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£ 15 HXEEMMEFHIRR

Proof £ 77 i :begin+ proof+ end
i+ {4 77 7% begin+ remark+ end
3R 1.1 fH J77%; begin+ example + end
#: Exercise 1.1 f§1 ] 777%:begin+ exercise +end
%[5 4% A 7 % :begin+ property + end
[B]RE 1.1 1 F 5% begin + problem +end
2512 1#£ B 7 % begin+ conclusion +end
g% 2590 {£ B 7 % ; begin + note + end

1% A 7 ik :begin+ definition+ end

1% A 75 i%:begin+ proposition+ end

1% B 7 ik :begin+ lemma+ end

4% B 7 ik :begin + corollary + end

AE 11
1% A 77 ik :begin+ axiom + end

1% A 75 ik :begin + postulate + end




FE2F HiLSIfn

# Exercise 2.1
Pn e N, Z, BrREG0,1,--- 11}, EZHEEEM Fab=c HhcRabBnIR% avb = d, K dRarbinf 4%
()W : {(Zs } RAHAARE, (T 4} RAHRE
(2) BZ;, = {a € Zy | (a,n) = LHIEW]: {Z);-} 2HF
(3) WpreEH, MABEREAIEHWIlsonE H: (p-1)! = -1(modp).
(4) VEW Euler 8 (n) J9/NFnlf) ST G ERAAEL B 2a?™ = 1(modp) a € N*H (a,n) = 1

B 40 & check 5 AT F] LR AT MU B
TEIEFAWilson EM#ET: = {1,2,- - p— 1} X—HUHR(TERETH X THp - IHETHp - 1
A2 M RATFIE : (p—1)!'=-1(modp) &= 1-2----- p-l=p-1le=1-2----. p-2=1e=2..... p-2=1
Sert HAERE AL, = (1,2, p— 1} F2,-- - p—2F ST F i T K FRR F A I B9 3k B 45
THEIEFAEuler € B3 THERENEEHnNEZ, = {a | (a,n) =1} W |Z| = ¢ (n)
WA H R BRI 4 (@)9™ =1

4 Exercise 2.2

BESRATAHOE RS CHINBICHIBE) [k T £, g € SRATE UDirichletERA fxg(n) = Y | f(d)g (g) =Y fla)g(b)

(IR : (5, 1) RH L E B " "

(2) WEBH « R HAY (1) £ 0

(3) FRfNFAMERREL, W (m,n) = 1A f(mn) = f(m) f(n) EW: B AEERME RN SREIZE « TR —DAbel Bt

(4) B f 5 LR WERSAEEm, n € N f(mn) = f(m) f(n). A AEREEBMER B EAAIE T T R BB Abel 7

() x#HbE: ) fla)g()BRERTFEATURE Rk FRLTRLATES M AWM ERGEERNAFRE e =

ab=n
FERT
VR e NV fre(n) = f ()= > f(@ed)=f L) em) +--+f(n)e(l)=f(n)

ab=n
émﬂ‘u@ﬁzm%xe;:{ eW=1 " wy
e(2,3--)=0
TEBHL AR
(f*g)*h(m:Zh(d)(f*g)(g)=Zh<d>(z f(k)g(:—d))= > f@gB)h(e)=fx(gxhm)
d|n dln kin/d abc=n

FrUh (S, %) A — R e 4 7%

QFfHE NN FHEgeS, FERfrg=e, ANTf(1g(1)=e(l)=1= N f(1) £0
B (1) 20, TEIIM S g/ 5 4 f i, 5 3 F(1)g(1) = 1, AT Blg(1) = ——

7
ﬂmﬁﬂDﬂ%+f@kﬂ)=wﬂﬁgm=_f?ﬁg)
Witk < nH R Xe(h), Mign+ DI+ 3 g(nzﬁfhﬂ=0Mﬁ$n;1sn

d|n+l,d>1



MR VA SRR T 0 O B A, T g (n+ 1) FTB0#A E, BN I A 3E g (AR 4 fRYE.

(B) WE fAETEREBHIHENTAF (D=1 - D=2 ) RMFTFF Q) #0Hf(1)=1
TRYm e ZXHE f(m)=f(1-m) =05 FHEKFE

HEIZE « THK—NAbelBrH PR E M dH (1), F4ERFH (1) RIERIE

Sk 4 7o He ;:{ (;’(31) ‘)1 | EBBLANFERLER

e s =
TEIHAHAELN AN ESAERRELERTESMA N EZT S BLHR
MEREm,n e N, %m=p pf,n—q1 . q?“, Hebp,q; A%, ANTH

a; by t t s
Fesmn =32 308 Zf(Hpi‘ [T ) (HH
x1=0 x:=0y1=0 ys=0 i=1 = =

IR S o Zf(f[pi‘) (qu) (HP“ ) ( qffyf)

x1=0 x;=0y1=0 Vs

(8 Lol ffre |5 Lol M)

x1=0 Xt y1=0 =0
= frg(m)- [+ gn)
BRF] 0 f g A1 N AR BB
TERAL Y fA-FETRAMRHR S ERE TN ETERER S gEFfg=¢
BBt 7 (2 VI ERATAg (D=1 f(Dg2)+f(2g(D)=0=¢g2)=-f(2)---- = g (m) = Z f(a)g (D)

R T fH B g (BRI (p) = —f () 25— % ) b
B 50 g B BT E LI R AR M R A A B AT B AR VA 4Rk R B g B9 AR R BT TR
BN T % Tk — 12 il R 2 g (ab) = g (a) g (b) TR (a,b) = 1K Sab < k — LKL
A L4 Xg (k) bk ZFH B AR LARESM T —FEELYAHA Y EHg (mn) =g (k) =g (m)g(n) B (m,n) =1
wm = ptl1 copl Hn= l . lkﬁi}jﬁ FH o Met Hpy ~ psSq1 ~ qr A
A Lg (mn) =g(p’1 : pi gt -qZ") =g (m) g (n)
BT EZRHRHN2HRALZE « TH K — N Abel 7%
. e { e(l)=1
DEf(n)=nZETT2REBH AN L TEHKe =
e(2,3---)=0
EEEETEReBEL T ENTER LN (D=1 g(2=-f2)=-2 gB)=-f(3)=-3
F@W+f(Qg2)+gD)=0=g4)=-4-(-9)=0ERg 4 #g(2 g2 TE
B i — A~ Abel B

