl phe) -
Hiph e LS EENF TEg=plifi+asfo+---+anfu €N
WEtas ~ an € I ~ I,#as ~ a, € (p2) ~ (p) ¥as ~ a, Zp ~ pnHERXE Zph B X

= g=ph (fi+d fot - +a,fn) =phe (EFer=fita ot - +a,fu)
1 0 0 O
a’1 1 0 O

BB (ers fia for o fu) = (fio fo - fu) :
a 0 0 1

= {e1, fi- fu} AMBI—4H &

M={e1,fi fu)=Der®Dfi® - ®Dfy

BAM=Dfi & & Df, 3 L1EN1 = N N M1 UINy =My 8 T 1%
HEEMERETE: M /Ni=M/(MiNN)= (M, +N)/NCM/N
1M /N2 pt& B p# g F# 2 pE N My /N, =& pHE

Tif: N=Dge N,

(B A EATFI VT B % BB R EM = Dey ® M1,N =Dg® Ny R R ey, fi-- fubig=plteg- - )
L 4kg e N¢Dge N,N; C N#Dg+N; C N

WEVY €N x=bifi+ - +b, fu b B BEWHx — g REREN, EHg=ph (i+a)fo+ - +a,fu) Hbi € 4

150
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o thx =tplt f + bofo+ -+ bof,

Frilx —tg = (bg—tplla’z)f2+~'+(bn—tplla;l)fnﬁ%i)\f%x—tg eEN1=M;NN
— % HExeNgeN=x—1tgeN, Hx—tge(fo-fu) =M

N =Dg+ N,

TiEDg+ Ny =Dg® Ny

HHDgN Ny C De; NNy C Dey N My ={0}

#: N=DgeN;

AR VAR AE M, Ny, My/N AR SER

HM B —HE {eg---e,}, NI —HE {p™2eq------ pMmen}

FrAMAE—HE N {er,e0--en} , NI —HE N {g, p"™eq - p™e,} = {plier, p™2es - p™ne,}
5

Theorem 4.14

EDAp.id, M ZDLIERERGpIE
= @Dy,- ann (y;) = (p5) 1< ki < ko <+ < kpBLFmEky -k B— M #H %

Proof WM B —HAERITTH {x1---x,}, HED EeAnfk B EM—HAE RN {fi-- fu}
HEEENZE A FEE—BM > M WERSnERy (i) =x (Y1 <i<n)
HEAMBA—HERTH {x1---x0}, FTUnAM — M B E &

= M /Kern = M'3% Kern := NEM &D AR £ s #ipE — M /KernZD b7 R & R piE
BEFIEAM EHEENEN

RIEG B EFAEMBY— K {eg--e,} EHF {p™ey---pTre,} AN

H ARG #Em, < < - < mn

= M’ =M/N = @De/@Dp -~@De/Dp ie;

ZI dm; = OHtHBE: p = pO =1,De; /me'e, ={0}METERXFEREFRR
EERAEFERRROME, & UEmy ~ m, T Em AT HO

WO=m1=ma="- =My < Mp_ma1 < Mp_msz < - <1y

A Mp—mat = k1s Mpomez = ko My = ks FCAEY, = €pomei + Dprien i

é}ké (Dei/meiei) = é (Den—mﬂ'/Dpkien—mﬂ') = éDy;
i=1 i=1

i=1

W A R €n—mai 2 A BTG PT DL €4y s 35 BLH 72 1 B 1 9 B A9 £ R TT
AR Elann (y) = (phi )

¥ Mim’ﬁ ‘M = @Dygxﬁﬁiy’i*ﬁ/ﬂlﬁ]@ﬁ/ﬁ)ﬂyi -y

i=1

TEM = EB Dy; Eann (y;) = (p*')
“&”/fé%%%%%ﬁﬁ%%ﬁz%
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4.4.4 p.id _ERBERYE BRAIRRFRE D R

Theorem 4.15 (Fr SRR 1)

EDAp.i.dMAD LR RAEREE, WM VA5 ME A & T NEFRILE B Fe

1M =TorM & N (sLENAM A b TR LK G ME—HT)

2.t ann (TorM) = (a) iCa = up* --- py" (EFatF Gp, - p, EMET ERHRERFE-HR)

ﬁtHTTorM (TorM),, & (TorM),, ®---® (TorM),, =M, & Mp, & --- & M),

3.M,, = @Dxlj-ﬁ-“l’ann (x:7) = < kij> ARG EL < ki, < -+ < kio < kin (P mi Bkin ~ ki, Hann (x;;) E—# )
4. J%Né’szwa/ymo-éﬂ%ﬁiy {x01+ Xom, } £ ¥ ann (xo;) = {0} (1 < i < my)

= M = @ @Dxijéﬂf- Fann (x;;) = {0} 3H A % % 1A T4

i=0 j=1

HAHEp A E AT, {pf"f}(l <i<r, 1<j<m)hHmnERFa

EDApid AMAD &K, Hx,ye MHannx = (a) Hanny = (b) X Ha,bEL%
MDx® Dy =D (x+y) Hann (x +y) = (ab)

#5: Fxr-o-x, € MBannx; = (a;) La, AR LEN @Dxi =D (x1+--+x,) Hann(x1+---+x,) ={ay---a,)
i=1

Proof —# WD (x+y) € Dx+DyR 4%

A—FH, (a,b)=1=ua+vb=1=x=vbx = x=vb (x+Y)

= xeD(x+y)=DxCD(x+y)FEDyCD(x+y)= Dx+DyCD(x+y)
BH, ADxNDy C M (a)NnM(b) =M (gcd (a,b)) =M (1) = {0} #Dx n Dy = {0}
#Dx®Dy=D (x+y)

HK, ab(x+y) =0Kab € ann (x +y) = {ab) C ann (x +y)
BExTVeeann(x+y) = cx+cy=0=0=cx+cy€Dx®Dy=cx=0Hcy=0

= ¢ € annx = {a) Hc € anny = (b) = alc A b|c = ab|c = ¢ € {ab) = ann (x +y) C {ab)

Theorem 4.16

EDAp.i.d LMAD L&A kA RAE

MAHAM = @Dziﬂannzs Cannzs_1 C -+ C annzy, Hannz; # D (A HRIE A A=A A20)
i=1

H&Rannz; = (d;) BAd;|diy1, {o} EARFEEXLTEME—HZ, EFYIEHRATRETERT dYARTEATA

Proof ré!? — RS \ﬁﬂrii
M= @@Dx,j@@onjﬁﬁPann (xi;) = < fij>5ann(xoj)={0}, pr P ARHETHHNE TR

i=1 j=1

Wﬁﬁ%ﬁﬁﬂ)ﬂ%ﬂffﬁ%%I&Zl%

Am =max {mq ---m,} WE

SFi=1--r, j=mi+1l,mi+2---m

& Xkij=05Dx;; =0 (x;; =1) éﬁ(pfij =1,ann (x;;) = <pfij> =(1)=D
% A-dy =p’1<1mp’2<2m...plr<rm ......... d, p’1<11pk21. - phr

WA dj|dj (V)
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Azl = X1+ Xom + o Xy Tm = X11 +X21 + 0+ X1
K ,
EpiY- P 1< < m) TR EENARAESIEDz = Dxiy @ ® DXy -+ Dz, = Dx11 ® Dxo, ® - -- ® Dx,1
Hannzy = <p]{1m . ..p]:rm> =(dy)---- annzy, = <p’1<11 ,..p];r1> = (d,) Eannzy C -+ C annzy
‘ﬁzm+1 =Xo1cccc Zs = X0mg (S =m +m0)
Méﬁ@muﬁﬁm @Gﬁ%éﬁmwGW%w @m]
i=1 j=1 j=1 i=1