4 Exercise 2.3

SR (Z,+) W Wm e N, BAamZ = {mn| n € Z} & (Z,+) W T8, BRIk 2 4 (Z, +) B FREETE imZ

Proof B Z WAEEE LN 2 TR0, A MBEYk mE kom € mZAF L kim + kam = (k1 + ko) m € mZ
Hkim+ (—=kgm) = (k1 — ko) m € mZ# i T # iy | 5| < 72 fo 38 Bl ¥]

BT ORI B B 5 An ik A Y F AR G5 A LT

WHA—T#, B BAREHAN {0} B Z oA iy 270 % #F B A 245 6 4 R AER

B RH <Z,HTEZ {0}, B W HO £ m e H CZ, A K Bom > 0 LA 45 Bom A H 9 48 % 5 /1N B9 40
AT VA ML mn € HA M Bn € Z, A\TimZ € H



X EHFEn € HEmtn, W% &d = ged(m, n), N 81 Bezout £ 3, Ftta,b € Z,#%d =am+bn € H,0 <d <m
XEmeym/NEF B! INTH =mZ, BUiE.

Exercise 2.4 7E4 FREEH, YO T200 0 R A @ 2 4.

FH—LRIA  Group G ,k is a integer > 2;amount of a that order (a) = k must be even number

Proof ATt > M8H 41, TEabGa "M EMEW ., Wt &, wRah A F2, Ma T4 AF2.
THREFILEH: #BGFWA T2 T EaFa LA HIEI T,
Hhara L, inBa=a"Ma’=¢e, SatiNMAT2FE. ER, WEHANAT2H T Ea, bFa#b, N Fat £b7 1,

Exercise 2.5 #HEGH N ILEIE B X2 = eI AREG AT it

Proof Va,b € GE¥iEab = baifix? = eBlx = x~1
E (ab) = b~ ta™! = ba

Exercise 2.6 ZHFGHIM BUNBEIR 4G —E B THA Mt

Proof #G ¥ # Tx, |x| > 3A0 4 [x71| = x| BT L
HAF =M et R ML —E2FHFH NN T

Exercise 2.7 p™(p NEEL, m > DN EE— € E —pMir T8

Proof XGZ— Np™haEs, 4, RATR FILHABEGF FEpN T
EGCHHEEH —NEEMTH T Ea W Lagrange T B LG : |a|BREBGH N p™, B TpREEHK, R Alal = pF(EF1<k<m)
Bb=ar' G, T 5bMW Hp, BH= (b)Z—NGHiph F#.

Exercise 2.8 WG BE, WG 2 /DE&HF — /N3N THEH.

Proof ZiEGF & H3M T4, EEXLRFIEAGT 2 F3M TwHEI .

HTGHOM B, AN AGHE TEHM ReE£1,2,3,6.8%GFHEA3IN T, A AGF LT 8EH6H T

W RGFHTRaN6H 7T, A La? B K3 7T, 5GHBRAIN TFE.

HH A, YGH X AN, GTHTE R LM T 520 7T, BIG ¥ I 2L Te SN A TC & #8220 0. T 40 G & 2 ¥ #%
TEGHEHA2M TTa, b, W Hab € G, Z #1ab # e,ab # a,ab # b, EHK(TECFFE — N HANTEWFEK ={e,a,b,ab}
Hi#R :a?=e, b’ =e,(ab)® = e REFE LTIt R T HZER :



e a b ab

e e a b ab
a a e ab b
b b ab e a

ab | ab b a e

MK = ByZGH—/>F#, HLagrange E B G T HKW N ELGH W, Bl4% %6, T J&.
H, GH 0 F 3 Tg, WH = (g) B H GRS F ##.

#) Exercise 2.9 GHE, |G| = mp, pre 28, m < p iEW : GRIp FHEGIRIAZT THE,

Proof XGHIpW TR LR Z BN A Y 18I A%, WA WTS:Vxe G xHx 1 =H
T4i%kH={e,a---a?™'} xHx'={e b, - b=t}

B ¥xHx™! # HitBtxHx ' " H < HAF 4.0rd (xHx™' n H) |Ord (H)

A 2.0rd (xHx ' NH) B L NpE LK1

W ROrd (xHx ' N H) A pA8 LA BN Z 5 A% LxHx ™! = H5BR T &
W ROrd (xHx ' N H) A1BI R He# i T2 &+

o=z {asb‘,- . ay; € H;bj € xHx_l} RN

ERRTEEa # amBFDb by EFash; = apb, = aytas = lanl)]T1 € xHx™!
—— :

eH
ﬁﬁub"b;l = a';las € ('XHX71 N H) =e=da; = am%#ﬁﬁrﬁ]fi%)ﬁ
WxHx ' =H

# Exercise 2.10 %A, B/EGITHE, CREHA U BRI FRE, 2 BRCIAZFH#E, NIC = AB

Proof ZiEANA, v A EFEATH/LNE4

AB={ab|a € A,b € B};

WAE & R TR M, BRATEC=(AUB) = {x1x2---x, | x; e AUB}, Bl E — A FREWTEAH, NTH

C= {a1b1a2b2~--akbk la; €A, bje B}

IEEHA R ENEHN LA AB C C;

R Z ,Yaibrasbs - --arby € C, H #bras € Bas, I TBRECHAE F#, NTHbras € Bag = azB, WHEb," € BEHFb1as € asb,
Fir LA

airbiashy---axby = ay (braz) ba -+ - arby

=ay (a2b}) ba - --axbr = (arasz) (b b2) - - - axby,
W\Hbé‘é%ﬁﬂ%—?ﬂalblagbz B ~-akbk = (a1a2 N "(lk) bk/ € AB, %’EJJ‘C C AB. @’T%&ﬂhﬂ% :AB=0C,

#: Exercise 2.11 WG & —NEE, a,b € G,10(a, b) = a b Lab, H NG KA G
WERH -
()G A BRANA 76 1 TAR AR BT IS & G R G AL T
(2)G /G’ NAL it
(3)#H <G, HG/HNZZH:AE, WG € H (RITEREGH NG I IERAS e 7 BE v, f5/ IS BRI A2 #7138



@ = {ai,b1) {az, b2 ) {ak, br),
B={c1,dv) {c2,dz2) - {c1.dp),
Hap = (a,br) - {ax, br) {c1,d1) -~ {c1,d) € G’
BT (a,b)y ' = (51’119’15119)71 =blalba=(b,a) e G’
Fa ' =[(ar,b1) {as,by)--- {ax, bk )]71 = (a, bi) ™t {az, b2 (ar, b)) = (br,ag) - (ba,as) (bi,a1) € G’
FMENRIET 78, TERIEEA
Vx € G,{a,b) € G', H
x{a,b)x ' =x (a_lb_lab) x 1

—(ramtat) (1574 () (s
(ra) (sor) " (ran?) (o)

= (xax L, xbx71) e G,

BT, xax™! =x (a1,b1) {az, b2 ) {ak, b )x™1 = (x (a1, b1)x7) (x {ag, ba)x1) -+ (x {ar, bi )x~1) € G,
NTIERG ZGH — & F 7

Proof (1)%a,B € G’, B} {

(2VaG',bG' € G/G', F # t1 T (aG') (bG') = (ab)G' 5 (bG') (aG') = (ba)G' = (ba) 'ab =a™'b"ab = (a,b) € G’
F7 b, (aG) (bG') = (ab)G' = (ba)G' = (bG') (aG’) . iL 15 : G/G' H A et

(3)Va,b € G, B TG/H=ZX##%, WH (ab)H = (aH)(bH) = (bH)(aH) = (ba)H
#B(a,b) =a 'b~tab = (ba) ‘ab € H, BIiL 13 H ¥ & % Fr & 89 #4176 {a, b)
HTHEGH T#, HIWHX TGHEEHT, T HY &4 A A RN TH M, BIG' C H

# Exercise 2.12 WHEREGHIAED F4£, IF HHRE— N RN &5 B
UERH : HAGHIFHEM 7 3 L BSR4 R - X TVa,b € Hffab € H.

Proof X EM L%, MM T oM, K(TRFIE:VacH Ha ' €H
HHAaecH MHFH TEHZHRN, BNEELEESm, F5ad" =aa---a==¢,Fa ' =a™" ' EGHF

———

mia

Ham Y=aqa---aFVa,b € HEab € H: fifia™ 1 e Hka 'l e H

#: Exercise 2.13 WHAGIH—NT#E, H (G : H] = 2, WHZG [ IEM-T#.
FEAIMIA, < S,

Proof Va € G,#%a € H, 7l 2% aH = H = Ha.
Fae¢H NaHNH=0, % [G:H| =2 %G=HUaH, FI#45G=HUHa,HNHa =@.
Wt 2, HHUaH=HUHaf"HNaH=HNHa=2,{%aH =G — H = Ha, 1% TVa € G, ¥1"HaH = Ha. /3 HZ G EE# T #.

# Exercise 2.14 1. % GR#E, H, K, LESNGI) T, WRH CKULWH C KeiEH C L
2.~ MNEEATT LU A BT RE I



3. MHEA AT RE T LS N = TR

Proof 1.FEBBREAZWNITE

2 FAEEWMET UG =AUBREFA, BHRAGHE T#
HERDARNEA£BIAAREG=AUBTET
Wa=A-B b=B-A

A2 HabeG=AUB
WoLAFYHabe A= be AT E. ABTILEF—FH |
IE 5

3.0 tKleinl TR F BN TTEAZ ZHEIH

#) Exercise 2.15 WHNBGHIAETH R TH, AH <G © Va,b € HFab € H

2 B WA — A 2 A BR 18 7 B s P 2 R AT

Proof SBitEH T4

KATH = (x) HxE KBRS EFAL L eZ stxk=xt
BRI T EATH K, AT Exk = x AR 4 (x) £ RBLIRI T T & A14%E (x) € G
XE5GHINARTE

= KA—ZF T UBEHtoxs = xR LHA 10 Tx~t = kg H K

A A GHAEEETCH BTG

BEBEANTRAT s A, FARHEME, %8 T8

LB B

#: Exercise 2.16 BECHAEG H ICER 11 KW ECAR, WG 4 — D Io R B EBCa 2 n i A1

5

Proof K&

%o(g)=n VYaeG #o(a)=noEngtn

B BEATT Mikn ="l ng = p°k

B 8 A R0 Eng § nl A— % A4 < s3 < kBB — A ST T4k > |
o) =Gn = o) G T

7 20 (glaps) =kp" > Ip" =n5BAWNK AT &

FAE %, #a" =e5b =eEl <n,l{n
[ l
% = il d = — = —
Bd (n,l)LJo(b ) D3
[

LE Ha5pT A Ho (a) = n5o (bd) - éﬁ%%ﬁﬁo (abd) =n-~

N l | N, / 7
%gnz>nc:1>d%$%ﬁ%m=(mnﬁéw=dﬁﬁun%g

Exercise 2.17
WG H—H MR



GNIEA BT3B AT RN T A 1B im, fEGTHIEE I FEx™ = el G R AN A m

Proof f£IEFRAME. HENMEE, AGHFH I THg, CHHnZEGT A TENHBIEHK
BiER, HCGTHATEMNES H " = e IR BN LML ZIn MU, |G| <n
L e, g, g% - g" MMEGHFH, n<I|G|, EWIG|=n. THRIEHAT G = (g) HEF .

#: Exercise 2.18 % SL(n, Z) 11762 NFEEHAT N1 Infh J5 B A 44,
(1)IEM : SL(n, Z) & GL(n, R) {0 T-EE.

(2)-&5‘: 9T= ’R= ,U= .
1 0 0 1 1 1 11
ERH - A EW AN R A2 SL2, Z) FAE Rlt.

Proof

#: Exercise 2.19 WG A—a BN RE, IBAGHARAT—AJT#l & —ME—#i 52 (7T iI-FJ7

Proof Vx € GH 4x2K+ = ¢ = (xk+1)2 =x
vE— M AT E S R AT R IR BB R PR B L By S SF BN % 4T, 3 4T B 22 4
Y x - x2ERIEE —ATRATR SR 038 4 3 5T ML AR 4t o 3 5 Sk vk — M B

# Exercise 2.20 G NEE, H<G. NG, # [G: HIFN|HZ, WNZHREMRTF#

Proof =N <G, VHN <G, [NH :H] < [G: H|EWR, ANTTH [N: NNH] =[NH : H]
EH4%,[NH:H]||[G:H]l=qg < |[G:H| =[G : NH|[NH : H]
H%[NH:H]|=[N:NnH]|IN|[=p = |N|=[N:NNnH|INNH |

AT (p,q)=1=—= [NH :H|=1=NH=H=—N<H

MNENT N < H

#) Exercise 2.21 WHERGHI IEMFHE, |H| =n, [G : H] =m, H. (n,n) = 1IEW : H2GHIME—Fnh T

Proof H EX R |Gl=mn A BRE, BELE —nW FEAT, LG : T =mi b4 ET < HEZ ZFHEZnh —H A%
WA — — M TAH

#: Exercise 222N < G,H < G,(|N|,|G : H|) = 1, &N, HhWH — MR IEM T8, NN < H.