Lr(M) 5 {d;} RMt & ZREE
2. AP IR D MR XA A AR F B AN G ARM &) AL IR A B R A H pik

{‘) N2 ew v mes  w3i)

3.annM = ﬂ annx = ﬂ annzj = annzs = @y N=0

xeM j=1

EDApid, EMEDLEMEE, x € M, annx = {(ab) H (a,b) =1
W) B X1, x0 € MAEIFX = x1 + X2 BB Dx = Dx1 @ Dxo 5annx, = {(a), annxs = (b)

BT (a,b) =1 = Fu,v € DFEHFua+vb=1= x =uax +vbx
A uax == xo, vbx :=x B
W Btannxy, = ann (vbx) — 77 @ & #%a € ann (vbx) = {a) C ann (vbx)
A —FHua+vb=18% (a,v) =d = dlaBdly = d|] = dEMHERET (a,v) =1
V¢ € ann (vbx) = cvbx =0 = ¢vb € annx = cvb = abt = ¢v = at = al|cv = a|c = ¢ € {(a)
ann (vbx) C (a) #annx, = (a) [F| Eannxs = (b)
A F4.4.47F 5 — A5 ZET A

6
FEMAR[A] Logks, AM = @R [A] x; LA 4 T BALF

i=1
annx, = <(/1+ 1)2 (/12 A+ 1)> AR <(/l —1)2 (12 —a- 1)3>

annxs = <(/12 +A+ 1)2> annxy = <(/12 - 1) (/12 +A+ 1)>
annxs = annxg = {0)

KMoy FB-FRERERTEEAFENHX

B Rannx; A RR—NOA—NTUTEZE A SR, BARTHIELZEEALHOLFESE —5 R
X R —ANJEARE SRR, KA A
i

JEAT 2R ARER $—ARE N — LN MEE T4 - 2, Til%éﬂ — 5 B ARESR KT

1+v5 1—w/53
2 )(/1— > )5(42—1):(4—1)(“1)

R[A] L EAEZA—KE kS XAE (12 -A- 1) = (/l—

B AEy1, yo i Fx1 = y1 +y2 AR [A]x1 =R [A] y1 ® R[] y2 Banny; = (1 + 1)2> annys = <(/l2 +A+ 1)>
[ 32 ¥ 1% 2| Ak by
HAFRETEA

3 3
(/1+1)2,/12+/1+1,(/l—1)2,(/l— 1+2‘/5) ,(/1— 1_‘/5) ,(/12+/l+1)2,(/1—1),(/l+1),(/12+/1+1)}

2
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4.5 p.id £ R A AL 5

4.5 p.id EBREIRRIN A

4.5.1 BIRERKH Abel B

Theorem 4.17

(1) RGRAMRAE MBI Abel 2, BEH Ak, NAELEESN > 0ABERERA, - di it A
ldildiyn (1 <i<k—1)
262720 - QLOZLy & &Ly,

————
nA~

H¥nhd, - dyi

(2) RGAH A A Abel#t, NG = P Za, 0 PzHkFdi;=p?, pihEH
ij i=1

L. %rG%ﬁkZa‘;% Gﬁ%‘ﬁﬁééﬁwj, W@’%”é]\ﬁﬁh%%ﬂ

G= @Zy, @ @zy, ~@zd,e@z
i=1

i=k+1 i=k+1
N—— N——

FEHEERHETE  AaERS, 1%
HFanny; = (d;) (1 <i < k) BHd;|dis1 HGanny; = {0} (k+1 <i < k+n)

2.5 #

EGAM R4 Abel B (8 KA RER), NGHRAMNKX T DL HH» AT A £

TR FEXNTHATEE + oy F AKX F GBI

6000 Abel 2% 84 2544 42 B M) & SUF A JUAT?
6000 = 24 x 3 x 53
W26 455489 XN D A4=1+1+1+1 4=1+2+1 4=1+3 4=2+2 4=4%it A
W) 369 45 4L 169 R 4571 AP
W5a9 A6 H3 X 3 =1+1+1 3=1+2 3=3%34
HARIYE E 3L (2) B R L5 x 3 x 1 = 154

4.5.2 LM HRRYFRAETY

A RBEF Entf A E RV EET %
BB BAVEVAAEF [A] 8, EPEREF () -x = f () (x), BHCaley — Hamilton % 32 %18 F 304%
BVRAMRERGEMNB AV — B LA A mm, FHATZREZAXARLRESETF([A]
AF[A] #9838y — % 0 XIR A BRIUEAFIRA £ 28R
éi\ilp i.d b TR AR 2 BN B R bt
V= @ FlAlzi & ¥z € VEannz; = {d; (1)) Bd; () |dis1 (D) (1 <i<s—1)
MmaF[ lzi =V, EZ2IEORV A AGTEF =0
—Z@Ef(D)zihgD)zi € FlA]zi:=Villf(Dzi+g )z =f(F)(z)+g () (z) = (f (&) +g () (z:) = (f (D) +g (V) -z
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B —Z @Va € Fllaf () zi = af () (zi) = (af () (zi) = (af (D) - z

B,V A F = 0

WIS (f (D) -2i) = (f () (2) = (Af (D) -z

BV BT 2 A AV A |y, = o

b BE—AVHAETE, HEMNFRIGARER SE, RENRE AR, 6944

WA T 545386
(1) degd(A) = dimV Bz, Az, - , A1z AVE—@ A

(2)#&d(A) ="+ ap1 A"+ -+ aid+ag, WAELRETFOEEAM (A; 2, Az, -+ , A7) =

(3) A £V LR % R K 5 4L % 0 X A0 %
(4) BB VAR A BIRZ 0, T5 AR A o BV L8 K

BRARBF LW BB Z VAN TR BAZLHFABRVERTR T AdA), BV = F[A]z,annz = (d(1))

—Adp-2

—dp-1

Proof B annz = (d(1)), Blf(0)z=0%EX4d(A) | f(A), # degf(1) > degd(d) =n, TRz, Az, , A" 1z& ML %

XHx eV, mV=F[Azhx=f(D)z. Kf(A)=d) qA)+rd), E£F, r(1) =08 degr(1) < degd(l)
TEx=r()zeL(z,Az,--- A 7). &b FiE
XEA (Arz) = Az, 0<k<n-2,

n-1 n-1
A (ﬂn—lz) — ﬂnZ — (d(ﬂ) _ Zakﬂk) z = —Zaknkzé‘ké%i@Q) ﬁkj
k=0 k=0

Theorem 4.18 (BIEfmER! I)

BRARBF Lo B2 MV ENT B
HAR LG FABVERE BT Ady (), da(d), - ,ds(d), di(d) | dis1(1),1<i<s—1
BAIRL#RESY = (D F Az annz = (d; () (di(2) LAHHEEERAHTEET)
i=1
WA T 7 448
(Ve Ba—mbk, $37EXmETEEY RS Adiag (B, B, - ,By), L%, BiAd; (1) &%
(2) > degd; (1) = dimV
i=1
(3)annV = (ds(2)), BP.aZ89H ) % X2 ds ()
(4) o W H1E S A KA f(A) = det (Aid - &) = [ [ di(2)

i=1
() f(«)=0

Proof 1) VIEXNHAZE XHF[AEHER THES BV = @F[ﬁ]ziﬁé*, annz; = (d;(1)), d;(1) |dia(A), i=1,2,---,n-1
i=1

1=
Vi = FAz RAHTE F=E, Aly, =A;, BWBAEV,H, 7z, Az r A" (EF, n; =degd;i(1) £

AMEXHETHESEHd(OWHAREEEV =VieVe @ - @ VAR KT
2) dimV = Z dimV; = Z degd; ().