Proof %|N|=p, |G:H|=¢q
()VEH<G, ZERERHEAT:G— G/H kermr = H



A, BE—FEHEEQHEA(N) = N/kerr = |n(N)| = _INL = [7(N)||IN |= p

|kerr|
HIKN <G = n(N) <G/N = |n(N)|||G/N |=¢q
mMp,q)=1=|ax(N)|]=1=—=n(N)=¢’ = N<H

(2)EN <G, /HN < G, [NH : H < [G : H/A R, \T# [N : NN H] = [NH : H]
B4, [NH:H||[G:H]l=q < [G:H] =[G :NH|[NH : H]
HKX[NH:H]=[N:NNnH]|IN|[=p = |N|=[N:NNnH|[INNH |

AT (p,g) =1=[NH :H|=1=NH=H=N < H

# Exercise 2.23 WA FRIFG 10— D H T HEM A HOLH0 7 2 IF AN BERE o B MG S5 10 TE PR A& 75 L7

Proof WHEGHW E T2, NWHH®AH [G: Ng(H)) ML T B ASEHW A £ TR 5, N

21 < (1= DG No()] + 1=t ] [G 5 Na ()] + 1.

A TFHUEEMTLEL
#FHEEMTH NNGg(H)=G, TE|Z|<|H|-1+1=|H| <|G]|.
EHARIEAN T, NNGH) #G, TZ[G:Ng(H)] > 1,|Z] < % J|H|-[G:Ng(H)]+1<|G|-1+1=]G]|.
GZAULZ < |G|, FHH AH LR FHZHATHEEG.
®— 43t TR B E R Ll 0, 4G = GL(n,C), HEnW £ = fa 7] o & % V5 1F iy B 7 2.
HJordantr R X —nh ¥ E AR T E—HP T, XEHAGRHW T A LI FH#HZHF.

#  Exercise 2.24
BGRE—ANH I 4a — a HEGH H AN — G

Proof iCBt4ta — a ' o . HGRE, Mo RGE|IGH —— 3T Al
EoRGHEEH, NEo(a)o(b) =o(ab) = (ab) ™' =b"ta ' =c(b)o(a), Va,beG,5GEAbel#.
Rz, %G=Abel#, N Ho(ab) = (ab)™ =b~'a™! = o (a)o(b), Va,beG,

#: Exercise 2.25 Wa e G BRI Hi 2 : Fa(g) = g Wg = e iEB T A4
1)g — a(g)g™ RHIN;
2)E GRA IREE, MGHBA LRI S a(g)g B
) XNHia? = idg, WG HZTHN A Bt

Proof 1)#g1,82 € G, Ha (g1) 7' = a(g2) 85" T Ra(g2) " a(g1) = g5 g1 B B FIA, Fra (95" ¢1) = g5 g1. B BB i fogy =
82-
g — a(g)g ' EEAH.

NEGRAME, LB Hg > a(g)g ' BEMH, |G| = [{a(9)g ! |g€GH. TRG={a(g)g! | g€ G}, NGHENTEHTE Hal(g

NWMTHEMhe G, HgeGERh=a(g)g L h ™t =ga(g™!) Wi a(h) =a®(g)a(g7t) =ga (g7!), T Ra(h) =h~L.



=)

MR EA B G 2 B Vm,n e G Ha NG E B RMATUm = a (g1),n = a (g2)

mn = a(g182) = g5'87" = a (g2) @ (g1) = nm¥# H Abel B

Vs e GEANTAa(g) =g =g = g=eXWERFEGF N T R A — e
WU E R - T - T A Fe, ¥ E =M u R H UL LML Rata™ ot # sk F #H

Exercise 2.26 WG RAHNAIREE, @ € Aut(G)Ha? =1.4G1={geG|a(g) =g}, G-1={g€G|al(g)
Wik :G=G1G.1HG1nG_1 =1.

Proof 41 (2,|G)) =1, % 4¢:G > G g ?ZRERAM.EARGEFE—THTE KL —THT TR
HE—g € G ikg la(e) = a2 Ha(x)? =a (g7 a(9)) =a(g) g = (s "a(g) " =x7?

BB F A Aria(x) =x~!, Bix € Gy
X Aa(gr) =a(g)a(x) =a(g)xt =gx, Blgx € G1,#g = (gx)x~! € G1G_1, BIG = G1G _1.

FgeGiNG_1,Ng?=11E|G|ZF#, #Heg=18G nNnG_; =1

Exercise 2.27
WGRAMAbel B, Miker:G - G g gMiZlikis SR
WEH : ¢ € Hom (G) He /G H A — kMG H%.

Proof % 4k¢r € Hom (G) G LW B Bl A, B R A1/ &8 A LB A8 B Bl S BEA LS00 #5305 4t
— 7 : & (k|G| =1, RATKAEFA MR o B4 T REBGE = KW WTS : g =h

%o (g) =di 5o (h) =doTi M H#d, | |G| Hdo | |G| = (k,dy) =18 (k,d2) =1 = (k,d1ds) = 1

O Eu, vIEFuk + vdids = 13 g = guktvdidz = (gh)" = (pk)" = puktvdrda = py

A= E, Fex NG LW B EAM, BRATKIELS |G| B %.

FOE#E#E (k|G)) =d >1 RATREH e LT E TR LS, RAF DRI g # el Bor(9) =gk =e
Wt A1 (g |c|) VA A BB R A o HG L B A

TFEFRNFLRE g2 B, (29 =etroya WG L BRI, RN F LK Eg # el Fg? =

A LERe # he G (ILRENBRINIG) > 1EUELAN), T4 o (h) =m

d m

= e BUTEh(MK) 2 e BN So (h) = mF &

o (m. k) g 2 %1% 2K ) g

Exercise 2.28 %4356 ] R ) ay AAS IE#: %G, G/ /2&H#E, N<G,N' <G’, HiG~G',N~N', WALHG/N ~G'|N’

Proof ZM1% &G =G ={Z,+},N=2Z~Z,N' =3Z=~7Z, ANTIN =N
BEERGIN =2y 273 =G /N T BLAE—RBI.