3) % annV ij(d(ﬂ», leﬁzl(z)zi =0. ETd(A) € annzs = (dy(1)), Bds() | d(A)

F—FE, Hdi(A) | ds(D)(1<i<s)Fdg(Dzi=0(1 <i<s), HAMds(Dx=0VxeV), Blds(1) € (d(1))
Bk 4rd(A) | dg(d), TEdg()REARNEZ AR
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4) f() = det (did - A) = [ det (Aidy, - B;) = [] di(2).
i=1 i=1

s s—1
5 f(A) =[] di(A) = (1‘[ d,-(fo) dy(A) = 0.

i=1 i=1

BFARKIR, VAFLGARELKRZN, JAVEGEBETH
W VY —i, 15 EXWET eG4 A R A Bdiag {C1 - G}
A;
1 A
HrdC = 1 - ebtdiag {Cy - - - C;} #-H o/ 89 Jordanin £ A

1 4

Proof ®TFARKHAI, HFA] W EZTANR-EREFT, HFA] PETEHEZ XS IAX
BEEE, HARMFAVEYT 2B RETRTENER, v=CDFly, amy = (A-2)"), i=12-1
i=1

TRV, = FAly RANTE FZM, fy, (A-Aid)y;, -, (A-id) 7Ly, ZVilg—4%. &

A (A= A1D)" y; = A; (A = 2id)N y; + (A - id) y;, 1<k <ri-2,

A(A = 2:id)" 7y = A (A = 4id)" 7y,

& Aly, T Hy;, (A= 2id) yi, -+, (A= 4id)" Ty, TR HC;

Bv=VieVed- -0V, HAEVEHE, FHRAELETHEEYJordantrEFR .
HBERTCRFHERT A HJordan® 2 — 1, XRFE N & FEHFH < Joradan'% < Jordantr/E A

Corollary 4.7
RELRGANMERTHRRE-RAXGTH, RAEFRARKI AR, 75AT AT 2] Li£ Jordan /7% R
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4.6 pid E&y4E[E

4.6 p.i.d _ERYKERE

Definition 4.19

BB ARKRR—ANFHX R

&ZDApid, A,BED LW mXnElE. EADEmNTESREEP, N T HLEEQ, 1138 = PAQ, MARA L BAai&

0, a i,

D Note £% LD* = D\{0} 49 F I (a) % T 1(a) =
0 @ @ s, a=pipa- - ps.pi NE AL

BAR T :

Fabbratk, Wi(a)=1(b).

Fal|b, 12bta, Nli(a) < (D).

Fa|b, Wi(a)=1(b)% I Ya,bratk

HRE AT HifT, $j78H81, AHEAFEHGTE, B enty (E;j) = 6xidr; BA

PG,j)=E;;+E;+ Z E i,
k#i,j
P(i(c))=cEi+y Ew, c¢AD#TER,
k#i
P(j,i(k)) =I1+kE ;I 73 ${z46 1%,

BARZEAFEEHRTE, W ACMNER (RER) E—FeELAICIZAEEEAEGMFT (RF]) Tk

EDApid, BHARD Emxneg4E%E
dy
B O
W) AAB 44T
0O O

HEFB= ) Hd;|di1 Bd; ¢0:z%—13d,7fﬁ=27’7Af1’37F§%

Lemma 4.8
EDApid. MAFmi Q@ EDE, NEMSGTHE, WNEEMWY—EKEe e, - e ] ADFPINERELED, do, -+ ,d i A
1) di|dis1,1 <i<r-1
2) die1,dres, - ,dre, ENWI—2 K (WbFEAd,do, - ,d ANV REZ)

Proof EBME—H ke, el - e, AN —ERAS], f3,--- . fi. TREEDEmxnkEEA,, @E?%f; = (e}, el -+ ,e),) coljAy.
HRAmN T EEEP, AN T EEEQ, A= PAIQATER, T (e1,e2,,em) = (€], e, ep,) P~ Me

A (s fare oo ) = (Fls fon oo ) QU A N A B AL
(=R
(f19f27"' ’fn) = (6,1,6,2,"‘ ’e;n) AIQ
= (81962". : 7em) PAlQ
2(61,62,"' sem)A,
Epﬁ :diei’l g i g r’ ﬁ = O’i > r?%%dleladZeQ"” ’dreriﬁ\zN-
D der,eo,emEMELKXTEEdrer,does, -, dre, BT XK. Hdier,does, - ,dre, RNHIE.

Theorem 4.20

EDApid, M'ADERRERE
MM =P, Dy; ® P}, ,, DyiBanny; 2 -+ 2 anny, Banny,.1 = - - - = anny,, = {0}
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4.6 pid E&y4E[E

F+ Hitanny, ~ anny, = {d1) ~ {d,) Bdy,--- ,d, #0

Proof M B —H EREAM = (x1 - Xp)

HED L imk 8 M = (e - e),) B B EAEZ M 4
FHEEE S : M > M 157 (¢]) = x; X = A# B A BIT/HEN = Kern
WAMIN =M

WNE—HERBAN = (f] - /)

THIE(f - 1) = (€] ef) A"

A ey em) = (e ep,) P1 A MEy—H 374

A (fre )= (f] - fr) QAN —HLHT £ R AL
:(fl...fn)z(fll...fr:)Q:(efl...e;n)AanQz(el...em)pAQ
= fi=dier- fr=drer, fraa=-=fa=0

BN —EEH - fr N=(fi-f)

A 1ym)=nler-em)=n(e]--ep) P = (x1--x0) P
B AnZi#at Bey - emBME—HERy -y MBI — 0 & A
M =(y1---ym)=Dy1+---+Dym

THEZEMNTF
Y1 <i < rit,
diy; = din (e;) =n(die;) =1 (f)

Va € anny; = ae; €N=Ker17=<f1---fr)=(dle1---drer)=>aei=ijdjej=>a=bidi=>a € (b;)
j=1

ieN=K
—_f_e____erl 0= d; € anny; = <dt> C anny;
p

#Hanny; = (d;)
Yr+1<i<mit

Va € anny; = ae; €N=Ker77=<f1---fr)=(dlel---drer)=>aei=ijdjej=>a=0
j=1

#anny; = {0}

FiLEA, REIEATHESME—

= Zciy,- = 0L At Z ciyi € N=Kern = (dye1---de,)
i=1 i=1

m r
chiyi=ledjejzci=lidi(l <i<r)ﬂci=0(i2r+1)
i=1 j=1

YE— Ty BABBEAEE heiy; = Lidyy; ~DZ2DT (4 3 o
Corollary 4.8
r(M/Ny=r(M')=m—-r=r(M)-r(N) B

Proposition 4.12

EDHp.id, ASBHAD Emxn4EE, HEA5BMIK, WEMEELTASBAMEITHXEF

XDAp.id, AZDLE&mxniEl%E
Edi,do, - ,d, RAYMTREHF. D(A)RAMKBITIIXEF, WA
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4.6 pid E&y4E[E

1) di ~ Di(A)/Di-1(A).k =1,2,+ .1
2) dy,dy,-- ,d FARHEE E LT R—
3) 4 RBEAD Ltmxn#Els, FRABEASH L AR SAEBAARANRER T, $AREALBHMAGTHXET.
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B5E Wi

5.1 #EAEREE

Definition 5.1

R H BATTF GERARR A RIRRE A Galois B, RAMNTERKp, Fp,=2/pZ A—AH R

Definition 5.2

RF,EAB, #Hadte: F > EABRL, mReRx —NKRE, B

pla+pB) =¢(a@)+9(B), oaB) =el@)eB), a,fecFmBLiHEle(lp)=1gtFlp, g2 HRF ENFE LT
ETRRRAGHELT, KA1E% TR B & 89 2 44K9e4E Hom(F, E)

MRIRB B QRBRBIM, RS, 4wRF =E, NHeHEW ARG

#—, FeLARM, WAkeH ARH. T AwE)HEGFTH B #6544k
ERIBREGLEMRBRAL, WHe:F > E Y E—K#HRBRRAS, MNyop: F - KELAKRE
HAH, K 5HIIE Hom(E, E) 2 —A 4 ¥ 2, @ Aut(E)R—ANB, ARAEM A RAEE.