—_



. " s 1, b ez, fif5a = b2 (modp),
4 Exercise 2.29 Bip—MHERH. WEHa e Z,, EX (Z) _ p Bfsa (modp)
p -1, RAFTEDb € 23, fif3a = b*(modp).

(D)W : p(a) = (g) 22, F(1, -1} (03I
(2)UEH] - L E X fo : 2, = Z3, a — a* U L RZ, A RS HZ, /T fo = (1, =13, A B 9y
B, p=yor, HH, nRZyFNZ: /Imfoll ARFEZ.

Proof (1) &ATLIEH X 24, B Hhe(l) =1

HEBRTH Ep(a) = -1, \TiE &a € Zj,, F by £ #Fa = b2 (modp), T (Z}Z)2 =17,
EEEE1? = (p - 1)2(modp), AT 7 & F &, H b — F FEalFEFe(a) = -1
TAES A —F A, RA1% FAEF 0 T W Euler #1535, 1R . (5‘—7) = a"% (modp), Va €Z

p-1
2

(i) Za T # F 7 &7, ATifa"s = (b2) 7 =bP~1 = L(modp), ##HE T Fermat/NzE %

(i) ZEa T HF F &7, ANTIAERi € Z, 4 j € Z,i# Rij = a(modp), BN RFERj =i~ abl 7]
AR 2ARAE £k BATE T AL ~ p - 167\)53sz_1%¢, F—XHERXEpsra

5 BT E SR Ea" = (p - 1)! = —1(modp) 2 # A E| T Wilson B

M4 £ ¥ 20 Euler # B 3% 30

E W R Euler il %, THEReH—ANREL, #HilAFHES

(2) EXfoRAAL, LH B FA, Kerg = {a €Z,: (%) = 1} H Imfy = Kerg

B E AR —F AR R

4 Exercise 2.30

LR (Q, +) BT BRAZ T RE L PRI

Proof HEHRARTRS= (L ... 1)
pP1 Pn 0

iY%P:Pl"'Pn, ngCd(‘IIPQ”'Pm"’,C]npl"‘an) \:U]ES:<P>
. Y. . R ~ o _ 0 0
— % — TrETRT A=Y ..‘I_z_z T —K-Ze (= 4
W, E—geS, FMmET & g 2 ki PP kigipi---pi--pn=K e (=EYAMS c (=)

2 — 7 E d Bezout BB, w%es, TS = <%>, BFSE (£ — 4 Rk T B 2 B TR B

4 Exercise 2.31

HCH AFAMRN T = GHHIRE
Proof —H: GHHMRAM AL, GHFE AR EKATNNFRYGH RAFRANF#

F—HH: EGCHALRBABNMEGCHELFANTH, RN TEL AL RIEAN =

F—F  EGTALRM Tg, ML THEENEHp, (gP) G T HiX LT E AR, £ TN (gPr) = (gP?)
B3|gn = (g7 = g BIRT &, K15 TGHEH A F#

% EGHFENTNEHER, B EGHELF N F#, EFR,GRAEARAN T

RBGH T, FE (g1) H—F#, EBNENTH AR Lg1 B RMHRA L (1) A —MA IREFH

W B AHGH RIRFA LG\ (1) FH Mg 3 (go) A —H R



)

sl

RUMEKATT U F w2k, EEREGRAR RN FTHREIFNEELT RS FIE
B2 A E B HER R, THARBFONIKLRAF TR, 5 |G| = o &, K #TE KL

i

Exercise 2.32
SpHIHLC (Sh)
Hn = 1/2C (Sp) = Sy = {id}, Hn = 2 C (S,) = S, = {(1). (12)}, Hn > 3 C (S,) = {(1)}

Proof n=12FN T4 T Yn > 36
HoeS,Ho+1, NI HEESRFMERoG) =/ #i, BAn>3ATATUREL £ j,k+i
N % Er = (jk), MNfiro(@) =1(j) =k, ot(i)=0c@@) =j, Mot 10, Blo ¢ C(S,), AimBIE.

Exercise 2.33
LENRGH A B, WGH — & F e 8820 IE 11
2.%G = 2n. A N7 UEW - GHRECN2M IER T

Proof 1.E#BGEIR LN — S, MHRBENF# WHEGHH T E#e
e, BGHEE R EGITIEH, RAHEGH EA T LG FE—F By
o WA BEBRICEe W =h= ¢y = phtkG = HU ¢pH

WG FH HZ 388 A 200 IEH T ##

2MIECaley EEHNEGC = SEFSHSo, I — T8 CEMBS He: G oS g L,
THEIEFASH — 48K 200 IEHL T2, Wb |S| = |G| = 2n A BE NS+ H Z M 7TLy,

WA LKL, G HE T AEZ T ERR (XRETL, —WEFEIW), B TVae G, Ly(a)=ha#a(ENh=e5HFTF)
Fle &M m A E T HI (GMNELTEBIANL, (@) = a), AT L, An AT AR K B3 B TR, AT A 7 E#

BT A L

Exercise 2.34 WG2Hf, a € GRAMRMITH ord(a) =mnH ged(m,n) =1
(1) F4EDb, ¢ € Gi#i /e be = cb,ord(b) = m,ord(c) = n,a = be
(2) W&y, " € GWIFHED ¢ =c’'b,ord (b)) =m,ord (¢') =n,a=b'c’; AV =b,c' =c¢

Proof (1) A A ged(m,n) =1, FEZELs, tEFms +nt = LA (s,n) = (t,m) =1
Ma=a' =a™*" =g™aq"4b=ag",c=am; Wa=bc,bc=chb, H

ord(b) = ord (a™) = mn m

gcd(nt, mn) - gcd(t, m) -
ord(c) = ord (™) = mi n

i

ged(ms, mn) - ged(s, n) -

(2) da_;j:,bc — Cb,Ord(b) - m,ord(c) =n, ﬁﬁ.p}\ant — (bc)nt — bntcnt — bnt . 1 — bl—mS — blb—ms — b(bm)*s — b
B F#HDb ¢ =c'b',ord (b') =m,ord (¢) =n
FrUl BT 3D =a™ o 8D =b. RMUHIEHC = ¢



# Exercise 2.35 7 — ERMFGR M = BB E5HAE AT LR TREFEH

Proof = : KGHLIRENHE, WGEMT (Z,+), MZiniE#H FEAL omZi A
—: EGHLRETEHEH, NiEHRe+ge Gl (g) WGH—EFXET# (£ (g) = GUGHEN 5 —F & BETE)
Bt X g # el (g) H—BHETFIEFH, WG = () GHERETE

#)  Exercise 2.36 % H, K, N¥S NG THHEEH <K, HNN=KnN, HHN=KN
WHTH = K (VEBIAH BALE)

Proof

#: Exercise 2.37 2GR N2n, MGHEE Zkit, HEn N EG Nabel#t, WA RE DG

Proof GEBE WM TAEEH, EARERaTZE_MT, Wiaba ' ZRH TR H
HGREAEHM N, NGH W T—REFHAN

EnAFHEG Habel#, WRTRE—AIZHTT

HEABRGCTARRRAE =T, NGEDEAFA =M TiLleb, ¢

M AS 3 F 3% {e,a,b,ab} W E 1A% 8 H 2 #4|2n = 2nfEn A T HT B

4 Exercise 2.38
L¥H, KNGHITH#, W[HVK:H] > [K:HNK|HHHVK=(HUK)
2.45p > gAINEE, W—N hpgHiE, 22 JRE—"1 pl+#f

Proof %o 5L n R RKMHNKREE 2K 5 HvVKWHHEEAK
Re: o - (HNK)kw— Hk

MWErHky = Hky & koki' € H & koki' e HNK = (HNK) k1 = (HNK) ko
WoAH B [HVK :H] > [K:HNK]

#FH, KATANTE AWK pes T2, N at
H:{e,a---al’_l} K:{e,b-~~b1’_1}ﬁ‘3?ﬂﬁ%g¥
H¥E— et TH N ERT, KFE—FeTH N £ AT
MEHNK # {e} NH = K# F &

WHNK ={e} M FLBRFETE

#  Exercise 2.39

Let N < Sy consist of all those permutations ¢~ such that o-(4) = 4. Is N normal in S4?



No, N is not normal in Sy.
Recall that a subgroup N of a group G is normal if for every g € G and every n € N, the conjugate gng~' € N. Here, G = S4 and
N is the subgroup of permutations that fix 4, which is isomorphic to S3.
To show that N is not normal, we exhibit a counterexample. Consider the permutation n € N given in cycle notation as n = (1 3),
which swaps 1 and 3 and fixes 2 and 4. Thus, n(4) = 4. Now consider g € Sy given by g = (3 4), which swaps 3 and 4. Note that

g 1 =(34)as well.

1

We compute the conjugate gng ™" and evaluate it at 4:

(gng™")(4) = g(n(g™' (4)).

Since g~'(4) = 3, we have:

n(g7t(4) =n(3) =1 (because n swaps 1 and 3).

Then:

g(n(g™1(4)) =g(1) =1 (because g fixes 1).

Thus, (gng=')(4) = 1 # 4, so gng~! ¢ N. Therefore, N is not normal in .

#  Exercise 2.40

If H is a cyclic subgroup of a group G and H is normal in G, then every subgroup of H is normal in G.

Let H be a cyclic subgroup of a group G and H is normal in G. We want to show that every subgroup of H is normal in G.
Let K be a subgroup of H. Since H is cyclic, we can write H = (a) for some a € G, and K = (a"*) for some integer n.

To show that K is normal in G, we need to show that for all g € G and for all a” € K, we have ga"g~! € K.

Since H is normal in G, we know that for all g € G, gag™! € H. Therefore, gag™' = a* for some integer k.

Now, for any a” € K:

ga"g ™t =(gag )" = (a")"=a"" e (d") =K

Thus, K is normal in G.

4 Exercise 2.41

If H is a normal subgroup of a group G such that H and G/H are finitely gengerated ,then so is G

just we can assume H = (a1 ---a,,) and G/H = (g1H --- g1 H)

it is enough to check G = (a1, - am, g1, - gk)



sl

“

Exercise 2.42
Let H, K, N be nontrivial normal subgroups of a group G and suppose G = H X K. Prove that N is in the center of G or N intersects

one of H, K non-trivially. Give examples to show that both possibilities can actually occur when G is nonabelian.

Assume that N is not contained in the center Z(G) of G, and that N N H = {e} and N N K = {e}, where e is the identity element
of G. We will derive a contradiction.

Since N is normal in G, for any n € N and h € H, the commutator [n, h] = nhn~th~! lies in N. Also, since H is normal in G,
[n,h] € H. Thus, [n,h] € NN H = {e}, so [n, h] = e, i.e., n commutes with 4. Similarly, for any n € N and k € K, we have [n, k] = e,
so n commutes with k.

Now, any element g € G can be written as g = hk with h € H and k € K. Then
ng = n(hk) = (nh)k = (hn)k = h(nk) = h(kn) = (hk)n = gn.
Hence, n commutes with every g € G, son € Z(G). This implies N C Z(G), contradicting the assumption that N is not contained in

Z(G).
Therefore, if N is not contained in Z(G), then either NN H # {e} or NN K # {e}.

We now give examples to show that both possibilities can occur when G is nonabelian.
IR 2.1

N is contained in the center of G. Let H = D4 and K = D4, where Dy is the dihedral group of order 8 (nonabelian). Then
G = D4 x Dy, and the center is Z(G) = Z(D4) X Z(Dy) = Zy X Zo. Let N = {(e, e), (r>,r?)}, where r is a rotation in D4 (so r* = e).
Then N is a normal subgroup of G (since N € Z(G)), and N N (D4 X {e}) = {(e, )}, similarly N N ({e} x D4) = {(e, e)}. Thus, N is
contained in the center and intersects H and K trivially.
IR 2.2

N intersects one of H, K non-trivially. Take G = H X K with H and K nonabelian groups (e.g., D4). Let N = H. Then N is a

normal subgroup of G, and N N H = H is nontrivial. Since H is nonabelian, N is not contained in the center of G.