S Note MM A ALARZ, HF Zg: F— EtH Kerp R F# 321, # Kerg R it 4 F42{0}
% Kerp = {0}, 2H¢o (1) =1
% Kerp=F, MoRARUA, LRFLONR, BRAMNEZLEHPT o (15) = Lp, HRTEA Y

Proposition 5.1

MR Ag: F— E —% R34

Definition 5.3 (3 15 53 5Kk)

RERA—AN¥, FREH—NT4%
EFEEWBEHE T AL AR, WNARFREWTIR, EAFNT BRI K, IHEE/F

Definition 5.4 (Z1)
EHBAE, REWEESADTHHTNREN TR
H AR, BESHTA T H A LREGR—R T
EARNTF BEAEATIEF AT B AMNAFTLAETIEF LT HABH F K

Theorem 5.1 (Z13 45 25)

1.2, (pAEHK), QHZIRAH F B
2HEMEBRMAAM =Z,3HM =Q

Proof 1.ERZ,NEFEFEF, RAEAF =Z,80 ¥ {HAZ, A & 5

MFEN FH, BRENIMEN TR, RFRATENKERERp, MFNTENMNELNL, BELAE
H1BM 5 {0y 5EBMEFE, ®F =2,

FHQWEZE TFHF, NWFEAQMmERETHELAH (0,1} = BHIZHENTHRIZCF

HF A #ab (a€Z,beZ) WEFFHZI ) R B M EFFHQCF = F=Q

2MEHEBM, Hel 270, #HikZe = {neln € Z} BHRZe AMNFH, ERERX (R ELTHFHHAAM)

@: Z—>Ze n— ne



5.1 & sked K R A A

I LZ/Kerg = Ze H Kerp HZHHE R, FHT Kerp H ZEE A 4655 Ze &I, HZH EHEEER

= Kerp = (p) p H FH#E FH

EphEH, WZ, = ZeNMFPH A FHZe MM ERA N — M =Ze =2,

EpHE, WZe=ZIMABRKab  HRBEME, KZetip Rk = ZWH XK =Q wEMF

MM T ae— T, EAZed o RE, AMBEESEHEM =Zet 5 Ak = 2095 X = Q
Definition 5.5

I RFOARMFEBREQRAM, MNFHBKEAE; W RFOSNEREE, M, WFHHIESp.

Note 3 FHEMMBR S0 : F > E,c AREZTFHERSEN TR MG RHM, BLF5ERLA AR G4
B R, TGIRFAER AR —ANEBIO LS K, He(l) = LRI ER, KRNALTLEL
REFFARFZBINYT K, ¢ F > EABRE, Wttt Fa e MAp(a) =a, B ¢|; =idg.
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5.2 BmAGE T K

5.2 WAYEY 5K

Definition 5.6

BMF CBK, SAKT —AKE, BF LiFmSE &P ERERIP @ aF X aSHR N EIRTAF ()

Theorem 5.2 (F () B9431)

WF [S] = {Z a,-l...,-na/’i1 ---ai{‘I neNii--i, DAIEEERK, aj€S,a;..0, €F

fay---an)
g (B1---Bm)

RN apy.q @l i = f (a1 an) F[S]é%\;vgﬁ{ |f(a’l“‘(l’n)-ﬂ-g(ﬁl"'ﬁm)EF[S]}

= F (S) AF [S] #5 X¥&

Proof F[S] =3 84 AT LLaE 4 1 1 o R B,

—FE: F(S) XAAAEFLAAESNf (a1--ay) € F(S) Hg (B Bm) L € F(S) =
FE I F [S] B 2R3 C F (S)

B—HEF[S| WXk, BEF0asS, TF(S)ZEAEF5SHHE/NNEKF (S) C F[S] #14 R3
= F(S) &F [S] #1438,

flar---ap)

C BBy O

Proposition 5.2

BXEABFWHT B, SCE, N
(1) F(S) = U F(S), 2% S BibSeprHa#RTE

S’'cS
(2) &S=S81USs, MF(S)=F(S1)(S2) =F(S2)(S1)

Proof (1) BAMEMAERFES S, HF(S)CF(S). & Uscs F(S) CF(S)

Rz, XfERaeF(S), #hf.gecF[Sl.g+#0, #fFa=fg!

BT gWRAXMEARMYLRX, BUFESHERTESERSf,gecF[S]. TRacF(S). % (1) &L

(2) REIEHAF(S) = F(S1)(S2). EHTHF(S1)(S2) @EF, 81,82, MF(S)ZEF@AAF,SHE/NTE, ®F(S) CF(S1)(S2)
F—F W, F(S1)(S2) BEAEF(S1),SofIF/NFE, MEF(S1US2) ZHREEF (S1),S2, #F(S1)(S2) S F(S1US»)

F2& (2) &

F(ay,az, -+ ,a,) = F (a1) (@2) - (@) . .

Definition 5.7 (824 5Kk 5 3K 5 BB 5K)

KAFHT B, aecKWF (@) AR AFH—ANEH 5K
FaAF LRI AN ARA Fey 2 RE D 7K, FahF LaGABAT N AR A Fo A K

Theorem 5.3 (B2 B#L 3 KA 1)

KAFHT B, a c KEAF LWABAET, WF [o] BPAF L8 —T %55 KR,
&AM FEF (o) ERMELTR—, &F (@) £F [a] 899 XA R E LT Ag—
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5.2 B EH K

Suppose « is a algebraic element over a field F. And 0 # p(x) € F[x]. Then we have the following three equivalent statements:
1. p(x) is the minimal polynomial of @ over F.

2. p(a@) =0 and for any g(x) € F[x], if g(@) = 0, then p(x)|g(x).

3. p(a) =0 and p(x) is irreducible in F[x].

Proof 1.==2. Suppose g(a) = 0. By the division algorithm, we can write

8(x) =q(x)p(x) +r(x)

where ¢ (x), r(x) € F[x] and either r(x) = 0 or deg(r) < deg(p). Since p(a) =0 and g(a) = 0, we have

0=g(a) =q(a)p(a) +r(a) =r(a).
If r(x) # 0, then by the minimality of the degree of p(x), we must have a contradiction. Therefore, r(x) = 0, which implies that p(x)| g(x).
2.=3. Suppose that for any g(x) € F[x], if g(«@) = 0, then p(x) \g(x). Let us assume that there exist polynomials f1, fo € F[x] such
that p = f1fo. Then fi(a@)fo(a) = p(a@) = 0. Since F is a field, at least one of fj(a) or f>(@) must be zero. Without loss of generality,
suppose fi () = 0. Then by our assumption, p\ f1, so there exists some polynomial % such that f; = Ap. But then

p = fifa = (hp)fa = h(pf2),
which means that /4 is a unit in F[x], i.e., it’s a constant polynomial. This shows that one of the factors is a unit, hence p is irreducible.
3.=1. Suppose p(a) = 0 and p(x) is irreducible in F[x]. ThenF[x](x) C Kerg, g F[x].And because p(x) is irreducible, we
have F[x]p(x) is the maximal ideal of F[x].Thus Kerg, = F[x]p(x).Therefore, for any polynomial g(x) € F[x] such that g(a) = 0, we
have g(x) € Kerg,, which implies that p(x)| g(x).This shows that p(x) is the minimal polynomial of & over F.