Exercise 2.43

Exercise 2.44

Exercise 2.45

Exercise 2.46



Proof

#  Exercise 2.47

Proof

16



£ 3IF ML

4 Exercise 3.1
WRE—NE A, ae RFRaERTEA L=, WA LS 24 —Leg5 it
1. afERCA Y
2. Ly : R — R, g+ aghe—"M#ll, R, : R — R, g gaft— "Nk,
3. RRTIRI,
4. afERPH R4

Proof TN #dREat %, W Hd=d-1=dab=b=dac=c, TE
W#ZHHVYg eR, L,(bg) =abg=g, Ja# = #Vg,h€R,ga=ha= g=gab=hab=h.
FERE—NMARIK, NER2EFEANL, Ry EN AT, B X Z A ey, B £ w1 Ha o £ 1

La,=b+(1-ba)a",n=0,1,.... 5 Wi, aa, =1,Yn e N&FFH, EFHE0<i<jeN,#Eb+(1-ba)a’ =b+(1-ba)a’
W72 F o A ep/ #EAR, 0=1-ba, XEZEWIFE, & {a} E—NMERE, N TTaF LRAE

#  Exercise 3.2
WRANR, a € R, #ia + 0Ha? = a, MFRa NRZEICAER
(WA R A TCR AR TFETT, MR A
()& RANTER T, HAAEFEIC, WRAAME—RREIC, HRANAHE.

Proof tota # 0,70 4 (—a) # 0A0 4 (—a)® = —a = a = —
W %t FVa, b # 0% ATE (a+b) = (a+b)* —a+b+ab+ba:>ab——ba—ba( A ANET TR M)
Fa, bEFH—NOTE DA R#H

Ik FEEREETa(a#0),a® =a;

Vb e R, Whta(ab—b)=ab—-ab=0=ab-b=0= ab=>bFE3* (ba-b)a= ba=b
Bah—1N« i'&fl‘]ia?{]e

BIELH —NBEEFLMLLFZFTEEEZZ T HEe =ce* = B A —MNRET

#: Exercise 3.3 B RTAFAEME— ) /2 47T, WIEMI R L35,

Proof 81X F " — ¥ & X Ter,Va,b;H (aep —a+er)b=ab—ab+b=0»b

A rae; —a+ep =ep = aep, =atkal 470

# Exercise 3.4 WRETLEF T, e & RIIK T HIEII /L () AT, UEW : e bsE R A TT.



Proof % eyt Z T VD #0,Va# (ae;, —a)b=ab—-—ab=0=ae;, —a=0= ey H 4 TC

2 Exercise 3.5 W RN XLIR, e N X IT, u, v € R BuFvul = u*+-1 Hrfk, D IEB%, HyME—ri e iR &M Rcs
WEHu, v AR IE, Hy = u L.

K 1 k+1-1

Proof B &u* vu—-e)u'"' =0 = u* (v +vu- e) ul = ukvu! = u — VvV+vu—e=v=—v=c¢

AETEE %

#  Exercise 3.6 WRNZIN, e N X TG, a € RAETCER i /Bca = e(ac = e), W c Nal ) —/NE T I (KI5 T0).
#cBE Ralf 2% T, N RaA W IT, WHFRe Na T G, X B FRa vl 15,
WEM - SHMFETa, b € R, e — ab ™ 1% 24 HAY He — ba ] i,

Proof % (e —ab)c=e = b(e—ab)c=b = bc—babc=b = (e —ba)bc=5b
— (e — ba)bca=ba = (e —ba)bca=e— (e —ba) = (e —ba) (bca+e)=e
B E A —

B Abca+re=b(e—ab) ta+e

# Exercise 3.7 1. W RAZZ IR, HERIF, € XV ={a € R | 3n e N,a" e I} ARIEWIVIHRZRIKEAR, ROV TR L.
Reiltth, R FTA B CA U A (RIERAE {0} AR IE) M AR AR, FR OV RIK R ZARZE, it RadR.
2 AEWIAHE (T RIGERALT, VVT = VI
3. RNZZHIR, RadRARIIFEFIREE LR : IR/ RadRIIFEZERFE NE, WTTR/RadR A I HEIT.

Proof EH %73

# Exercise 3.8 WRAM, RIF—NICRaWNAIEN T, WRAFAED € RIERa+b — ab = 0.
BUEM] - WERIARPA — D ITRAZAAUIEN JT, T HABTT R 2R AR 7T, W R ERIA.

Proof 1.4 4B %e Tt & 2" — WA A MEN T BIVa#i He+a—ea # 0
WE:eta—ea=e

EAK e+a—ea# e Le+a—eaXyHIIENTT

#23b; sit. (e+a—ea)+b—(e+a—ea)b=0=e+(a+b—ab)—e(a+b—-ab)=0
= e A HMENT.F & !

é}(e+a—ea=e=>a=ea=>e%]7’£2f:

2EME KL LTT, Wise = ek T Hke* # e;
ML AEWEN T = 3b sit. e*+b—-eb=0=¢" =05 AL LTTE
= e JRFE—WI AL T = e ARF X TG



“

“

3.VYa #0; a € R; RiFHaT 15 H X o 893 ¢
Whta+e#elifla+eNHMIEN T = b s.t. (a+e)+b—-(a+e)b=0=a(b-e)=¢
HATRIE(b—e)a=e

1% Fac=0a+0=c=0
Rz#Ec#0EEc+e+te=c(d-e)=e=ac(d—e)=ae=0=aFJE

NMxtFab-e)a=ea=ae=a=al[(b-e)a-e]=0= (b—e)a—e=0= (b—e)a=e

Exercise 3.9 WQ(@) = {a+bi | a,b € Q}
(1)QAEQ(i) HIME—H TIk; (2)Q() A HALA WA~ B Rl .

Proof (1) EHE—NMFR—NMNEFHEF QAL A4 — Nt EaH Laa ' =1e FAa-a=0€eF
MLETQRENWEBKFEETQHAFXE—NEFBAMLRAF—EAE— N a+biltib #0
A2 XaecQltitbic FEbe FANV b e FA i€ F

MAFT 72T QG) A HREETH

(2) THEGFEEH fAQU) LW RABA A4 (0)=0,f(1) =1

= f(n)=n(nez

=W =f(G++3)=nf;)=f(3)=x

= f(a)=a(a€Q)

HR-1=f(D=f()=fO)f0)= fG)=iF~i

EfG@) =i Af(a+bi)=f(a)+f(bi)y=a+f(b)f(i)=a+bi

E (@) =—iTAf(a+bi)=f(a)+ f(bi)y=a+f(b) f(i)=a—bi

BT LAt 2B T/ B (R A B At i d B 4 Bk A

Exercise 3.10 WRA—/NERI, RFOVHAET TTA BRIERE, IEW] : RYEVINVERE S FIEHER AN A,

Proof B iX#E A EM, MRF FETHBRER T e, THRKERF eI 2la
MLfO+e)=f0)+f(e) == a=f(e)=e+a=e=0T/F