Theorem 5.4 (X 24 3K AV EEH4)

KAFWT B, a e KEAF LR T & F (a) = F [a]
F(a)=F[a] = {f(a)=2ana"| an eF}

n=0

Proof % ZFE|KMHNBAf, W T E— 0y REF [x] 2K EARAS, BfpefEf () =a

M 4 F [x] B9 % FRg (x) B Ag (a) € F [a]

W EEFNF [x] BIF [o] BRI ZASE A — AR A

FRF/Kerf = Fla] X Kerf AF [x] Lt—AEH, EEB FH—T5AXFLZEDHPID

A% Kerf = (p (X)) % f/(p (x)) = F [@]

WANEF [a] AKHFHRAEIRR, W(p(x) BRAF [x) LWEEE, ZEFANETLEUHNLTAHTE
M F [x] APIDEBRATEN M ARE = f/(p(x)) = F [a] = F [a] #

BN E SR EANE CHF (@) =F [a]

A= HE e AF L RETHNBERLF [a] =F (o) —HBERNRFEZUHAF [a] =0

R F LBIB /NS TR A Irr (a, F) W i 512 fo il 5 A 70 4 % TUK B i B4t o
F [x] [(Trr (@, F)) = F [o] T 23 A 3k (A7 29 £ iR A A) , B ILF [o] #3
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5.2 BmAGE T K

1{p(x))=KerfUl f (p(x)) =p (@) =0Hp (x) HF [x] LRTH %5 X

= p(x) a9 RS AXBLELE—

2EHME —ATHEN S AR M E—HAZ, BHEp (2)=p2(a)=0

B (p1 (x), p2 (x)) # 1 XM AT L = py ~ po XA —H p1, p2

3.MVat B S A Xg (x), gx) eKerf = (p(x)) #&p (x) REA L X KAKR N tH—A
#p (x) A %R K

Q

Definition 5.8 (#}/ ZTAX)

KAFHY B, aec KEAFMRHAL, NF [x] P RAeHARGARTHE—5AXS (x)

A f (x) Dot F L&) %R K32k Irr (o, F) , BMD S0 X RBAAM Ao F L6 RETH deg (o, F)

EAFWYT 3%, SRERFEQEMLET R

Theorem 5.5 (BB #3 3K A9Z544 1D)

&F () RBFOERHY 7K, Hdeg(a,F)=nlF (o) RF L&n K=, Hl, a---a" ' H—EK
Proof F(a)=F [a] = {Z arakln A ERELR, a; € F}

k=0
EMTEEZIERNEL, oo —HE
1, a-- " M EAHHERNEEFL TN RBEFLUHAELENE, N5 deg(a,F)=n
a BN %Iﬁﬁmﬁﬁn%)ﬁ
B, Vf(a) = Zakakﬁ“}:‘nﬁib\%‘?& ax € F, itf (x) = Zakx
k=0 k=0
HBf(x)=q(x)Irr (a, F) +r (x) EFr (@) = 08 # degr (x) < deghr (a, F) =n= f (a) =r (@)
Wf(a)=r(a) TLEL, a---a" 1R H
n—1
LaANFLEGREAL, WIF(a)=F[a] PHAEZEHTA Zakx
k=0
2 EEMEETI LR ELSF () WRER—4E) .
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5.2 BmAGE T K

Definition 5.9

1§L\K1‘5K2%F7%Féﬁ;}ri&, ﬂﬁ&m*@ﬂk%<ﬂ K1 - KQ.H_(p|F = idF
HAK, KoRFOFMY 3K

Corollary 5.4

F(a),F(B) R¥BF Lt EABAET K, NF (o) = F(B) ®AFMI K

Vi
XF (), F (B) RFHERKYT K, BIr(a,F) =Irr (8, F) WF (o) 5F (B) REFHE N3k
Proof itn = deg (Irr (a, F)) = deg (Irr (8, F))
n—1 n—1
1y : F(a) = F(B) Zakak - Zakﬁk
k=0 k=0
BHBAL@REF (a) 5F (B) 1F A F 415 % 18 09 B #
L FRIEQRF (@) 5F (B) B LT EGFXHFEAE Ir B/ £ TAAEF
n—1 n—1
HVag e FA¢(ag) = ¢ (Z akak) = Zakﬂk = ao¥ | = idr
k=0 k=0
Hefar =0
1.3 REA KF (o) R LEFEF NI ke ELTFRET Irr (a, F)
2.%F (a),F (B) RFHFMEERUI K, £F Ir (e, F) =Irr (B, F)
(Rx/—_liﬁR(l + \/—_1))
Vi

Definition 5.10

BKYFHF, FARANY KK 5Ky LA# C KBK,, KoAXLFFMMARK, Ko EHT 35
a,f € KLaEF LB AKX = BAEF L&) %0 XN fra, AL E
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53 REY KA RY K

5.3 REH KRS AHRY 3K

1LIXK A BF O 3K, B KA RF L6y & =0

% dimK = +co MARK A FOG IR 475K, RZ MARA A MRy 5k Bty Kk 4 dimK = [K : F]
2 XK ABFaIY K, YVae K

EATAER e, a#fRF ERE T, NARKHFa9REY 7k

EH o €K, 1/FaRF LR, WARK A FeARARY 7K

L

Theorem 5.6

B IR R— R AREY K

Proof WK ABFHHRY %, S FHICHE K : F] =dimK =n, WHEKE KF L8 %K =
B HYa e KA {l,a--a"} En+ 1IN TELE R LA X, #3ag ~a, € FIER
ao-l+ay-a+-+a, " =0aHF L9 RET

FaRFEHRET, WF () RFOA R K

KABFHY K = _ .
FaRF LML, WF (o) RFHLRY K

Proof FlA#RET KM E —4MH, RINBEF (o) TEANFLHEEZE, HP—HEN {La "}
H¥n=deg(a,F)=deglr (a, F) Enda™—# <
WF (o) RFHIARY 5

FaRF T mt, HF (o) RBFARY K, MART K— 2N RET %K
NaoeF (o) —FAFLEHRET, TE

Corollary 5.6 (824 SKEIREH K SHRY KX HR)

TFTREZEZENF (o) RFOREY K, aHFHRET, F (o) RFOATRY K

Q
Theorem 5.7 (Z X BBRY 3K)
RAYHRE  FCECK, W[K:F]l<owe= [K:E] <ol [E:F] <
HE[K:F]<oofit, [K:F]=[K:E]|X[E:F]
= A RY KA RY KR A A RY 5K
Proof F A % 1 = 18] By 217
KEREWEEEEA —HE (a1 o} , EFERF LW EER ] —HEX {B1-- B}
W {a:B;} HKERF LW &= E—HE, TRETIEE
EBR YRR AFIK, WAABRZ B FF AL E A 18]35, .

Theorem 5.8 (BFR 5% 5 B KI5k Fi%)

BEKAFHHIET K, WAEEERKY KEF =FgCF1C---
HPF 0 TFARERHY K
RZ, KSFHERKY KAZ], NKAEFGHRY Kt mHREY 7%

N
=
i

>
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53 REY KA RY K

Proofl A #1kK # FENW-F L, ¥ BaecK-F
HKAFRARYT K —EANREKT Ko W F ERETHF = F (a)
WF:=FyCFHER AR MEREYT ®, H[F:Fo]>1,

DL KT 2 BAHETK, £F # K, NHBecK - F

BAFLHRHK T, BF C F, (B AF, L RETHMF, = F1 (B) DLt K# ...
EAKNFREARYT 5, W[K:F]=[F:F_1]x---x[Fy: Fg|

HE— [Fi1 : F) > 1RXAN S BRUOGERARSEL, FEEREYT KBF =FCF C---CF, =K
HEFFa N TRHZEREKY 5%

RZKMNFHEEREY®KAY, Fi=FpCF,C---CF, =K
EAAXNTEYTRKTE, REy KCLEATENTAHRY K, KETEHEHFRY KA
WK F 8 R 5k & A4k A A RT3

Theorem 5.9
AV KRINF CE C KEAE—EHARKY K, NEKMNFLZRET K
= REY KGR EY KRG R A R 7k

Proof Yo € K, a NE ERETE Irr (0, E) =x" +ap1x" '+ - +ax+ag . Fa; € E

R Irr (o, E) € F (ag,ay---an_1) [x]

Wbtag € EME/FARET K, aoHF L RBE T A EREY KF C F (ao)

#—Fa e E= ay AFLRET = a1 AF (ap) LHRHT------

A £ RBT TKIIF C F (ao) € F (ag) (a1) € -+ C F(ag) (a1) -+~ (an-1) € F (ag,ay -+~ an-1) (@)
w e —FRENCEF (ag) (a1) - (an-1) FH Z A EMTEE It (o, E)

WA R KE BEREY KIVHEF (ag, a1+ an-1) (@) S TFAREKY 5K

= @ € F (ag,a1---a,-1) (@) = o= F LB RE T

i 2

BABYT HRINF CK, HBEKFHARF EGRFE T TEELSYBFAEKFHOREAE
1.ZKAFHREY K, NWARF=K

Theorem 5.10

EAKAFHT K, FREFAEKFWHREFE
MFROAFI A TKORKOKREYT KAy e K - F, y#F Loy H87T

Proof RAVERBEFRE, HiwE R Abel B, F\{0}# &I Abel B

ik 2032 4 4k R R B T 8K, RATE ZR Ve, B Ha + B,aB, ot e FEIF
ae FMla2F L8 R¥T, NEERKT HF CF(a), BRETKFCF () CF(a)p)
NF (@) (B) (¥ TFREREKT %, faxpap, apteF(a)(B)

— a+p,af, af ' EFHRETHa 8,08, af ' € F

WYy e K- F,y2F LA TEBRE, X&dREA@mEX
EERNERAYyAF LR T, HyEF LBIRET

N EREY KFCF(y)= WFCFCF(y) = F(y) KTFARET K
= yeF(y) = yEFLHRHE T = yec FE5yRAETE
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54 SHI

Definition 5.13

BRF[xX|RFBG—TEAXKF, f(x)€ Flx],degf(x) =n. FFWTBKHZ T &4
1) f)EK[X|ATHMBA—RBXZR, f)=cx—-a1) (x—a2) - (x —ay)
2) K=F (a1,a2, - ,ay), MWARKRE f(x)e 0 H 5%

BARTHZAKXp (x) € Fx], MbRAELEFHY KE, %£43p (x) £EF A 4R

Proof #&p (x) HF [x] LB EHEIFR LMK, A LARARME = FEIF Z TR Hx — c KA
BB REFH L TAp (x) = Zaix’?t Ha; e F

i=0

1E B KBSt F[x] — F [x] /{(p (x))

FEp|lp R R —ANERESRHK, WF =g (F)CF[x]/{px)
HEHp (x) AR TR, N (p(x)) AMAEEF [x] /(p (x)) HH

BERMT, REEF[x]/(p(x) FHRE—ATE, F£HEp (x) THO
FEZx+(p(x) Ep(x) TH Zai (x+{(p () = Zaixi +{(px)=p@)+{(px)=0
YiE e ~ -

BIRF, RB—ARTHERAXNS (x) AR N a € E/FQ 55K, BBt Irr (o, F) = f (x)
Flx]/f(x)=F(a)

.
P (x)RBRF L) —T % AKX E degf(x) >0, W f(x)I9EBRAE, LEFOSEBTA fAInk
Proof %t degf (x)/Fl k% V3 40 % ik
Lo degf(x) = I 5% f (x) =ax+ bEFa,b e F, FARZRZ f(x)8045 23
Bf(x)¥R -a'beF
% Y degf (x) =n— 1B 458 Ak oL
Wdegf(x)=n>1,px)&f(X)H—MFTHEHF
BB AP EREYT KF = F(a1), £%F, e Rp(a1) =0, #f(a1)=0
FOOMEHFLx] W89 2 TR A 28 f (x) = (x — 1) fi(x),  degfi(x) = degf(x) -1
E A fL(x) S FL 0 28K = Fy (a2, a3, an)
DRF) = (x—a1) filx) e KX]BEA RS (x) = ¢ (x —a1) (x —a2) -+ (x — @)
XK =Fy (a2, a3, ,p) = F(a1) (@2, @3, ,@n) = F (1,2, -+, @) , K f (x) 5 F# 5 55
Corollary 5.9
1IXK R f(x) € Fx]8 45 AR H degf(x) =n, MW I[K:F] <n!
2XKAf(x) € Fx]® 933, XERFEK&F AR, NKELEf(x) € E[x]890 k. .

Proof . EXL L, [K:F]=[F(a1, - -ay) :F(ar--an_1)] X - x[F(a1) : F]

& [F (a1) : F] A deglrr (aq, F) /N2 TR B R #0f X — /N T E T EMA L AR,
G EFEH—NFEUNEZTRLRAES (x), K [F(a1): F] <n

KPS (x) = (x—a1) fi (x) EFBf1 (x) B R EF (an) E—ADFAA L TR
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2.Fx b, EK=F(a,a2,,a,), WEK=F (a1,a, - ,a,) CE (a1,a9, -+ ,a,) CKHEK =E (1,02, ,ap) .

iiO'?%%Rli’Jﬂ:Rg_tﬁ(J TgH"hJ, y\K,'?%Rié(J#}}g%, i= 1, Q.U%Klﬁ'JKQi%m*@ﬂjr%& T]lRl =0, [ﬂ\'J %@U%U%'}F%
A, EFK, Ko #ARIRF 85 3%, U%Kli']Kg,]'_é@FTé]#@, m']nf‘i idp 8974z,

Ko AFEFEBREAM, N

1) o FBAF[x|BF[x] L9RM, it Ho,p(x) € FIx] AT 4% B %op(x) € Flx] RT 4
2) XEK,KPHAF, FAT R Bp(x) € Flx] RT 4, macK,aecKnHApx),op(x)idik
Moo 746 4 F (o) 51 F (@) L8 A o, /30 (a) = a.

F[x] Flx]
¢ T
a’ v 4
Flx]/< p(x) Flx]/<op(x) >
¢ v
F(a) el F(@)

Proof 1) % f(x) € Flx]Hf(x) = Z aix’

i=0

Ao AEo(f(x)) = Zo-(ai)xiiX%}KF[x]ﬁﬂf[x]E@Ejﬁ%, HomFR|F LR, M HEERIEFEENcEF[x] 2| F[x] LB EH
=0

TEpx) e FIx] FH 4% B Yop(x) € Flx] ~F 4.