Exercise 3.11 380IE B S2U8 1) B R R A TS R R

Proof WH—NMEREBFALL(0)=0;f(1)=1= f(n) =n (nﬁﬁk#\)
#x>0,x e RIS (x) (\f Vx) = ( (\F))lewﬁw (\/_)TA%%O&FIA‘%K%O

PHx>0= f(x) = (f(\/)_c)) >0HRFHENEERE Ea > bH 2a-b>0= f(a-b) >0= f(a) > f(b)

Wt & T REFid, B LFEXFERS (x) #x. TP BREx < f(x)
A LFEREH € (x, f (x) B f(q) =g
ALf(x)>q=[f(q) B—FEEHx < gFTLLf (x) < f(q) TJE



# Exercise 3.12 BRANTLFR T, SHp IR, p AREIEY : RV, H5Z, A,

Proof 7 [RF 2% B M £ 8 A, B Xt TRE R EF p A F I A FHNEF AT A {0,a0,2a--- (p— 1) a}
Fir DA T Fe ik & P R A B AR ARTE A R BN B FE LA TZ, R A

#1 Exercise 3.13 W@ N AR B ARy HITH R 45
UEBH - Fu AR AL, W (1) & R I EEAL, 110 u > (1) A2 Ry [ BT T 21 R P B TR (49305 () 285 P 2

Proof #I¥[FlZH EW. LB N AFHRESKe (1r,) = 1r,

Fu ] Ry WAL, AR AT X Fxu = ux = 1g, A 2 (xu) = ¢ (ux) = ¢ (x) ¢ (u) = ¢ (1) ¢ (x) = 1g,
EHERERMNENLIK(L,+,) > AL LR A

HEBAHNLEEEMBEN {1, ERTEFHRS

#: Exercise 3.14 RNERIF, UEW REUEAFTH I HEF [ 25— & 2 B R

Proof [ N RZMRIFETLL N 230, A 412 F B et Kergih & £ RAVE A
B Kerg = 08(R. %5 Kero HOM 4 B B A, HKerp 88 AR (H & Kerp = RN E & N E [ A)

# Exercise 3.15 Bmy, mo AR B IEEEEL, IEHm Z-5moZAE RINERE R A, ABAE AR A R #).

Proof {7/ ik 8 E A E AT L BB S @ : miZ — moZ  kmy — kmo (k € Z)

B TR B S Ly 25 BI0B EmpZ P HOW 5 Y8t F (1) — mo

SR A (mr) # ma T I E koo B4 3 4 T i R — T2 T, T2 Ao 742 A T
WHtmy — mo  2my — 2mo LB, £ (2my - my) = 2mimo B2 HEAH £ (2mq - m1) = 2my - mo

Bmy # mo 7 &

#1 Exercise 3.16 YR NAHIR, IE XL RIGERARL, JERE VT + T = VI + VT

Proof BT %3

#: Exercise 3.17 1Z#M EIE WR, SAW NN, R’ NS = 3. WSTH N THRMEFRE R [FIH.
UER - fAAE— IS, B 5 SHEM, R ZES —AF 3.

Proof XA B IE 2 Wik B ALY, HET £ T UESH FHRA (A & X T) 4 F R K&
BEWHS 5SEMRMN (AHEXT; BHERI EREHAX A, REA L4 %05/

i, iy’tqﬁ:R—>R’7‘§7['EH"AJER%3L,/&\S’=R’U(S\R)EX5}%%%¢’:S—>S’,¢’(x)={ ¥ xeSR
¢o(x) x€R

20
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)

HES FmERE X e : S XS 58S xdy=¢ (X' +y)HEF + ASF I

{ X x € S\R { y y € S\R
ﬁﬁx’: ’yI:

¢7'x x€¢(R) o'y yeodR)

FEASFREx T XS PRk WEIHIAS Pt EWR FTE, T2 URFERMGEHW A G, USTFH AR S 5EH;
HWR NS=0FRLEWH, RFEROR NS, EEFEKEMBL Ao EFERRT TEZHFKXA)
M (S, +,x)5 (5, @, ®) Bl H g [F] 44 B 4t
TERER, wESHTFIHRER EM, BRERFASERHF, CEF T AERUASHH LERAER B E5SEHETRS R
TREENRET, R EMTSHFAR(EEFAEHEN) FR B X EM TSRS BT (LEIFET K) £Mhak
WERBEZHERA, AXNSFE LT LEX
bmih A “HEEFRHMAUFNE G LR BF “CEARHAEES LANTFAANE B EAEASAFE

Exercise 3.18 1 [EF & EIE
n
WRETAH, I, 1o, ..., LVARIEAE 2 # ji, L+ 1; = RWARFEMR/ (I 0 ... N 1) = H (R/I;)
i=1
HEW® « WRANAIR, I, L NRWEEME, HR = I + I, WiE AT ay, as € R, WiFfEa € RfffBa—-a, € I1,a—as € L.
BEI R BRI f A2 T RSOV, y € RY T (x+ I,y + L) f7AAEaffifR f (a) = (a+ T, a+ 1) = (x + 11,y + I2)

Bla-xel,a-yel

Proof HE#Ef R > [[ (R/L).r > (r (modly), ...r (modl,)) & Fr (modly) KEMEERZ U A RENEE, Hr+l
i=1

WAL f RN EA

f(ri+r2) = ((r1+r2) (modhy), ..., (r1 +r2) (modly,)) = (r1 (modly), ...,r1 (modly)) + (r2 (modly) , ..., r2 (modly))

f (rirg) = ((rir2) (modly), ..., (r1re) (modl,)) = (r1 (modly), ..., r1 (modl,)) e (ry (modly), ..., rs (modl,))

FIER#ST - @ TL+1; =R, Z AR E KR =11 + Ix13...1,
W& fEael,bely,Ea+b=1,%r=b0f(r1)=(1(modl),0(modly),...,0 (modl,))
J:i’ﬁ)ﬂa+b= 1l=hL+Ib=1 +13"'JHQﬁI\I’1 —-1l=-ace Ilﬁfiq?%ﬁﬂrg-urn

i [] (R/1) 8912 & T #a = (a1 (modlh) . ...a, (modl,))
i=1

Ar=airi+.4apr, € RVF(r) =a, IEAT fEBEAS.Z % Kerf = [1N..0L, TULEFRHNE—FRHEEE, R/(I1N..N1,) =
11 ®/5)-
i=1

Exercise 3.19

Proof

Exercise 3.20

Proof

Exercise 3.21

21



Proof

&  Exercise 3.22

Proof

22
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