(2) fEtn E i 5 i B 4% e 5t

#o’  Fx] [{p (x)) — F[x] [{op(x)) f@x)+(p )= afx)+{op(x)

BEa¥itc’ R 6B EXNBAEARSS S, BATHANTEZZRE LR E A ZHA
Wo'n=rolll HoRFIBE|F [x] BIF [x] HEIA B R A #4T, ERBHTER A FHT = o’ AiFk4
o’ 4 Fl A

BREFIEAEF [x] [(p (x)) = F(a) F[x]/{op ) =F(a)

WA @A F (a) BIF [x] [{p (x)) BIBA By AF [x] [{op (x)) EIF (@) B7BE 5T

TRAG =y’ e BRIXEZ — B4t

BEEGHEG (o) =aHa|r =0

%90 F— Fé@i&ﬂ*@y F(Q’) /F?%i'f&éi#ﬁg’&, iﬁp (x) :Irr(a/’F) , p(x) = ‘p(p (x))
FEAFHYT R, Bp(x) EEFH R

Proof HA G #p (@)=0= ¢ (p(@)=0= p (¢ (@) =0= ¢ (a) Hp (x) R
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WARYE F X R B AT B NF () = F (¢ (@) MEIHET T A AY : F(a) » EERY|lFr=¢

e B 3 B3 ] A5 B < degp (x) = degp (x) = [F (@) : F]

@ Theorem5.12
HoRRFEIRF LW RM. o4 F([x] 8 F[x] LR MBI H o
SIRE,ES A A f(x) € Flx]A=0 f(x) € F[x]8 5 3%

Mo TFBAEBEHRM. o RRF B8N Kn, < [E: F]=[E:F]
MBS ERSof(xX)FHE—ATTHRFAEEFT L ERTE TR .

Proof Wf(x) EEFREN (x—a1) - (x—ay) HE=F(a1---a,) BB EKof(x)=(x-ay) - (x—a,)
B1Ep1 (x) = Trr (@1, F) Bp1 (x) = o (p (x)) Bpy (x) |f (x) A 2 87 5[ 7o

p1(x) HF[x) LT HER, Ho (ar) Ap1 (x) R T EE Ha

Bt 5t A o " RABEIF (aq) 2IF (aq) WA, EXHEREANE < [F(ar): F]

DLk K4 -
BAHoTEREF (ay---a,) BF (@) - a,) WEAMEE 5 ER R4
EIAG e TF A3 < [F (1) : F] - [F (a1) (a2) : F(a1)] -+ - [F(ar---ap): F(ai-an-1)] = [E : F]

FERTLLYERIET P p; (x) EEFRERKF T AL L ARG f()FE-—NMTAHETEEF RERNF T R

LIXFAR, f(x) € Flx],degf(x) >0, M f(x)8EERANSERE, EXFRM.
24 M, BESEHRFWRE — RKGFHE, PFCECK, FCECK, WE=E
SEKABFAYT B, EAf(x) € FIx]|WHREABRELE CK, WNWHK@EEFARMoATE =E

Proof EEBFBF =F50 =idpBIBLERWE—4R. 2TE 4%, F
f)=@Gx-a1) (x—a2) - (x—ay) a €ECK,
f)=@=B)(x=P2)--(x=B.) BicECK

B TFx—ai,x—B; € K[x] T~ 4 FH M #EK [x] ZUFD £ H

IreS,, EHai=pru, HE=F (ar1,a2, ) =F (Br1),Br2)» " +Brm) =E

o EK[x] ERTFAEHIE Ao f () EK ] H A AR () = (x— 1) (x—a2) -+ (x— ), @€ ECK,

TRBEf(x) € Flx], olp =idrF f(x) = 0 f(x) = (x = 0 (a1)) (x = 0 (@2)) - (x = 7 (@n))
E3reS,, o (a)=arip), FTLLCE =0 (F (a1, @2, - ,an) = F (0r(1),07(2),** »0z(n)) = E
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55 ERY kS TS HR5REY

Definition 5.15

BEF 8 — /N REI TRKAR A Foy EAY 7K
EF[x]F —ARTHZAKXp(x)EKFH =, Wp(x)EK[x]F T oA —KEXZAHR
TREP & p(x) K P A — A, W p(x) 49 P A ARAREK P .

Theorem 5.13

BFOHRY RKAFHERT KR — KEF[x]F —% A5 2

Proof SoEW. HKRFHAERY K, #3e1, a2, -0, €K, FHEK=F (a1, as - ,a)

A f(x) =Tt (a1, F) Irr (a2, F) -+ - Trr (@, F) HKZFEARY 5K, Irr (a;, F) £KF 5 Hfa;

B () K [x] 8 28 f(x) = (x = B1) (x = Ba) -+ (x = Bn) TIE = F (B, B2, -+ Bn) A f (x) B 7053,
Hay--ar S{B1-Bu} MK =F (a1, @2, -+, ;) CF(B1,B2.--.Bn) €K

= F(a1, @z, ,a)=F(B1,B2,.Bn) = BHRE =K, BIKE[(x)85 55

Tt RKEf(x) € FIx|A 3B, ER[K:F]<+oo, KZRET 7K

%p(x) € Flx] A H 4 H3a e K, Fpla)=0

ERBHAP (x) I— MR, EiEfeK

AEAp(x) € K[x|#4 558, EME2K2FHEK(@)=K

4-g(x) = p(x)f(x) € F[x] TRERZg(x) € F[x] #1455,
MLRESHIBEN EE didp THFEHNK > K EEMeEo|r =idr B (a) =8
BAREEL KN HEe(K)=KHae K= ¢p(a)=p€K

Proposition 5.4

l.a’=0,Yae F, mHA% chF =004 f'(x) =0 < f(x) € F.
2x' =1

3.(f(x) +g(x)) = f'(x) +g"(x).

4.(cf(x)) =cf'(x),Yc eF.

5.(f(x)g(x)) = f'(x)g(x) + f(x)g" (x)

EKRf(x) e FIx]®¥9 2B, aec KR f(x)8—AkEAH.
1) & chFtk, MaZf (x)89k - 1F 4R
2) & chF |k, MaRf (x)EVkEM

Proof EK[x]¥F, f)ELEf(x)=(x-a)g(x), gla)#0
TREMBENERA
F(x) =k(x—a)*g(x) + (x —@)*g’ (x)

= (x—a)* ! (kg(x) + (x — a)g'(x))
Y chF { kBY, k#0Ekg(a)+ (a-a)g'(a) =kg(a) #0, HaZf (x)Hk—-1ER
L chF | ki, Blkg(x) =08 f/(x) = (x —a)kg’ (x), EfaZf (X)MEPLER.
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Theorem 5.14
HKRf(x) e FIx]999E 3%, WNfx)EKFAERGESLELHR (Fx), f/(x) =1

1

Proof % f()EKFLER, HAL(xX)=(x-a1) (x—a2) - (x—a,) EF, n=degf(x)

Yi i, oy 2a;(1<i,j<nTREHEEMGAES (WK, i=1,2,-,n, FH(f(x), ' (x)=1
Rz, Zfx)EKFHERe, REHAk(k>1). TES()EDFk-1ERa

B AKX FA =)/ (x), (x =) f(x) e dribdn deg (f(x), f/(x) =1, B (f(x).f"(x) # 1.

Corollary 5.11
Ep(X)RF[x]FPHARTHZAX, MNpx)EXFEBKTAEZHR — p'(x) =0

Proof IEE MY HMRY (p(x),p'(x) =d(x) # 18, p(X)EKFHER, B Tp)TT4, dx)+1
Ed(x) | p(x)#7 degd(x) = degp(x). X degp’(x) < degp(x), d(x) | p’(x), #p’(x) =0.
Corollary 5.12
EFW4FIEChF =0, NFx|PE—TTLAHSRAXEL»EB P L EAR

I

Proof # chF = 045 F[x] 15 41 £ TR p(x)# B degp’(x) = degp(x) — 1 > 08 p’(x) # 0
R A p (x) EH 4 BB A AR,

Definition 5.16
FFER—ANB, EFxX|FPATAHZARNpx)EEDHEBT RAELARNMRp(x)AF LT 50T 4 % 5| K,
FEF[x|FARTALZRAXS()GENTTHEKXAAT 54, WA () NFLETH %3 K.

I r

Corollary 5.13
LExX]PARTAEZRAKp(x)TH% HMREp'(x) £0
2.% chF =0, WF[x]894EM SR f()AHATHE. BmAH L ChE =p > 08, Flx]4 TaARTH %A K.

Lemma 5.8
EFWHIEChF =p > 0,f (x) e F[x] A—ART A %R K
W f(x) AT 9 e ARTH SAXg (x) € F [x] £4Ff (x) = g (xP)

Proof SBiFBH T M kg (x) = Z aix’#H—% f (x) = Z a;x'P

i=0 i=0
n

Fx) = ipax™t = 0= B f (x) FAASf (x) T 4

i=0

RS EM.: 10f (x) = Zaixi = f(x)=0= Zajjxj_l =0
i=0 Jj=0

ELaj=0% La; + 0{EH p|j

WA pl|j AR j 3t R a7 PT EE # 0BT R Fag,ap -+ amp T L # 0

= () =) aipx' =) aip (W) HAg (1) =Y apx B

i=0 i=0 i=0
THHg (x) T 4% (x) = g182 = f (x) = g1 (xP) g (xP) T /B
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BEFORHIEChF =p > 0, f()RF[x] P RTHOARTHEZAKX, KAf(x)695 Hik
W AEK[x]F f()APRf(x) =c(x—a)? (x—a2)? - (x—a,)P" &, iz, aiztae;,1<i,j<r,eeN
r?ﬁﬂ_h(x):c(x—afe) (x—a/ge)~--(x—afe)i%F[x]q’T’T’fJ\ﬁ{JZ:T’T?ﬁglﬁi, FHf(x) = h (xP°).

Proof B A f(x) AT A4 %5 TR, Wh5IEAmEfFELTHNETAg (x) € F [x] 7S (x) = g1 (xP)
#g1 (x) A BN RATR AR E] T AT ZE LR A (x)
%?gl(x)f%?ﬁfﬂé%ﬂ@ﬁﬁégéfﬂﬁgl(x)ilETELfﬂélﬁEg1(x)==gz(xp)==:,f(x)==g2(xp2)

TR HAEFHT : degf (x) > deggy (x) > degga (x) > -+ LF#EEEmEX NIRRT TRLRT
HFE RO EER RS (x) =h(xP°) EFh(x) AF [x] LT 587 T4 %HK

B A h(x) o2, 8h(x) EERRBKET 5B AR(x)=c(x=B1) - (x=B) EFBi B, (i # ))

Hf(x) =c (P’ =B1) - (¢ = B,) Bxl — By = 08 — M Ray -+ -

W) =cx—a) (x—a)? - (x—a,)? 3P, iz, g #a;1<ij<r

TN EE e = aj = f; =,8j%/§

Definition 5.17

BRFR—AE, FF[x]FPHEANZAXMETHY ZRAXN, WAFETLEE
FRRXEBEZERTORBATAHARTES AR P RELETR, KTUREFERTLH S AKX
M BRI Fa A AE A 0838 AR 2 T &%, B d R E SR 4FIE chF = p > 08938 AT I & 2 &3,

Theorem 5.16

EFRFIEChF =p >0, WFRZEW < VaeF,3beF, ffa=b"c HFZEMICHFP ={a’ |ac F}=F

Proof 25k BH &4t

WFP =F, Wfx)AF[x]F AT 400 A4 LR, N 2 2 Ho

BFEF[x]F 4T 42 TR h(x), Ff(x)=h@xP)(e>1).

PR(X) = byX™ + by X 4+ bgHFP = F403a; € F, £a” =b;, £%, i=1,2,---,m

e

m m p
FEI) =)= " (xi)pez(z:aixi) KON TRTARTE, Hik R EH.
k=0 k=0

TR B Sh B

Ya € FEIEAID € FEADY = aB N R FE VAP —a=0Z T #H —INFF IR
f@)=xP—alf (x)=0 WEES (@) TTALS (x)=00f (x) 3 H— T 05K
EELEEFHELHEF A TEBRET—ZTASf (x) AT 42X, TE
()T, #EfF(x)=g(x)h(x)EFg(x),h(x) € Flx], T4k degg (x) =0<r<p
Bxl —a =01 f (x) € F [x] 0 REK L 89— 1R, Bla=67

M f(x) =xP = 6P = (x = 0) Xg (x) h(x) = f(x)

He(xX)=(x-0)" Hg(x)eF[x] = 0" cFHa=6"cF

X(r,p)=1=ur+vp=1= 6"’ =9 c Fif &

Corollary 5.14

LA TR &
2. X HEBAREY KRER T &I

Proof 1.EFHAHAMRE, chF=p>0
1EF3E BB S o o(a) =aP(Va € F)o T (ab)? = aP?bP (Va,b € F)
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HchF=p>0, 8 (a+b)? =a” +bP, #MEa’ =b? = a=b
XFERBocZFHERMY, EWo(F)=FP=F, BrUAF&%4%&5.

2.%chK =chF =00t R ARFS5KHZ T &, T#HWchK =chF=p>0

Vo e KELHEB e KEEB =a

Rbte: K> K am a? ZZEHeABEAB A £ HEMEE =F (o)
W2 BT AME = ¢ (E)

TEEANRLFKIEH (E)= ENT3B € E C KFEHFLP = aATTIELE
p(E)=¢(F(a))=F(a?) CF(a)=E

#MEEFCF(aP?)=¢(E)CE

WA E:F]=[E:@(E)] [¢(E):F]

i [p(E):@(F)]=[g(E):F]= [E:¢(E)|=1= ¢ (E) =E
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5.6 Ty 5K

5.6 AJ5HT 5K

Definition 5.18 (F] 734/ 3k SR 43 T &)

1EKABFHY 3, ac KRFEHRIA. 40k Ir(e, F)To, R LMaAF LT ok
do R Irr(er, F) INTT 5>, R AMaRF LB RT H L&
BB it L ALY Trr(a, F) # 08F, a9 TE

2 RKRBFOREY K, W RKFHENALEAAF LWTHAE, BARKEAFHTHT K, GRARARTHH K.

1. R & BFAIEAT R Y RKARAF 89 7T 547 5K

EREAa e K, Irr(a, F)RF[x| EORTAHLZ AKX, XHFATEBRIaeRAF LT HLE, RKRAFOTH 7k
2.4 FRIRF O AEAT RE Y FKRKAR R T 9 1Ko B AR RIRA T LI, LI AL

3. EBFOGHIENRN0, W FayiEAT RE Y IRARAZ T 09 7K

B AFAE A 089 3B 2 & BB 17
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